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CLASSES OF RESTRICTED LIE ALGEBRAS OF 
CHARACTERISTIC p. I* 


By N. JAcoBson. 





0.1. In a previous paper we discussed the Lie algebras, obtained from 
' a simple associative algebra of characteristic 0 by defining the Lie algebra 
" operation [a,b] as ab — ba, and the subalgebras of skew elements of involu- 
| torial associative algebras of this type. The present paper develops a similar 
theory for algebras of characteristic p. The fundamental concept that enables 
us to obtain our extension is that of a restricted Lie algebra. The operations 
“im these systems are a- b,aa,a in the field, [a,b] and a. Conditions for 
: isomorphisms, the derivation algebras and the automorphism groups for the 
restricted Lie algebras under consideration are derived. The automorphism 
| groups turn out to be the well-known classes of simple linear groups. As an 
application we obtain by a uniform method a generalization of the known 
isomorphism theorems between certain of these groups. 

From the point of view of abstract Lie algebra theory the present paper 
 tontributes only examples of simple restricted Lie algebras of characteristic p. 

We can not prove, as in the characteristic 0 case, that these are “ almost all ” 
(all but the algebras of a finite number of exceptional orders) of the simple 
Testricted Lie algebras with finite bases. In a continuation of this paper we 
- Shall consider another infinite class of algebras of this type. It is not known 
Whether or not these together constitute “almost all” of the set of simple 
Testricted Lie algebras with finite bases. 

The main part of the discussion is restricted to normal algebras. In the 
“last sections we indicate how the results may be extended to non-normal 
‘algebras. The derivation algebras of certain of these simple Lie algebras have 
“the property that the difference algebras D/%, & the algebra of inner deriva- 
“tion,‘are simple. This disproves a conjecture recently made by Zassenhaus.? 
| It should be noted, however, that the underlying field for these examples is 
imperfect so that the question of the validity of Zassenhaus’ conjecture for 
‘algebras with a finite basis over a perfect field remains open. 





* Received January 25, 1941. 
*“Simple Lie algebras over a field of characteristic zero,” Duke Mathematical 
ournal, vol. 3 (1938), pp. 534-551. See also the references given there. 
*“ ber Liesche Ringe mit Primzahlcharakteristik,” Abhandl. Math. Sem. Hansischen 
Univ., vol. 13 (1939), p. 80. 
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0.2. A vector space & over a field © of characteristic p (0) is a 
restricted Lie algebra if there are defined in addition to the vector operations 
two functions [a,b] and a! in & such that the first is bilinear and satisfies 


[a,b] =—[b,a] _—[a, [b, c]] + [6, [c,a]] + [e, [a, d]] =0 
and the second satisfies 
(aa) — alla, [a, bt] = [- - - [a5] =] 


(a +b) 9) = ale) + biel + (a,b) 
where s(a,b) = s,(a,b) +--+ ++ 8)1(a,6) and (p—i)si(a, b) is the coefii- 


cient of d?-*-1 in 





[+ -[a,aa+b],ra-+b],---,aa+d)]. 


Subalgebras, ideals, difference algebras, homomorphisms, isomorphisms and 
automorphisms are defined in the obvious way.° 

If Mis an associative algebra over © we obtain a restricted Lie algebra 
Wf, by defining [a,b] as ab — ba and a! as a®. For example if ®, denotes 
the algebra of n X n matrices over ©, ®,; is the Lie algebra determined by %,. 
A homomorphism between a restricted Lie algebra 2 and a subalgebra of ®,, 
is a representation of 2. Of particular importance is the adjoint representa- 
tion which associates to a the linear transformation or matrix x—> [z,a], 
x variable in &. 

If 2 and B are isomorphic it is evident that so also are Mf; and B, and if 
Mf and % are anti-isomorphic with a— 0 an anti-isomorphism between them 
then a—>—b is an isomorphism between %; and %8;. For if a,7—)b,, 
A, —> — bo, [a1, do] = aya, — a2, > — (bob, — b,b2.) = [— b1, — be] and 
a,” —> — (b,?) = (—b,)”. If W has an anti-automorphism J the set (2, J) 
of skew elements a? = — a forms a subalgebra of the restricted Lie algebra %1. 
A second anti-automorphism K is cogredient to J if K = S“JS where S is an 
automorphism in 29. When this holds a— aS induces an isomorphism between 
S(U, 7) and S©(M,K). In particular if 9 — %, the algebra of r X r matrices 
with elements in an involutorial division algebra * % and if fof is dn in- 
volution in % then J defined by (fi;) —> u(fiz)’u and K such that (fij)* 
—v-(fi;)’v are cogredient if v= (/ut)p, where a’ denotes the transposed 





® See the author’s paper “ Restricted Lie algebras of characteristic p,” Transactions 
of the American Mathematical Society, vol. 50 (1941), pp. 15-25. 

‘We are using Albert’s terminology: an involution is an anti-automorphism of 
period 2 and an algebra is involutorial if it has an involution; A. A. Albert, Structure 
of Algebras, New York (1939), p. 151. 
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of a and p is in the center of &. For, we define aS = tat and may verify 
that K = S*JS. If J = S*J8, a— aS induces an automorphism in 6(Y, J). 
Hence if g is a J-orthogonal element in the sense that g’g = gg’ = 1ly~ 0, 
y in ® then a— gag is an automorphism in 6(%,J7). The set of J- 
orthogonal elements forms a group O(%,J) under multiplication. We shall 
call the factor group O(, J) /®*, &* the set of elements 0 in ®, the pro- 
jective orthogonal group PO(Y, J). 


A derivation D in an arbitrary algebra 2% (not necessarily associative) 
is a linear transformation in & such that (ab)D = (aD)b+a(bD). Their 
totality is a restricted Lie algebra D. If 2% is itself a restricted Lie algebra 
we define a restricted derivation to be one which satisfies the condition 


oo 


arlp—[.. .[aD, sist a]. These form a sub-algebra D) of D which 
contains as ideal the set of inner derivations a—> [a, b].° 

If 2 is a restricted Lie algebra with a finite basis 2,,- - -,2, over ® such 
that [vi, vj] = 3 teynij, vi!?] = & rpxi the y’s and p’s are constants of multi- 
plication. For any extension P of ® we may define an algebra &p using the 
same constants as for 2 but embracing all & zipi, p in P. We recall that if 
(Do) is the derivation (restricted derivation) algebra of 2, Dp(Dop) is the 
corresponding algebra for &p. 

2 is simple if it has no proper ideals. If &p is simple it is evident that 
2 is simple. The elements a,b commute if [a,b]——[b,a]—0. The 
center of 2 is the set of elements c such that [a,c] —0 for all a in &. 


I. ALGEBRAS OF TYPE A. 


1.1. A lemma on representations. Let & be a restricted Lie algebra 
with a finite basis over ® and a—A a representation of 2 in @y;. Suppose 
that 2 contains a commutative subalgebra § with a basis hi, t—=1,: + +,m 
such that h;? = h; and that § is maximal in the sense that the only elements a 
such that [h,a] 0 for all h in § are the elements of § If him Hi 
we have /7;? = H; and hence we may assume that all of the H; have diagonal 
form {mj, Moi, * *, mvi} Where mj; —0,1,--+-,p—1. Then the general 
element h = hid; of § is represented by H = {A,, Az,- - -, Aw} where the 
A’s are linear forms in the A’s with coefficients 0,1,- - -,—1 and are called 
the weights of h in the representation. If we apply this to the adjoint repre- 
sentation we obtain a basis hy,h2,:--,lm, @a, ep* °° Where [ég,h] = ega, 
aa linear form = 0 in the A’s. The a’s are the roots of h. 


5 See * for the proof of this and the results of the next paragraph. 
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Now suppose that e, and e_, are contained in the normalized basis, 


[¢-a, €a] commutes with h since 
[Le eal: h] _ [Lees h], Ca | + [e-a, [ea h)] is [e-a; lala + [ Cuas Cala be: 0, 


Hence [¢-a, a1] = hae. We consider again an arbitrary representation where 
h— H, ¢,—> Eg etc. Suppose that y>40 is a vector in the representation 
space such that yH —y A, A one of the Aj and yH,—0. The vector 
Yi = yo _q' satisfies yiH = yi(A — ia). Hence either all of the forms A — ig, 
i=0,1,---,p—1 are weights or there is a k, O0=k < p—1 such that 
Yx 0, Yess = 90. By induction we may prove that 
, ; — | 
Yila = Yi-rpi3 Bi = tAg 4 hq 

where Ag = A(hq) the value of A for hg and a@g—a(hg). Since yx. =), 
yx ~ 0 this implies pins = 0. 


Lemma 1. Let & be a restricted Lie algebra with a finite basis and § 
a maximal commutative subalgebra with a basis hy such that hy? = hy. Sup 
pose that eq, e-q are elements of & such that [eg, h] = eau for hh = & hids where 
a is a linear form ~ 0 in the d’s and that yo 0 is a vector of a representation 
space such that yH =y A, yLa=0. Then either all the forms A—wt 
are weights of h in this representation or there is ak, OS k < p—1 such 


that (k + 1)Ag— "EF 4, 0, Ag = A(hg), ha = [€-a, &a] and A—ka 


is a weight. 

1.2. Ideals in %,;. We begin with the restricted Lie algebra ni, § 
® an infinite field of characteristic p. As usual let e:; denote a matrix basis 
for Bn, i. e. €ij@xr = Sjx€it. Set hy = cui, h = 3 hid and if pF 2, Cry-dy = Chis F 
tj. For p= 2 we denote instead ei;, 1 < 7, by ere, and ej; as OS For 
p ~~ 2 we obtain the following multiplication table 


[hi, hy] = 0 
[ah] —= eat, a= Ai —Ay 
__§ 0 if a+ 8 is not a root, aA—B 
(1) Lea, l=} + éag if a+ 8B is a root, aA~—B 


[e-a, Ca] = he = hi — h; 


7s eee 





ae canny 


and 
(2) Cg? = 0, Ay =m hy. 


We note that a,—«(ha) =2. If p—2 we have to replace ¢ég and é.g by ; 
é,) and é,‘”) and obtain a similar table. | 


is, 





Cjis 


For | : 
» permuting the d’s 


a by 





Society, vol. 42 (1937), pp. 216-217. 
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We have shown elsewhere ® that the only ideals in ®,; are (1) (the multi- 
ples of 1 == 3 /;) and ®’nj, the algebra generated by the elements [a,b]. The 
former is the center of ®n; and the latter may be characterized as the set of 
elements of trace 0. If pfn, ®n1 /\ (1) =0 and O,; = ©; @ (1). 


1.3. Automorphisms of 4,;. We note first that the following mappings 
are automorphisms: a—>a-+ tra, i=0,1,2,---,p—1, nit1¥40 (mod p), 
at at, a——da’. The last two are clear. The first follows since tra 
= (tra)? and n+ 15£0 insures thata + itra~0ifa+0. We shall show 
that these generate the group of automorphisms of ®n; over &. Suppose that 
h—> NS, eq —> €a® is an arbitrary automorphism. Then this correspondence is 
a second representation of Bn; in ®n;. Let Ay, As,: + -, An be the weights of h 
in the second representation. If 7 is the automorphism a—tat which 
transforms hS into the diagonal form {A,, Ao, : - + , An} we have 
hST == {A,, Ao,* + *, An}. 

Since h,S7,- - + , hnS? are linearly independent the linear forms 
Ay, Ao,* + *,An are linearly independent mod p. Hence if A= mid; is a 
weight at most one of the forms A + a, A— a, a =A; —Aj, is a weight and 
we may suppose first that A + @ is not. Thus if ys 0, yH = yA then 
yoLq = 0 and by the above lemma if p+ 2, Ag = mi — mj = 0,1 according 
as yg =O0or~0. If A—~a@ is not a weight but A+ @ is, Ag = mj — mj 
=0,1. Since A— (m;—m;)a is a weight the weights are invariant under 
permutation of the »’s. If p=2 and A is a weight we have that either 


' A+ is a weight or for any yo such that yH = yA, ya") =0. Then 

F yHa—0 and Ag—=m;,+mj;—0. Thus in this case also the weights are 
Pai, | 
asis | 


invariant under permutation of the X’s. 


If A = m,(A, -t- ee Ve os An,) os Mo (Anj+1 oa 2 is oe An,+ng) -~ nee ean 
+ m(- - ++ An,...4n,) Where mj) mj and kS p is a weight, we obtain by 


n! 


! 


; (Xni =n) distinct weights. This number is 
Ms ° ° ees 


p> >n unless k —1 or k — 2 and n,y =n —1, n2—1 Or 2» = 1, 22 —n—1. 


| Since there is a weight not of the form m(A,-+- - --+ An) we may suppose 
Bp A=2, Am, (A, +° + f+ An-i) + moaAn and m—m,—+1. It follows 
that h,S? +- - - + h,S? is the scalar matrix gq = (n — 1)m, + mz 
’ =nm, +10. 


Consider the automorphism a—>a’¥=—a-+itra. The element h has 


weights A + ig(A: + A2-+: - --+ An) in the representation a—>aS7¥, Since 
| 0 we may choose i so that ig = — m,. Then ni +1540 and AS7Y will 





* “Abstract derivation and Lie algebras,” Transactions of the American Mathematical 
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be the diagonal matrix {—),,- - -,—An} or {Ai,-* *,An}. In the former 
case we combine with the automorphism a + — a’ = a” and obtain hSTUV — h, 

Thus in any case we may suppose now that S= STU or = STUV has 
the property hS =h. Since [ea, h] = ea%, [ea5,h] = eda. If px 2 we may 
suppose that the d’s are chosen so that the roots « are distinct and then 
gS = éaé;. From [¢a, Cal =a, [e-a5, ¢a®] = [e-a, €a] and éef—=1. From 


Lea, eg] = + Carp, fap = 2 + &. Hence if &.,=—° °° = &.r, = 1, 
Oem =" * = 6,4, = 1 and & —1 for all « S is then the identity auto- 


morphism. The automorphism a —> h-ah =a" where h = ¥ hidi sends h into 
itself and ¢),-, into é),-», Ajthi. We may suppose that AA, me Then 
SW is the identity and hence § = W- has the form a => hah 

If p= 2 we have for «A, — Aj 


(3) eg OS = eg) 4 eg@Arw; eg DS eg MA, A Ga!) Avg 4) 
Since (éq'1)8)? = (e'2)8)? — 0, 


(4) Nir PA = Aor Ago == 0, 


Since [e.™, @q'?) ]8 = [eq", eq'?)], 

(5) Arr Age!) Apo Ag, (4) me 1, 

Hence either A,,() = Ao.) = 0 and Ajo! Ao, — 1 or Azo? — Ao,“ — 0 and 
Aur Ase) == 1. From (1) 


e175 = [e(8, 68] = C:ijdoo AD H ejidAer MALY? 


if 1, i, j are unequal and since [e;;, ¢;:]5 = [ei;, ej], 
(6) Noo! AoA YA) + Nor Aor Azo MA oD) au 1 
and, hence, if Ayo) = Ao“) = 0, Ayo") = Az, J) — 0. If this holds we may 
show, as in the case p42, that S has the form a— hah. Otherwise 
Air) = Ago) == 1, t= 2,---,n, and it follows readily that aS = hah. 
We have therefore proved 

Lemma 2. Any automorphism of ®ni is a product of automorphisms of 
the following types: 

I. a—-a+itra ((=0,1,---,p—1,ni+10). 

II. a— tat 


III. a—>—da’. 





Si 


wi 


Hi 
Ta 


Tes 
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It is interesting to note that if n==0 (mod p), tr 1 =0 and hence for any 
automorphism S, 18 = + 1. 

The automorphisms of the form a—a-+itra form a group. The 
product of a>a-+itra,a>ra+jtraisarat (i+ f+ nij) tra. 
Hence if n==0 (mod p) this group is isomorphic to the additive group mod p 
and if n5£0 (mod p) the correspondence between a—>a-+itra and n+1 
is an isomorphism with the multiplicative group mod p. The automorphisms 
I and II form invariant subgroups. Any element in I commutes with any 
in II. If n=2, We =—gq'aq+tra if a—( : 5) so that I and II 
generate the whole group of automorphisms. If n > 2 the automorphisms I 
and II form an invariant subgroup of index 2. For otherwise we should have 
a matrix s such that a’ =—s‘as—itra. For a of trace 0 we obtain 
a= s’s"'as(s’)-', Hence s’s“' commutes with all matrices of trace 0 and therefore 
with all matrices in ®,. It follows that s’s"' = 1p, s = sp and since s” =s, 
s’== +s. As we shall show in part II, if s is symmetric or skew the dimen- 


sionality of the space of matrices a such that s-ta’s = —a is n(n —1)/2 or 
n(n + 1)/2 (mn even) and these numbers are < n?—1 the dimensionality 
of the space of matrices of trace 0 if nm > 2. Hence the equation a’ =— sas 


—itra can not hold for a fixed s and all a. 


1.4. Restricted derivations of ®,;. Let D be a restricted derivation. 
We choose the A; =A; in h—=3hiA;i such that all of the p" linear forms 
S midi, mi =0,---,p—1 are distinct. Then the minimum p-polynomial 
satisfied by h = Shirdi is W(A— 3m As) = dP” + "Bn +++ ++ ABo where 
Bo = IE (SX midi) ~0.? Thus 

#0 . ie : 

he” +h" Bna t+: + ++ hBo= 09. 

Since D is restricted 


(hD) (HP 4 He B,, +++ ++ Bo) =0 


where A denotes the operation a— [a, h]. 


: aa ee oe = (H — > midi). 


Hence if we set hD = ho + %éaoq we obtain h) = 0, hD =X eqoq. Set 


t7=—&g, and subtract from D the derivation a— [a,%eata]. The 
: . ® 7 5 ° =.= = 1 : 
resulting derivation HZ has the property hE =0. Since h,h?,- + -,h?™ are 





7 Cf. Ore “ On a special class of polynomials,” Transactions of the American Mathe- 
matical Society, vol. 35 (1933), pp. 564-565. 
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linearly independent they form a basis for the subalgebra § = (hi, ho,-- +, hn). 
Since (h?') EF =0, hkE =0. Now [¢a,h]E = [egE, h] = (¢gH)& implies that 
for p42, ec —egé, and for p=2, eg) EF = eg™Ay, + eg) Aro, CaF 
= Ca Aoi + a Azo. In the former case it follows readily that HZ, and hence 
D, is inner. In case p = 2 we use (¢,))? = 0, [ea F, eg | = 0 and hence 
ea EF = e,€,) and we can prove that / is inner as in the case p+ 2. 


LEMMA 3. Any restricted derivation of ®n1 is inner. 


1.5. Restricted Lie algebras of type A. Let %& be a normal simple 
associative algebra of order n? over an arbitrary ® of characteristic p and Y, 
the restricted Lie algebra determined by 2. %%; will be called a restricted Lie 
algebra of type A;. If Q is the algebraic closure of ©, &% a=, and hence 
Wig = On. The algebra ’; generated by elements of the form [a,b] is an 
ideal of order n?—1 in %; since (2’1)g =n is an ideal of this order in 
Qni. We may choose a basis a,,: - -, @,2 for Mf over ® such that a,,- * -, dn% 
is a basis for 2{’;. Then these elements will constitute bases for Q, and 0’, 


n? 
also, i.e. every element of ©, has the form 3 aiw;, we O and every element 
j=1 
n?-1 


of n: has the form = ajo;. It is well known that the characteristic poly- 
=1 

nomial of any element a =X aid; of YW has coefficients in ®. In particular 

trae® and the correspondence a—a-+itra is an automorphsim of 2, if 

+= 0,1,---,p—1 and ni+10 (mod p). 

Now suppose that 2% is a simple associative algebra of order n? over its 
center P (gq) a quadratic extension of @ and suppose that % has an in- 
volution J of second kind. Let 6(%,J) be the set of J-skew elements. It is 
known that there are n? elements 4;, d2,* * -,@n? such that the elements of 
S(YU, 7) are the sums & aidi, d € ® and those of YW are X aipi, pi in P.2 S(A, J) 
is a restricted Lie algebra over &. Since S(%,J)p—= Mi, S(U, 7) 9 = Qn if 
Q is the algebraic closure of P. It follows as above that if G(%, J)’ denotes 
the space generated by the [a,b] a,b in S, S(U,/J)’ is a restricted Lie 
algebra such that ©’p = ’n1. Hence we may suppose that a,,° - - , @n?., form 
a basis for S’ over ®, for ’; over P and for 0’n; over O. Let T= O(€,,- + +, én) 
be the field obtained from ® by adjoining the indeterminates é; and consider 
the algebra (2% over ®)y. The involution J has a unique extension J to 
{HM over ®)p. The element ag = aig is skew relative to this involution. 





8 An involution J is of first kind or second kind according as it induces the identity 
automorphism or not in the center P. If J is of second kind then P is separable over ® 
the field of invariant elements of P. Cf. Albert, loc. cit. *, p. 153. 

® Albert *, p. 153. 
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We have 
(7) (a)" — (ag)"" tr ag++--=0 


and if we operate with J we obtain 


(8) (— ag)" — (— ag)" (trag)! $+ + = 0, 
Since (7) is the minimum equation of %f over P the coefficients of (7) and 
(8) differ by the sign (—1)".*° Hence (tr ag)’ = —tr ag and if a= 3 aii 


is any element of S(Y,J7), traeS(U,J). It follows that a>a-+itra is 
an automorphism of © over ® if i=0,- - -,p—1 and ni+150 (mod p). 
We shall call © a restricted Lie algebra of type An. 


1.6. The enveloping algebras. Consider an algebra © of type Ay with 
p32. We may suppose that one of the a; =q, q/ =—q, q?=p. Then 
09, @29,°**, nq are symmetric and together with a,,--- ,an2 form a basis for 
% over & Thus the enveloping algebra over ® of S(Y,J7) is WM. We wish 
to show that if n > 2, & is the enveloping algebra of (YM, J)’. Suppose first 
that @ is finite. There are no non-commutative division algebras over ® and 
hence & —= P,, P= ®(q). If«—>aisthe automorphism in P we may suppose 
that J is the correspondence a = (aj) > d7@’d, @ = (aji), d= exidi, 8; in 
6." Then the condition that ae O(Y, J) is that aj; = — (8;/8;) aij. Hence 
Cig, C158; — esidi, (€1j8; + €;:8i) 9,1 < J, isa basis for S(M,7). The elements 
(€ii — 43) 49, €; 50; — C5401, (458; + €;i9i) q € S(M, J)’. If n > 2 choose 
kAi,j. Then (ei: — exx)q(esj8; — eji8:) —e4;q8; is in the enveloping 
algebra B. Similarly e¢i;, eji, esq eB. Hence also ei, esigeB and B= A. 
Now suppose that © is infinite. It suffices to show that the enveloping algebra 


¥=[S(A,J). Since if aeS(A, J), a’, a5,- - -¢S(M,J) we must show that 
there is an a in S(%,J7)’ such that a suitable a?"*¢6(U,J)’. If this is 
n®-1 


not the case we should have for all m and ¢; in ©, tr ( 3 ajp;)°"-' = 0. Since 
1 


® is infinite this implies that tr ( 3 ajo;)?""" = 0 and this is impossible if 
n> 2 since there are matrices of trace 0, say 3 eiioi, So; — 0, such that 
30?" 40. We need merely choose 2m — 1+ p® and then satisfy the con- 
dition since — (w2 ++ + ++ wn)?”? + wo22 fs + + + wn? 0. 

Now let p 2. We may suppose that g’ =q-+1. If a,° + -,an? is a 
basis for G(M,J), aig,-*+,a@nq is a basis for Gq and Y—G+ Sq 


10 Albert ¢, p. 123. 

11 The involutions of second kind in P,, are of the form a> s~‘d’s where 8’ = s, Hence 
if the s associated with J is not diagonal we replace J by the cogredient involution 
a~>d"a’d where d = @’sg is diagonal. 
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and S A Sqy=0. Hence if the enveloping algebra 8 over ® of S contains an 
element not in © it will contain an element b in Gq. If % is a division algebra 
choose r,s in © such that [r,s] 40. Then (rs)? =sr4rs and hence 
contains an element ag, a~0, in ©. Then a*¢S and B contains q and 
therefore 8 = 2. 

If & is not a division algebra 2 — 3, where r>1 and § is a division 
algebra (commutative or not). We may suppose that the involution in 
a—>d-a’d where a = (aij), @ = (Gi) and aj; > 4;; is an involution of the 
second kind in % and d = & eiidi, d; = di2* The condition that ae S (4, J) 
is djaij = Ajid;. Hence if § =P the elements ei, e:jdj + ejidi and ejj;djq 
+ ejidi(q+1)¢«S. Thus ei (eijd; + ejidi) =eijdjeB and since dje4, 
eijeB. Similarly eijqeB if ij and hence ei, e:iqgeB so that B= Y, 
Finally suppose YU = %, where % is a non-commutative division algebra. The 
elements ¢:;a;; where d;djjd; —a;; are in ©. Since a>d;"dd; is an 
involution of the second kind in %, B includes every eiibii, bi: arbitrary in §, 
and hence every b in %. Since $8 contains e:j;d; + ejidi it follows that % 
contains all e;j6 and 8@=Y. As in the case p42 we may prove that Y is 
also the enveloping algebra of G(%, J)’ if n > 2. 


Lemma 4. If & is a simple associative algebra with center P = ®(q) a 
quadratic field and UX has an involution J of second kind, then the enveloping 
algebra over ® of ©(U, J) is UM. The same result holds for S(U, J)’ if n >2. 


From now on we suppose that n > 2 for all Lie algebras of type Az. 


1.7. Isomorphism and automorphisms. Suppose 2%, and & are iso- 


morphic restricted Lie algebras of type A. We may suppose that ©, is the set f 


> aidi, &, the set & aiSdi where S is the isomorphism and Qn; is the set & aio 


or the set 3 a;5w;. Thus the correspondence ¥ ajuj > 3 a;Su; is an auto- ff 


morphism in Qn; which extends the isomorphism between &, and &.. Hence 
there exists an element g in ©, such that either ajS—g'ag+jtra, 
j=0,1,---,p—1, jn +140 or aS =—g'aig+jtra, jn—1¥0. 
If we replace ai by a; + j tra; = ai” where U is an automorphism in &, we 


may suppose aiS=g"ag or aiS——g-a’ig. In the first case the corre- 


spondence S determines an isomorphism between the enveloping algebras over f 





12 This is a consequence of the theorem that any hermitian matrix in %, is co 
gredient to a diagonal matrix. The proof is exactly as in * pp. 542-544 except for the 


proof of the Lemma that for any hermitian form f = (#,y) #0 there is a vector w such 3 
that (u,u) ~0. This is seen as follows: If (u,uw) =O for all u, (u+v,u+ 0) = 4 


oy 





(u,w) + (v,v) + (u,v) + (v,u) =0. Hence u,v) = (v,u) = (u,v) and this implies 7 


that d-d is the identity transformation. 
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@ of %, and of &, and in the second case —S is an anti-isomorphism. If 
, has type A; the center of the enveloping algebra is ® and if it has type A 
the center is P= @(q). Hence we have 


THEOREM 1. A restricted Lie algebra of type A, is not isomorphic to 
one of type Ar. 


By the same method we may prove as in the case of ® of characteristic 0 
the following theorems. 


THEOREM 2. The restricted Lie algebras M; and B1 of type Ax are iso- 
morphic if and only if the associative algebras MX and B are either isomorphic 
or antt-isomor phic. 


THEOREM 3. The restricted Lie algebras S(U,J) and S(B, K) of type 
An are wsomorphic if and only if UX and B are isomorphic and J and K are 
cogredient. 


THEOREM 4. Any automorphism of Mi has either the form a—t at 
+itra,i=—0,---,p—1,ni+1S<0, or a>a—tat+itra, ni—14~0 
where a—>a’ is an anti-automorphism of % over ®. 


Of course the latter set need not exist. 

THEOREM 5. Any automorphism of S(%,J7) has the form a— aS + itra 
i=0,°°-,p—1,ni+1 0, where S is an automorphism of U over & which 
commutes with J. 

There are two types of S’s: those which alter elements of P and those 
which are automorphisms of the normal simple algebra Mf over P. The latter 


are inner and hence have the form a— sas where ss’ = lo, o in ®. 


By Lemma 3 and the property %i9 = Qui, Sg = Qui we have 


THEOREM 6. Any restricted derivation of a restricted Lie algebra of 
type A is inner. 


1.8. The derived algebras. If & has type A, lg = Qn; and Vg = On. 
Hence by a previous result ** we have 


THEOREM 7%. Jf & is a restricted Lie algebra of type A, Y is simple if 
ptn and &/(1), (1) the set 1a, is simple if p|n except when p= n= 2. 


By simplicity here we mean that there are no (restricted) ideals. As a 





13 Too, cit.® 
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matter of fact this theorem holds when 2, 2’/(1) are regarded as ordinary 
Lie algebras, i. e. the algebras have no ordinary ideals other than (0) and the 
whole algebra. 

In the remainder of this section we suppose p{n. Then Qin = Q'n1 ® (1), 
If a— a is an automorphism in 0’; we define 181 and obtain an auto- 
morphism in Q,;. By Lemma 2 we have either aS = tat or aS = — ta’ 
where ¢¢€Qn;. If we use the second part of Lemma 4 we obtain 


THEOREM 1’. The derived algebra of a restricted Lie algebra of type A; 
is not isomorphic to the derived algebra of one of type An if n>2 and 
= 0 (mod p). 


Similarly Theorems 2 and 3 hold with %;, B:, S(Y, 7), S(M, K) replaced 
by their derived algebras. Theorems 4 and 5 hold when this substitution is 
made and i=0. If we note that any restricted derivation in 0’n; may be 
extended to Qu: by defining 1D —0 we obtain the fact that the restricted 
derivations of any Y’,, S’ with pfn, are all inner. Finally we remark that 
since the algebras %’1, SG’ have no centers all of these results hold when we 
regard these algebras as ordinary Lie algebras. Thus for example if a— a‘ is 
a correspondence in Y%’; such that (a + b)S = aS + DS, (aa)S = aa, 
[a, b]S = [aS, dS] then there is a ¢ in %& such that either aS = tat or 
aS == — t“1a’t, a—>a’ an anti-automorphism. In the same way we may drop 
the word restricted in the statement of Theorem 6 for the derived algebra. 


1.9. The completeness theorem. We suppose that & is a restricted Lie 
algebra such that Vp —'n. and pfn. Thus & is a subset of 2’n; and con- 
tains n? —1 elements 4, d2,° * - , Qn? such that every element of 2 has the 
form & aj¢j, ¢ in ® and every element of 0’n; may be written in one and only 
one way as 3 dajoj,o in O. The coefficients of the matrices a; generate a finite 
algebraic extension T of ®. Thus the a; are linear combinations of e:; — ¢;j 
and ¢ij, 14 7, with coefficients in T and hence the ei — eji, ei; are linear 
combinations of the a; with coefficients in T also. It follows that the set 
> ajyj, y in T, is I’n: and so we may replace the algebraically closed field 2 
by the finite extension I in our discussion. 


Lemma 5. If & is a restricted Lie algebra of type A over ® there exists 
a separable extension & of ® such that 25 = 3ni and Vy — 2'nt. 


From the theory of associative algebras we know that every normal simple 
algebra % has a separable splitting field 3, i.e., Uy — Xn. Hence if 2— Mi, 
L5—=— Nip — In. If R—S(A,J), WU with center P—(q), Cp— Ap, 
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There is a field % separable over P such that 25 =Wiy — Xn. Since & is 
separable over ® it has the required properties. 
We may now prove the following “ completeness ” theorem. 


THEOREM 8. If Y is a restricted Lie algebra over ® such that Vp = Q'n 
and p{n then either there exists a normal simple associative algebra MX such 
that 2’ = W’, or there exists a simple associative algebra with center P = (q), 
a quadratic field over &, and with an involution J of the second kind such that 
V=O(U,J)’. 


We suppose that T is chosen as above and let A be the maximal separable 
subfield of T. Then there is a chain of subfields Ay =A, A; = Aj-1(2%), 
vi? = €& € Aj_, and A,—TI. Suppose first that w= 0, i.e. that T is separable. 
Then we may extend Tf to I which is normal and separable over ® and we have 
Va=I'n. Let G6 = (1,8,---,v) be its Galois group. If a= (aij) «Mar 
we define a* = (a,;*) and if a=  Xajy; define a“: = Xa;*y;. Since [a;, ax] 
=X Mp%pjx, %pjx In D, aj? = YX agBqj, Bai in ®, S; is an automorphism of 
l’,, over T. Hence there exists a ts in TF, such that either aS: — t,-at, 
or ai == —?,a’t,. The s for which S, is of the first type form an invariant 
subgroup § of index 1 or 2 in g since the automorphisms of the form II 
form such a subgroup in the group of all automorphisms of In; over I.%* 
Suppose first that h —g. Then the mappings S defined by aS = a*S:* generate 
automorphisms of the associative algebra TI, over ®. The elements left in- 


variant by the S form, therefore, an algebra Mf over ®. Since Q,° * *, Gn%1, 
a? = 1, is a basis for T, and (3 ai7i)S = 3X aiyi*, UW consists of the elements 
Yaidi, oi in © The elements a,,-° - *,dn%. are linear combinations of 


commutators [a;,a,] and therefore the set "Saydy is %’;. If § has index 2 
there is a quadratic subfield P = @(q) such that the Galois group of I over 
P is h. Then the set 3 aipi, pi in P, a,2—=1 is a simple algebra with P as 
center. Let v be an element in g not in § and aj’: —t,"a’jly. v induces 
the fundamental automorphism p—>p in P. Consider the correspondence J 
defined as a7 = (3 aipi)’ = — 3 ajpj + an%pn2. Since a? = (ty")“*(a’) te, 
J is an anti-automorphism in %. By its form it is involutorial and its skew 
elements are S ajdj + (an79q)¢, 7=—q in P.® Hence 6(Y, J)’ is the set 
2 ajpj = &. 

Now suppose that the theorem holds for w— 1 and consider Va,,. This 





4 Cf. the author’s paper “ Simple Lie algebras of type A,” Annals of Mathematics, 


vol. 39 (1938), p. 186. 
15 If p = 2 we may take q= 1. 
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algebra becomes I’n: when Ay, is extended to T—=Ayi(r), t=, 
a? =e Ay. Let d be a derivation in TI over Ay; such that the ele. 
ments of Ay, are the only d-constants..* Then a= (aij) >a? = (a;;4) 
and (3 ajyj)D,; = Saj4; are derivations in T, over Ay, and in TI, 
over I’, respectively. The last statement holds since the multiplication table 
[a;, ax], aj? has coefficients in Ay. D, is inner and, hence, is induced by a 
derivation of the associative algebra T, over T. Hence D—D,—d is a 
derivation in I’, over Ay-, and the set of D-constants is an algebra 8 over Ay... 
Since (3 aiyi) (Di: —d) = (3 aiyi) Di — (3 ai*yi + & aiyit) = — 3 aiyi* the 
D-constants are the elements of the form & ai8;, 8; in Ay_,. Hence 2’a,, = 8’. 
There is a separable extension A of Ay_; such that VY, = BWiA—A’n. As is 
well known A = A,_, where A is the maximal separable subfield of A over 4." 
Hence by the hypothesis of the induction 2’ has the form %’; or the form 
C(wW,J7)’. 


II. RESTRICTED LIE ALGEBRAS OF TYPES B, C, D. 


2.1. Involutions in ©,. Since the automorphisms of the associative 
algebra Q, are all inner, the involutions in Q, have the form a/ = s‘a’s where 
s’== +s. We assume that © is algebraically closed. Then by replacing J, 
if necessary, by a cogredient involution we may suppose when p ~ 2 that s has 
one of the following forms 

10 0 


0 ly o -4 
@) a= ( 1 e oar, edie a—(i nf, 
is 01,0 v 


where 1, is the identity matrix of v rows and columns. The corresponding 
involutions will be denoted as J,,J2,J;. A computation shows that ©(Q,, Ji), 
1 = 1, 2,3, consists respectively of the following sets of matrices 


te ne} aig e Dv, a’, = — Aza, Q’ 12 = Ay2, Q's, = dey 
0 Wy Ve 
—'s M1 Ae » Aj €Qy, Ay, = — Azo, U2 = — Aye, W231 = — Any 
—'; M21 Ae 


and where v, = (0, b2,- - -, bv) and v2 = (byi1,° + * , Dev) 


G11 Ai2 , 
, y=— Ase, v2 = — Qi2, Aoi == — Ani. 
lz; Age 





16 The existence of such derivations has been proved by Baer, “Algebraische Theorie 
der differentiierbaren Funktionenkérper. I,” Sitzwngsberichte Heidelberger Akademie, 
1927, pp. 15-32. 

17 See Albert, loc, cit.*, p. 102. 
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Thus for ©(Q:,J,) we have the basis hi = eit — evsi,vst3 C-resry 
= Cij — Cjsv,isv for 1A J 5 C-ry-ry = Ci, jay + Cj,tsvy VK I5 Crgsry = Ciav,g H Cpavyty 
t<J5 Corn, = Ci,isv; Con, = Cisv,s Where 1,7 = 1,---,v. If we seth =X hirs 
we obtain the following multiplication table 


[hi, h;| = 0 
[ea,h] = ega, G=t ytd; 
40 if «+ B is not a root 
(10) Lea, ea] =  @aspNap, Nap=t1, +2, if «+ BX 0'is a root 
[ea a] = hea ~0 


where hy,-y, = hi — hj, Aryyrny =i + hy, hoy, = hi and 
(11) h?=— hi, Cg? = 0. 


For S(Qn, J2) the following is a basis: 


hi — Ci41, 441 —— Ci4v41, t4¥41 5 Cni-dy = 0j41. 41 — Cisv41, f4V419 t Pal d3 
Ony+dy == Cisver, f41 — 0f4v41, i419 t< I; 
C-ri-dy = Cj 41, t4V41 — C641, fever, tw< J; 
Cn, = 61, 41 — Cisver,15 C_y, == Cta1,1 — 1, i401 

where i,j =1,---,v. The multiplication table has the same form as (10) 


and (11) where hy,-,, = hi — hj, hyn, = i + Aj, hy, = hj. For G(Qn, Js) 
the following is a basis: 


hi = Cit — Cvsi, v443 Ony-dy == Cji — Cis, jay tA J5 

Cri+ry == Ciav, § — Cry, ty v<3 

@-di-dy — ej, 7 aaa Ci, j4Vy J . J 
where i,j = 1,---,v. The multiplication table is the same as before with 


Nag = = {, hy,-r; = h;— hj, hy ssr, =h; + hj. 
Now suppose p = 2. In this case if s is alternate in the sense that s’ = s 
. es 0 ly 
and the diagonal elements of s are all 0, it is cogredient to a-(}, 0 ). 
If s is symmetric and not alternate it i8 cogredient to 1.1% Accordingly we 
have to consider two Lie algebras G(Qn,J;) and G(Qn,J2). If we compare 
with the case p-42 we see that the present S(Qn,J:) =G(Qr.J1) +R 


. ? . a Aye . 
where GS consists of the matrices ( - ) With doo = @’31, Ay. and dz; alternate 


Qe1 A22 





*8 See Albert, “ Symmetric and alternate matrices in an arbitrary field. I,” Trans- 
actions of the American Mathematical Society, vol. 43 (1938), p. 392. 
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and § has the basis ¢i,v,:, ¢,i47,i—=1,- ++,» IfaeS, beR then [a,b] eS 
and b?«S. © has the following basis: 


hi = C44 + Cv4i, v485 fig = C45 + Cyav,tev3 ij; 
Gti = Git = Cs, jv + C5, tay, tj; 
hig = koji = Cinv, 5 + ejay, 4, tAj 


and the multiplication table 


[fis,h] = fis(Ae +s), [gis] = geg(Ac + As), [has, h] = hij (Ai +) 
[fess fer] = Syufir + Ssifes3, (hk, 1) A (4,7) or (j, 4) 
[fess fis] = hi + hy 

Lis, kin] = fix, [gis, big] = hi + hy; 

[9%5, fas] = gir 

Chis, fix] = hex 


(12) 


where 1, j, k are unequal. All other products are 0 and 
(13) hi? = hi, fis? = 0, gi? = 0, kij? = 0. 


It follows that G is the ideal generated by the elements [c, d] and c?, c, d in. 


The condition that q-ta’g =a is equivalent to (qa)’= (qa) and ae 
if and only if (qa) is alternate. Consider an arbitrary alternate matrix 


(O11 Dio Bin 4 
Da Doo b n 
b= : baz = Dj, bi = 0, N = 2y 
L Ona Bno >”: brn | 








Let A = det b and Bi; = cofactor of bj; in b. Then Bi; = By and By —0. 
Hence we have the equations 


bi2Boy a b13Bs1 “ 5 is a binBny ==s A 

bj2Bo: + 6jsBs: +° + * + bjnBui = 0, (j= 3,° + -+,n) 
and solving for B.,; we obtain B.,;? = AA; where A, is the determinant of an 
alternate matrix of n — 2 rows and columns. We assume that it is the square 


of a polynomial in the bi; and obtain the result that A has this property, say 
A = B*, The equation B,,? = (BB,)* then shows that B is a factor of Ba. 








Cj: 


+ Aj) 


Se 
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Similarly every B;; is divisible by B. If we apply this result to b = gA + qa, 
dan indeterminate, we obtain that det (A+ a) is a square (A)? in Q[A] and 
that adj (A +a) is divisible by #(A). It follows in the usual manner that 


Qi1 Ai2 


¢(a) =0.7° If we use the form of a= E ) and set a), = (aij) = a'22 
Ae, Mee 


asimple computation shows that (A)? =A" + (a1. ++ +++ aw) ?A"?-+ - 
Thus (A) =A’ + (tr a)rA"* +--+: where t’a—a@,, +: - ++ aw. 


i1 Q12 


Lemma 6. Ifa= ( )e S where a,, = (aij) then the characteristic 
21 Azo 


polynomial of a has the form [$(A)]? where (A) =A” + (41 +° °° 
+ aw)Av? +--+ and (a) =0. This is true also when the elements of a 


are regarded as indeterminates. 


~~ 
A 7 


The second type of © for p= 2, namely, S(Qn, J2) has the basis hi = eii, 
Chyshy = Cig + Cj: With 1< j and i,j7—=1,:-+,n. The multiplication table is 


Lhi, hj] =0 
(14) [ea; h| == 0% 
= hat 0 if a+ 8 is not a root 
"ee (| ap if a+ B is a root ~0 
and 


(15) h,? = hi, Or sady = hy + hj. 


2.2. Simplicity proofs. The enveloping algebras. 


LemMa 7%. If p42, S(Qn, Ji) is simple except whenn=—4,i1—3. If 
p=2, S(O, J,) with v=n/2 > 2 has only the proper ideals (1) of multiples 
of 1 and CS’ of elements a for which tr’ a=0. S(Qn,J2), p=2, n> 2 has 
only the proper ideals (1) and S’ the elements of trace 0. 


Suppose p= 2 and let B be an ideal ~ 0 in S (Qn, Ji) andb =ho + X agBa 
be an element 0 in 8. Choose A; in Q so that the values & of the roots « 
for these A; are all distinct and ~*~ 0. Then 


hk, 


[- + [[b,h], h] - kh] 043 eaBad™ 


is in 8 and since the Vandermonde determinant 





°T am indebted to Dr, J. Williamson for the present proof. 
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10 0 
1% @ 

~0 
1e@ @--- 








(number of rows = number of roots plus 1), hy and each egBae B. If Ba ~ 0, 
% contains eg and if ho ~0 at least one [eg, ho] = €a% 0 so that we may 
suppose that 8 contains an eg. Now except in the cases i=1, n= 2; i=?2, 
n=1,3;i1—3, n=2,4 it is readily verified that we may obtain any root » 
in the form (((#+8)+y)-+8:- +) where each parenthesis («+ £), 
((2+ B)+y)--- isa root #0. It follows that [- - - [[ea, eg],e,]- - +] 
= €pNagNpy: - -0 and that epeB8 for every p. Since the elements 
[ ea, €a] ha generate the subalgebra § of elements hi we obtain 8 =6G. 
If +1, n=2, B contains eg and [— ea, @a] =ha=~0 and hence also 
[ ea, ha] = e-.B ~0 so that B=—=C. If t—2, n—1, © =0 and if i=2, 
n = 2 the argument is the same as for G(Qn,J,). If += 3, n=—2, © has 
order 1 and if 1= 3, n = 4 the result does not hold. 

p=2. Let B be an ideal in © and containing b an element > la. 
If b =hpo +3 fespes + 3 gijoij + S kijriy then by the above argument ho and 

iAj i<j i<j 

Uij = fijpis - fiipji “+ JijCij a kijrij are in $B. If oi; ad 0 and k = 1, J then 
[ [ wis, kin], fit lous? = fixe B and similarly if 74; 40, B contains an fix. If 
Cig = Tig = 0, % contains either ho of le or some fijpis a fijipji Fx 0. Now 
the Lie algebra generated by the h; and fi; is isomorphic to Qy;. Hence by 
the structure of Qy; we obtain that 8 contains all G ” ) with tr a,,; =0 


11 
and also [yij,hj + hx] = gi; and [kij,hj + hx] = ki; Thus 8 contains all 
elements a of S with tr’a=0. If in addition 8 contains an element not 
in 6’, B=G. 

In the case S(Qn, J), p= 2, n > 2 any B which contains an element 
b ~ 1a contains an eg ~ 0 and hence all eg and all eg? =hi + hj. It follows 
that 8 = © (Qn, J2)’ or B= S (Dn, Ja). 

Coronary. If p=2 and v0 (mod 2), S(Qn,J1) =S(On,J1)’ @ (1) 
and © is simple. If v==0 (mod 2) the difference algebra S’/(1) is simple. 
Similarly G(Qn, J2) = S(Qn,J2)’ B (1) when nO (mod2) and S ts 
simple; S’/(1) is simple when n==0 (mod 2). 

If v==0 (mod 2) G’ does not contain (1), otherwise it does. 


Remark. It should be noted that the proof of the above lemma is valid 
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when the algebras are regarded as ordinary Lie algebras except when p= 2, 


{= 2. 


In the remainder of the paper we suppose that for p42, 1—2, n=3; 
if i=—3, n=>6 and if p=2, i—1, v=3; if i—2, n=3. With these 


restrictions on n we have 


LemMA & Jf p~2 the enveloping algebra of S(Qn, Ji) is Qn. If p= 2 
the enveloping algebra of S(O, J1)’ or of S(Qn, Je)’ igs Qn. 


p~2,i=1. The enveloping algebra 8 contains all matrices of the form 


a 0b\_ /0 ab .- {0 b 

( a = “ ri it (9 = — 
(; b\(—a’ \_ ‘ ba 
00 a 00/° 


Thus for the matrices . 4 in 8 the set {b} forms a two sided ideal in Q» 


; : : 7 ; : ae 0a 
(since a is arbitrary). Since Q, is a simple associative algebra every 00 


an 


— i Oy. . ; 
is in 8 and similarly every ( )is in B. Then % contains all 


0a 
a Oa ne oa 
L OF VO: 0 Oa 


0a (! 0\_/a40 
0 0/7 \1 0 0 0 
p22, t1—3. The above proof is valid. 


and 8 = Qn. 


p~2,t1—2. The argument shows that 8 contains all matrices of the 





form 
0 O 0 


0 a1 Ge 
O 2, Ae 


where aj; are arbitrary in Q». B contains also 


(€12 — €y41,1) (€1,v41 — €2) = — ey, — Cv+1, V41 
and hence 


€1, and Cy,t41 == C11 (€1,é+1 — Ci4vs1,1) 5 Ci4v41,1 = — (€1,¢41 — Cisvar,1) C11 


and similarly ¢(,;,1, @:,ésv11. Hence 8 =Qy. 
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p=2,t=—1. The enveloping algebra of matrices of the form (‘ ") 
a 
with tra —0 includes the matrices 


ay ls 
Az)’ ay ‘ 


where a, is arbitrary and a, depends on a;. Then by the argument in the 
first case B = Oy. 

p=2,t=—2. 8 contains (ei; + e;;) (¢ix + ext) = eux if 1, 7,& are un- 
equal and ei; = eixexi. Hence 8 = Qn. 


CoroLuaRy. The sets of matrices of Lemma 8 are irreducible sets. 


2.3. Restricted derivations. 


LemMA 9. If p2 the restricted derivations of S(Qn, Ji) are all inner, 
The same holds for p= 2 andi=2. The restricted derivations of S(Qn, J;) 
are induced by inner derivations of Qn. 


p~2 or p=2,i—2. Choose i; in O so that the values & mid; of the 
p” linear forms & m;A; are distinct. Then the minimum p-polynomial of 


h—=Shidi is W(A— 3S miki) =A” ++ + > +ABo, Bo =I (3 midi) 0. 
0 


Thus 3 ; 
her t---+hBo=0. 


If p= 2, i= 2 the same result holds with n in place of v. Suppose D isa 


restricted derivation. Then 
(hD) (HP +--+ ++ Bo) = (hD) 1 (A — 3 max) = 0 


where A is the mapping x [2,h]. Hence hD =X eapa. If oa = — &"pa 
[h, 3 ea0a] = hD. By subtracting the inner derivation +— [2, % eaoa] from 
D we obtain the restricted derivation EZ such that hE =0. It follows that 
hE =he’ BE =- --=0 and since h,h®,- - - form a basis for $, hE = 0 for 
all h in S. Since [eq,h] = ez, [eaE,h] =eaE and egH = eaga. Since 
[eas a] = ha 0, [¢-aé-as Ca] + [e-a, Cafa] = 0 and ég——é&. Similarly 
[ea, €p] = CaspNasg yields éa.g = fa + és if a+ 80 isaroot. Bya funda- 
mental set of roots (f.s.) we shall mean a set of roots %,2,° °°, av (0 
G1, %2,° * *,%m- if p= i—2) which are linearly independent and such that 


any root p may be obtained as ((+ %, + ai,) + a) + * + * where each 
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he 
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parenthesis is a root ~ 0. For p42, i=—=1, Ay —Aa,* + +, Ar —Av, Ar + Az 
isa f.s.; p54 2,1—=2,A1,A2°* ‘Avisaf.s.; pHA2, t= 3, A—Az,* ++, AL — Ay, 
dt Az isaf.s.; p—=2,t—1,rA: + As,°*+, Ar f+ Av; p= t—2,A,+A2,°°°; 
Ait An is a f.s. Now let a, a,- - -, ay (a1,°°*,@n-1) be a f.s. By the 
linear independence we may solve the equation a; = &, for Ai = Aio in Q. 
Then if ho = ZhiAio and Hy is the inner derivation r—>[z,ho] we have 
h(E — Ho) = 0, ea,(2— Ho) =0. Hence by the above e.,(H — H,) =0 
and if ¢ép7 =[- - - [ea, eg], ey: * -].Nag*Ngy?: : - where a, B,: - -—= + a we 
have ep(H —H,) =0. Thus # = H, and D is inner. 

p=2,i—1. If D is a restricted derivation the above argument shows 
that we may subtract an inner derivation from D to obtain / such that 
hE=0, he. Then 


fish = figeig + fii Bit + giryis + hiseis. 


Since fi;?F = [fisE, fij] = 0, Bii = 0. Now ki = City and ki,v = eiyv,4 are 
in S and [fia, hiv] = hii, [fis ki] = gii if 1 > 1 while all other products 
with fj:,f1; are 0. We note also that [h, ki] = [h, ki,y] = 0. Hence we may 
subtract the derivation «— [2,k] where k = 3 kiyyi + 3 kyiiei, from EF and 
obtain a restricted derivation F/ such that AF —0, fyif = fries + hie, 
faF = fis@is + Qiiyix. Next we subtract a suitable derivation of the form 
t—[z,hol, ho in $, to obtain G such that hG =0, fuG—=—kyex. Since 
[firs fic] — hy + Ai it follows that fiG = giyuyin. Since [fis, ki] = gu, 
[fis kisv] = ki we can obtain by subtraction a K such that hK = f.,K 
=fi.KkK =0, fiK = giiya, fik =hiiex for 1 > 2. Operating with K on 
fer = [LE for, fil, fix] gives yir = e:i =O so that fiK —fiK —0 and hence 
fisK = (), Then 


Gis K = gispis + fisois + fiiois + kistis, pis = pi, TH = TH 


and since [gijK, gij] =0, rig = 0. Let k Ai, 7. Then [9ij, fxj] = gix and 
hence 


gixpik + firoix + feioni = Gixpis + friogi 


and oi, = 0, pix = pij OY pij =p. In the same way we find that kijK = kijp’ 
and since [gij, ki;] —hi + hj, p=p’. Choose a and B so that «+ B=p 
and define g = (3 e:i)a + (3 ¢isv,isv) 8. Then cK = [2,g]. 


2.4. Automorphisms. Let S be an automorphism in ©(Q,,J;) with 
P~2 and {A} the weights of h in the representation z—>z5. Since this 
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representation is (1—1) there are v independent weights. Since (h5)’ 
= — AS, if A is a weight so is —A. Hence if i=1,3 the weights are 
Aa,* > *, Av, — Aa,’ * *,— Ay and if i= 2, Ai,- > +, Av, 0, —Ay,* * *,—A,y 
where A,,--~-,Ay are linearly independent. Thus any subset of unequal 
weights not containing 0 is linearly independent if and only if it does not 
contain a weight together with its negative. 

Evidently if « is a root, A+ a, A, A—«a are linearly dependent. Hence 
if these are weights and A =< 0 we have either A + @=— A, —A—A—g 
or A+a—0, A—a=0. In the first two cases we have A= + @/2 and 
3a/2, a/2, —(a/2) or a/2, —(a/2), —(3a/2) are weights.2° Then 
— (34/2) or 3a/2 is a weight and since «4/2 34/2, + — (3a/2) this is im- 
possible. The last two possibilities A =a, —«@ can occur only when i = 2, 
for otherwise no weight is 0. 

Suppose A is a weight #~+a, ~0 and A+ is not a weight but 
A—ais. If A—2«a is a weight, A, A—a, A— 2a are dependent. Hence 
either — A= A— a, —A+a—A— 2a, —A=A—2z@ or A=2a. The 
first two may be excluded as before, the third since Aa. If A = 2@ then 
the weights are 2a, a, 0. Then — 2a, —« are weights and this is impossible 
unless p= 3 and then we have a contradiction with AS+—a. Let 2 bea 
vector such that 7 hAS—2 A. Since A+ a is not a weight xea5 = 0 and since 
one of A— a, A— 2z is not a weight, either xe.5—0 or xe~S~0 and 
Xo (e-a5)? = 0. By Lemma 1 this implies Ag = 0 or Ag = @/ 2. 

+=1,3. Let A= mid; be a weight, «a root. Hither A+ a or A—a 
is not a weight and we may suppose we have the first case. If «=A; — Aj, 
ha = hi —hj and a2. Hence Ag = mi—mj—0,1. If A—a were a 


weight we would obtain mi — mj = 0,—1. If Ag—1, 


A—a=—A— (mi —mj)a= 3 Mid + mjrAi + Mid; 
kAi,j 
is a weight and similarly if m; — mj; =—1, A+ «%—A— (mi —™m,;)z«@ is 
a weight. If «Aj +Aj, ha=hithj, a2. Here we obtain m; + mj =), 
ne aed | and if M4 a nN; = i. A— (mi + mj) a = > MrAK — MjXri — Midj. Then 
by the above & mzAx — midi — mjd; is a weight. Combining these results we 
obtain the following condition on the weights: The set of weights is invariant 
under permutation of the A’s and under change of sign of an even number 
of d’s. Either all m; = + } or one mj = + 1 and all others are 0. If i=—1 
we may use the root a = 2A; and obtain mj = 0, or +1. Hence in this case 





20 Since we are assuming that A + a,A,A—a are +0, p +3. 
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the weights are + A;. If i—3 we must consider the possibility mi = + 4. 
By changing signs and permuting we obtain the weight 


Hi >> 4 Ana) — dee fav) or Bib > +b Ana) — gam 


The first case is excluded if v= 5 for then we obtain by permuting the d’s 
more than v linearly independent weights. In the second case if v= 5 we 
obtain v independent weights by permuting and the additional weight 
$(Ar +° + > + Avs) —$(Av-2 + Av-1 + Av) independent of these. If v3 
we would obtain the weights + $A, + $A2 + $A, and this is impossible since 
there are only six weights. If v4 we can not exclude the following two 


4 
additional possibilities Aj = 4$(3Ai:) —A; for j—1,---+,4 and 
1 


Ay = $A, + dA2 + BAs + Brg, Az = $A, + FA2 — FAs — $M, 
As = ZA, — $r2 ot. Az — 4X4, Ag == Ari — ZAr2 — Az oh Sry. 


Thus unless i= 3, v= 4 the weights of h in the representation +— 2S 
are + Aj. 

t1=2. If A is a weight ~ 0, and > any root the argument is similar 
to that for i = 3 and shows that mi — mj = 0, +1, mi + mj —0, +1 and 
that the forms obtained from A by permuting the m’s are weights. Since 
a=; is a root, hy, = hi, and Ag = mi, % =1. Hence we obtain mj —0, +4 
and in the latter case A — a is a weight and is obtained from A by changing 
the sign of one m. It follows that all $(3+A,;) are weights and this is 
impossible if vy > 2. Thus every A=}0 is a root. If A=A; + Aj, a—d;j 
then Ag=1 and A—a=—A;—A’ is a weight. Then if B=A;—Aj, 
A’— B =); is a weight. This is impossible as is A= +A; + Aj. Hence the 


weights here are + A; also. 


LemMaA 10. If p=42 and S ts an automorphism of G(Qn, Ji) where if 
i= 3, v4 4 then there is a matrix q independent of X such that hS = q*hq. 


This is equivalent to the result established that the weights of A‘ are 
+r ift—1,3 and 0, +A; ift1 —2. 
— . Qi1 Tie a r 
Now suppose p= 2,1—1. Ifa= re where @’12 = dy2, @’o1 = Aoi 
21 11 


with diagonal elements all 0 is in S(Qn, J,), we defined tr’ a= tra,,. Then 


° , 
it is Ss + Ay2l21 41442 + Ay20 e 


21041 + 41021 41” + Aoidye 








504 N. JACOBSON. 


and if dy. = (aij), doi = (Bij) we have tr dyod21 = 3 @ijBji = 0 by the con- 
ditions on @2,2;. Hence tr’ a? = (tr’a)* and if and only if v=0 (mod 2) 
the correspondence a >a + tr’ a is (1 —1) and hence an automorphism in 6, 

Let S be any automorphism in ©. Let A be a weight in the representation 
z—> 2x8 and 2» a vector such that xhS=«A. If either aofij5 or tof ji5 KO 
we obtain A+ (Ai+A;) as a weight also and if 2fijS = xfjiS =0, 
&o(hiS + hjS) =0 and hence mi = mj in AX miAdj. Thus the weights are 
invariant under permutation of the A’s. Since the characteristic polynomial 
of AS is a perfect square the multiplicity of each Aiseven. If A=Ay, +: --+ Mi, 


is a weight we obtain, by permuting, ( ) distinct weights. Since there are » 
» 0) - : 


linearly independent weights we may suppose that 0 << p<». By the assump- 
tion v= 3 we obtain either »—1 or »—v—1. In the former case the 
1 the weights are 





weights are A; and each has multiplicity two. If p=v 
SAj +A, t—1,:--,v. Then 18 = hiS =1(v—1) €0 and if T denotes 
the automorphism a—a + tr’ a we see that ST has the weights A; each with 
multiplicity 2. 

p=2,1=2. In this case a—a-+tra is an automorphism if n=0 
(mod 2). Let S be an automorphism and z, a vector * 0 such that xphS = aA. 
Hither 2e¢gS =0, adi +A; in which case 2(ea5)? = am(hi + hj) =0, 
mi =m; in A= mjd; or A+ a isa weight. Thus the weights are invariant 
under permutation and as above they are either Ai, i= 1,- - -,n or SAj +A 
and in the latter case n — 1540 (mod 2). We may then form ST, a? =a-+ tra 


and obtain an automorphism with weights Aj. 


Lemma 11. Jf p=2 and S is an automorphism of S(Q,, J) 


(S(Qn, J2)) and v0 (mod 2) (nO (mod 2)) then there exists a matria 
q independent of X such that hS = q hq. If v==0 (mod 2) (n=0 (mod 2)) 
either this holds or the automorphism ST where a? =a + tr’ a(a? =a -+ tra) 


has this property. 

LemMA 12. The matrix g in Lemma 10 or 11 may be normalized so that 
qq't = 1—4q'4q. 

p ~~ 2. Since AS = g*hg, — hS = Ss = — giih(q")*. Hence 


We 


(qq7*)h =h(qq"*). It follows that r= qq’* is a diagonal matrix. Since 


7/* =r a simple computation shows that 


r= {pi,° “ "5 Pv, Pir” * ‘, pv}, = {p, pi,° “ "5 Pv, Pir” * *, pu}, 
= {p,° * oan en? * -, pv} 
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according as 1 1, 2,3. It follows that we can find a diagonal matrix k such 
that kk/i = 7-1. The matrix w= kq has the desired property. 
p= 2,1—2. In this case r= qq’? is diagonal. Hence as above we may 





solve h? = —7~' and obtain u = hq of the desired type. 
p=2,1—1. Here r=qq” has the form 


Mi, My 
Mo, Moe 
where the Mj; are diagonal. If 


q = bs = — qq” _ eon + G12 21 9119/12 + — 
G21 22 Jar 22 + 9224/21 Gai’ 12 + G22 11 


and hence M,, = M’,. and M,.=—b + b’=0, Mz, =—c+c’=0. In this case 
too we may solve the equation kk/1 =r to obtain a k commutative with h. 
The matrix /q satisfies the condition. 

If U denotes the inverse a — uau of the mapping determined by Lemma 
10 or 11, the correspondence S=SU (or STU) is an automorphism in 
6(0,, 7+) such that hS—=h. From [ ea, h| = eg% we obtain when p= 2 and 
when p=1=2 e.5 = lala. If p~2, [e, ¢a] —ha and hence é,— &". 
Let %,, %,° - > be the fundamental set of roots determined above. These are 
for pA 2 and i= 1, A, —Az,* + +, Ar —Av, Ar + Az; for pF 2, 1 = 2, Aj and 
for p3&2, t= 3, A. —)z,* °°, A1— Av, A, + Av. If +—1,3 we solve the 
equations A,Aj* = &, hyo AtAg = Eryx; If t= 2 solve AG=—&,. Then for 


i= 1, 2,3, respectively, the matrices 


eee > ee — {1,A1,° . ‘ apars* ° a} 


g={A,°° 
== {\,,° . ‘dey Ae » -, Av} 


satisfy g/g = 1 = gg’ and aS = gag for a=h, ea,. Hence the latter equa- 





tion holds for eg, and hence for all eg. Thus aS = g"ag for all a in ©. 
p=2,i—2. Here e?=h, +h; and hence &? = 1, & =1 and S—1. 


We consider finally the case p= 2,i1—1. Here 
(16) fi = fpeaye + fisBis + giivis + hisei; 


where the condition (fir8)? = 0 yields 4:81; =yijaj- If g is J,-orthogonal 


we have seen that «—>g-'zg is an automorphism in ©. Since © is a char- 


acteristic subalgebra g-'xg eS if x does. Now the matrix 


dy, die 
si i = 
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where 
dy,= {w1; ce : My}; dy: = {p1,° ai » pv}, do, = {o;,° os » ov}, dz. = {n1, ee Tv} 


is J,-orthogonal if and only if didoo+ dyod2,;—=1. The automorphism 
a— a= dad = dad sends the elements of § into themselves and 


fis = fist) + fispio3 + 915p1ti + Ie jpio; 

fis = fasts + firpsor + gritips + Kasour, 

915 = fisrios + firtior + Qastity + bajoio; 

hess =e fispipi + fitmips + 9ijpipj + Key jpapsj. 
Since 2:812 = yi2e12 We may solve the equations putz = G21, pice = Br», 
PiT2 = Y12) #102 = €:2. For this solution we can not have simultaneously yp; = 0, 
pi = 0 or os = 0, t2 = 0 since fo A 0. Hence we may determine the other 
parameters so that dd 1. The product of S and the inverse of a— @ is an 
automorphism §, such that for =f. Since [fj:, fo:] = 0, (fis, fu] =0 
and if we use the notation (16) we obtain Bij = yi; = 0, j = 3,- --. Since 
we do not have aj, —«j; = 0 we may find a d of the above type for which 
fr = 71 = po = T2 = 1, pi = 91 —= pz = 02 — 0 and ry—4j,, J — 3, - +, 0; 
=e; Forthe corresponding automorphism we have fj; = fir, j = 2,- 
Then by multiplying S$, by the inverse of a suitable transformation ad 
we obtain 5, such that fj,5*= fj, 7 =2,--°-,v. Now 


fig = fij%y + finBir + Gira + kine 
and if kj the condition [[fu, fis], fir] = fer implies a,;—=1 and (f,,j5)? 


= 0, implies Bj: = yjieji. Choose o; = €2:, po = ya1, the other o’s and p’s = 0, 
yi = 7; = 1. The automorphism determined satisfies h = h, fj: = fi 
fs = fro. We then obtain an 8S, such that hSs = h, fjs83 — fis, fr2%s ame fap. 
Then by [fi1j, fiz] = 0 we obtain Bj, = €j: = 0, f1j5— fay + gjryir.§ =3,°°*5 
Let pj = yji, j = 3,° - - all the other p’s = 0, of = 0, pi —=7i4 = 1. We then 
obtain h = h, fi: = fin, fiz = f1j5* and therefore the product S, of S; and the 
inverse of a suitable transformation a—>4@ satisfies hS: —h, firs == fj, 


firs om fj. Then fi = fej and 
gui = fins + finpia + gruion + hist. 


Using jk = [ 913, fj] we obtain fag = Ty, 0, Pj. ™ pki ™= P, Tj. ™ Ox, ™ 
and from gu=([[g1, fi], f:;] we obtain p—0. Similarly we obtain 
ky jS* = hy ;. Since [g1j, ky] —hi + hj, o€ —1. Finally we set pi = oi = 0, 
pa? = €, 71? =o and obtain h = hs, fi; = fis, Gry = gis, keg = hej. Since 
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git = (913, fer], Gie3* = Gjx and similarly kj —= kj Hence d=a%, We 
have therefore proved the following 


LEMMA 13. If p~ 2 the automorphisms of S(Qn, Ji) all have the form 
a—>gag where g/g =1y if i=1, v arbitrary; i= 2, v= 3; i= 3, v=> 8, 
#4. The same result holds when p=2 for G(Qn,J1) with vs40 (mod 2) 
v= 3 and for S(Qn,J2) with n¥40 (mod 2) n= 3. In the case S(Qa, J1); 
v=0 (mod 2) v= 3 we have in addition the automorphisms a— g“ag + tr’ a 
and for S(Qy,J2), n=0 (mod2) n=3 the remaining automorphisms are 


a— gag + tra. 


2.5. Isomorphisms. The dimensionality of G(Qn,Ji), i—1, 2,3, is 
respectively v(2v + 1), v(2v-+1) and »(2v—1) for p2. Hence the only 
isomorphisms that can occur are between ©(Qzev,J,) and S(Qsy41,J2). Now 
suppose 8 is an isomorphism between ©(Q2v41,J2) and G(Qz2»,J,). Consider 
the weights of h in the representation a— aS of G(Qev.1,J2). Since h is 
A and since h;S are linearly independent there 





skew, if A is a weight so is 


are v linearly independent weights and hence these are A,,- - -, Av with the 
remaining weights — A,,:-+,—Av. If @ is a root of G(Q2y.:,J2) and A 


is a weight either A+ ¢ or A—zaq is not a weight. It follows that Ag = 0, 
+1 for «=A; — A; or Ay + Aj and hence if A= & midi, mi + m —0, +1. 
We have also as in the last section that the weights are invariant under 
permutation of the A’s and arbitrary changes of sign of the m’s. Hence if 
v= 3 the weights are + Aj. Thus hS is similar to the h given by our particular 
basis for S(Q.,/,). It follows by the proof of Lemma 12 that we may 
suppose that the similarity is given by a J,-orthogonal element. Hence by com- 
bining S with a suitable automorphism we obtain an isomorphism T such that 
hk? =h in S(Q.y,J,). Then [e,,7,h?] = e,Ai and this is impossible since 
i is not a root in S(Qu.y, J;). 

If y—1, the basis of G(Q2,J,) is e,,e.,h such that e,? = 0, e? =0, 
he = h and if we replace these respectively by e,/V 2, e_/V 2, h/2 we obtain 
a basis whose multiplication table is that of the e’s and h of ©(Q;,J2). If 
v==2 it is readily verified that the following is an isomorphism between 


(9%, J,) and S(Q;, J2) 


hihi + he ho —>h, — he 
Chk €,,V 2 ek €.», V 2 
Cri+do > Ory V2 €-\y-dy > C- V 2 
C2r, > Orr4+rg C.2d4 > ©-ry-Ag 


C29 — €d3-)e C_2r¢ — Oro-d 
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If p= 2 the algebras S(Q2»,J,) are not isomorphic to any G(Qn,J2) since 
the former have outer derivations while the derivations of the latter are all 
inner. 


LeMMA 13. The only isomorphic pairs of algebras in the set S(Qn, J), 
S(Qn, J1) are S(Qne, J1), S(Qs, 2) and S(Qs,J1), S(Q5, Je). 


2.6. Restricted Lie algebras of types B, C, D. Let %& be a normal 
simple associative algebra over ® and suppose that % has an involution J of 
the first kind.’ The set 6(%, J) of J-skew elements is a restricted Lie algebra 
relative to a+ b, aa, [a,b] = ab — ba and a’. If © is the algebraic closure 
of @, d;,d2,° * *, dn? a basis for Mf over then Xp = Q, and the correspondence 
> ajo; > Sai’; is an involution J in Q,. The skew elements relative to J 
form the extension S(%,J)o. On the other hand we may take this set to be 
one of the sets S(,,/:) considered above. Following the notation intro- 
duced by Cartan in the characteristic 0 case we shall say that €(%,J7) is of 
type C, B, D according as i=—1,2,3. Thus if p22, S(%,/7) is a simple 
restricted Lie algebra except when its type is D and n=4. If p=—2 and 
S(M,IJ)qg — S(Qn, Ji) the algebra S(M, J) generated by the elements a? and 
[a,b] extends to S(M, J) qg = S(Qn, 1) and hence has order v(2v—1), 
y=n/2.2! Similarly S(M, J)’, the subalgebra of S generated by [a,b], a,b 
in S, extends to S(Qn, J1)’. It follows that if vy is odd and > 3, S(%,J)’ 
is simple and if v is even and > 4, S(%,J)’/(1) is simple. For p—2 and 
S(%,J) 9 = S(Qn, Je) and S(A, J)’ the algebra generated by [a, b] extends 
to S(Q,,J2)’. Hence S(M,/)’ is simple if n is odd and = 3 and G(M,7)’/(1) 
is simple when n is even and = 4. We note also that S (Qn, J2) = S (Qn, Je) 


and hence that S(%, J) = 6(U, J). 


THEOREM 9. Jf & is a normal simple associative algebra of order n? with 
an involution J of the first kind, then S (YU, J), the set of J-skew elements, is a 
simple restricted Lie algebra when p32 except when & is of type D and 
n=4. If p=2 either S(U,J)’ or S(M,J)’/(1) is simple when S(U,/)g 
= ©(0n, J,) and v= n/2 = 3 and either S(U,J) or S(M, J)’/(1) ts simple 
when €(%,J)g = S(Qn, J2) and n= 3. 


Since the coefficients of the characteristic polynomials of the elements of 
% in the representation in Q, all belong to ® it follows that if p—2 and 





21In general, for any restricted Lie algebra @ we denote the sub-algebra generated 


by the elements [a,b] and a by Q. It follows that Qp = (Qp). 
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aeS(U,J)’ where S(M,J)9—S(Qn,J,) then tr’ae®. Hence the corre- 
spondence a —> a + tr’ a is an automorphism if y=0 (mod 2). Similarly for 
the other type of S (2%, J) with p = 2 we have the automorphisms a—> a+ tra 
for n = 0 (mod 2). 

In the remainder of Part II we make the following restrictions on the 
orders: In Theorems 10 and 13, v= 1, = 3, = 3 but 4 according as the 
type is C, B or D. Otherwise the restrictions are as in Lemma 13. Now if 





6(%,/) and S(%, K) are isomorphic they are of the same type. If p¥2 
and a—»a® is an isomorphism between two restricted Lie algebras S(Y, J) 
and ©(%, K) then we may regard these as subsets of the same S(Qn, Ji) such 
that the elements of S(M./) are Said: uniquely, those of ©(B,K) are 
%a;%p; and those of S(Q,,J;) are representable uniquely either as ¥ aiw; or 
Xai%o;. Thus the correspondence 3 ajo; > % ai%o; is an automorphism in 
€(Q,,J:). Hence by Lemma 13 we obtain 

THEOREM 10. A necessary and sufficient condition that the restricted 


Lie algebras S(U, J) and S(B, K) be isomorphic is that A and B be iso- 
morphic and J and K be cogredient. 


THEOREM 11. Any automorphism G in S(M, J) has the form a? = gag 
where g 1s a J-orthogonal element. 


THEOREM 12. Any restricted derivation in G(M,J) ts inner. 


If p=2 we cannot have an isomorphism between G(%,J) and 
6(B,K) unless either S(X,J)g—S(B,K) = S(Qa,J:) or S(U,A)p 
= 6(8, K)o = S(O, J,). In the former case an isomorphism between the 
two algebras becomes an automorphism in S(Qn,J,) and may have the form 
a—>giag+tra=—b. But then tr’ a—tr’ db since vy=0 (mod 2) and hence 
by combining the isomorphism with the automorphism b > b + tr’ b we obtain 
the isomorphism a — g-ag. In a similar fashion we may treat the other case. 


We obtain the following results: 


THEOREM 13. Jf p=2, S(M,J) and S(%B,K) are tsomorphic if and 
only if XM and B are isomorphic and J and K are cogredient. 


THEOREM 14. Jf p= 2 the following are the automorphisms of S(M, 7) 


a— gag, g J-orthogonal if Sg = S(Q, 71) and v0 (mod 2) 
or if Sp = S(Qn, Jz) and n¥0 (mod 2) 


a—>giag,a—>giag + tra if So = S(O», Ji) and v=0 (mod 2). 
a—>giag,a—>giag + tra if Sg = S(Qn,J2) and n=0 (mod 2). 
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THEOREM 15. The restricted derivations of S(M, J) are inner if p=2 
and © (UM, J) = S(Qn, J,). For the other case S(M, J) any restricted deriva- 
tion is induced by a derivation of %. 


If Sg = S(Qn, Ji) and v0 (mod2) we have S(M,J) = S(M, J) 
® (1). Any automorphism (derivation) in S’ is induced by an automorphism 
(derivation) of S. Hence these have the form a—> gag(a— [a, d],d in M). 
If Sg— S(Qn,J2) and ns*0 (mod 2), S(U, J) —S(U, J)’ @ (1). The 
automorphisms have the form a— g-‘ag and the derivations a—> [a, d], d in S’, 

We remark finally that Theorem 9 for p~ 2 or p= 2 and Gp= S (Mu, J,), 
Theorems 10, 11 and the remarks of the last paragraph hold when these algebras 
are regarded as ordinary Lie algebras rather than restricted Lie algebras. 
For these algebras have no centers. 


2.7. Completeness. We wish to determine the restricted Lie algebras 
@ such that pg is one of the simple algebras G(Qn, Ji), += 1, 2, 3 for pA 2, 
or S(Qn, Ji)’ for p= 2, v0 (mod 2), S(Qn, Jz)’, p = 2, n=£0 (mod 2), 
If a;,@2,° * *,@n is a basis for £ over ® we may suppose that the elements 
= aj; of Q are subsets of the corresponding S or ©’ such that the elements 
of S or © are representable uniquely in the form Sajo;. The elements of 
the matrices a; and hence of = aj; determine a finite extension T of ®. Thus 
the ea, h basis of S or GS is expressible in terms of the a; with coefficients in I 
and so we may replace Q by T: 2p = S(Tn, Ji) or S(T, Ji)’. Let [aj, a] 
=X Ap%pjx, Aj? = & AgBqj, %, Be ® be the multiplication table of the a’s. 

We suppose first that T = ®(2,,%2,- --,2r,y) is a direct product of 
®(z1,° - +, 2), where xj? = é;« @ and ©(y) is a normal separable field over 
® Let g= (i,s,t,- --) be the Galois group of I over ®(2,,---+,2,) and 
da derivation in T such that the d-constants are the elements of @(y).1° Thus 
the elements of ® are the only ones which satisfy «4 = 0, «* = @ for all s in g. 
If c= (yij) is any element of IT, the correspondence c—> ct = (yij;%) is a 
derivation in I, over ® and c—c* = (yi;*) is an automorphism in I, over ©. 
Since the matrices s; which define the involution in T, have elements in ® 
these correspondences induce, respectively, a restricted derivation and an 
automorphism in Sp = G(Tn, Ji) or S(Tn, Ji)’ over . Since the constants 
of multiplication, «,Be«® the correspondence 3% ajyj > X aj*yj —aD is 4 
restricted derivation in 2p over I and hence is induced by a derivation D in 
the associative algebra [, over T. Similarly a= 3% ajyj > & aj*yj =a is 
induced by an automorphism S in [, over T. Let Di =d—D, 8S, —s8S". 





~ 
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These are respectively derivations and automorphisms in T, over ® Hence 
the elements 6 such that bD, = 0, 6S, = b for all 8, form an algebra & over 
$. Since (3 ajyj)D, =X ajyj4, (3 ajyj) S81 = Sajy®, MAA—R_ Since 
the enveloping algebra of 2p is Tn we may obtain a basis for TI, of the form 
Q;,42,° * *, Qn? Where a; is a product of the aj’s, j7—=1,:--,m. Each aie OY. 
Hence if (Xaiyi)D, = Xaiyi*=—0 and (Saiyi)Si—Sayi, yi=— dies. 
% therefore consists of the set 3 aid; and %,p—T,». Thus Wf is normal simple. 
Since the aj = dy,° * *dx,, ai7* = (—1)*ay,- - -az,€% and J; induces an 
involution in %. Since the a; form a basis for the J;-skew elements of I, or 
for S(In, Ji)’ they also form a basis for those sets in %. Thus & = S(M, Ji) 
or S(U, Ji)’. 

Now let I be any finite extension and A the maximal separable subfield 
of [. There is a chain of fields Ay = A, A,,- - -, A, TI where 


Ai = Ais (%,° " * 5 2) > Ai-i, vj? =e €; € Ay.s. 
Now 
(La,,)A.—= S(Aun, Ji) or S(Ann, Ji)’. 


Hence by what has been proved 2a,,—= G(Mu, J) or S(Mu, J)’. Let I be a 
separable extension of Ay. It is known that if A is the maximal separable 
over ® subfield of f then there is a chain of subfields of the above type such 
that T—A,.,.17 If E is a splitting field for M, over Au, 2g = G(En, J) or 
(En, J)’ and the involution J has the form a—>s~ta’s where ss =+s. 








If p2 and s’ —=—-s or p=2 and s’ = ss is alternate we may replace s by 
0 , 

the cogredient matrix hos or aii . Thus fg —G6(En,J1) or 
—1, 0 ly 0 


S(En, J,)’. If p-2 and s’=—s we adjoin certain square roots to E and 
obtain s cogredient to s, or s; of (9). Hence by first choosing E to be separable 
we may obtain a separable T = Ay_, over Ay, such that Sp— S(LPn, Ji) or 
Rp— S(f,,J,)’. If p= and s’ =s there is, by a lemma we shall prove 
below, a fT of the form Ay, over ®(b,,b2: + +b), bi? in ® such that 
Rt; = S(T, J2). By continuing this process we obtain an extension I* of ® 
which is either separable or is a separable extension of a ®(b,,: - -, by), b®@e® 
such that 2p*— S(T*,, Ji) or S(T*n, Ji)’. If T* is separable we replace 
it by a separable normal field. In the other case I is a direct product of 
©(b;) and a separable field over ® and the latter may be replaced by a separable 
normal field. In either case we obtain from Lp* = © or S’ that 8 = S(, J) 


or SM, J)’ where & is normal simple over ®. 
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Lemma 14. If & is a restricted Lie algebra over ® of characteristic 2 
such that there exists an extension P of ® with the property 2p = S(Pn, J)’ 
where n is odd and J is the involution a—> s“a’s, s’ = 8, not alternate, then 
there is an extension & of the form 3 = 0(b,,- - -,b:,P) where bj? = Bj eo 
such that £5 = S(3n, J2)’. 


Without loss of generality we may suppose that 
$= {@, Qo, tea > Gn}. 


Then G(Pn,J) has the basis hi = ei; and e),4., = eij + ejiaiay with i <j 
and the multiplication table 


[ea,h] = ega if h=Shirs 
0 if a+ £ is not a root A; + Ad; 
Leg, eal caad r aa ; 
ep.aNag ~0 if a+ B is a root 
h,? == h,, Cnr) = (hi + hj) agaj7. 


Since [[eg, ea], ¢a] = [eg, ¢a?] = egaiaj* if aA; +A; and «+ B is a root 
(0) we have NagNaipa = aia". The matrix of 3 hidi + 3 cava in the 
adjoint representation has the form 


0X 

sat . > 

relative to the basis hi and e, where the 0-block in the upper corner has n 
rows and columns. M has a’s down the diagonal and p,Nag in the intersection 
of the “ Bth ” row and « + B-column if a + £ is a root, otherwise the elements 
of M are 0. Thus if a+ £ is a root we also have (« + 8) + @ as a root and 
hence paNa.g,a is in the (a+ £, B)-place. We note also that there are 2(n —2) 
roots 8 such that « + 8 is a root for a fixed a It follows that the characteristic 


polynomial of (16) is 
AM(A™ + A™ hd. +° °°), (m = n(n — 1)/2) 


where 


he (Ais pa) = 3% (Ar + Az) (Ar + As) + (n— 2) & Prrgrj ies? 
= & (Ar + Az) (Ar + As) +S pig?aiay 


We understand by the first summation the sum of all products of pairs of 
distinct form Ai + Aj, Ax + Ar and we have set py,sr, = wij. Since S(Pn, J) 
= S(P,, J)’ ® (1) the characteristic polynomial of & hiAi + 3% Capa in O is 
Ant(Am + Ag. +--+). Thus we obtain the characteristic polynomial in the 
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adjoint representation of ©’ by setting 3A; —0 or A»—AL +--+ ++ Ant 
Then ¢, becomes 


n-1 n-1 
Po= TAP + BY AAV+ 3 pijPaiaj 
i=1 i< j=l 
For 
n n 
= (Ai + Az) (Ar + As) = $(n — 2) (n—1) SAPZ?+ n(n—2) S AA; 
1 4<j=1 
n-1 n-1 
and this becomes 3Ai?-++- & AiAj when we set An—A: +°°+*+ Ana. We 
1 i<j=l 


may apply Albert’s theory of quadratic forms mod 2.22 The matrix of the 
form in the ’s is 

rz 
1 1 

A 








° . . 1 0 
ae 2 
Since A + A’ =1-+ B where B is the matrix all of whose elements are 1 we 
have (1+ B)*—1-+ B? and since (n—1) is even B?=0. Thus A-+ A’ 
is non-singular. Hence the form in the A’s may be reduced to 3 A‘i7y'i 
+N G4 $A ge ++ * NGA’ ng Where g = (n —1)/2 and a reduction of 
¢2 is obtained by adding & pij?aia;7. 

Now we have assumed that © (Pn, J)’ = &p where & is a Lie algebra over 
®. This means that ©’ has a basis a; with a multiplication table in ® and 
if we use this basis to determine the characteristic polynomial of the general 
element ¥ a;v; we obtain for the second coefficient a quadratic form y2(v) with 
coefficients in ® equivalent to ¢’2. Since n—1 is an invariant y’, may be 


reduced to ee +e wwe be te fb gv’og + 3 v';*Bj, ye ®. It follows that 

: ™m ; 

& pig?agay7? and > y’ 5" 
n 

3 mij?aiaj*, equivalent to 3v’j*. Hence each ajaj? is a square in 

X= ®(P, d,,- - +, br), dx? = Bx, t =n — m and the matrix sa, is cogredient 

to 1. Hence £5 —S(3n,J2)’.. We have therefore proved the lemma and 


with it the 


B; are equivalent. If we adjoin VB; to ® we obtain 


/ 


THEOREM 16. Jf 2 is a restricted Lie algebra over ® such that Ra is one 
of the simple algebras S (Qn, Ji), i = 1, 2, 3, for p 2 or S (Qn, J,)’ for p= 2 
and v>£0 (mod 2) or G(Qn,J2)’ for p= 2 and ns<0 (mod 2) then & is 


isomorphic to an S(M,7) to an S(U, 7)’ or to an S(N, J)’ respectively. 
i ’ > 





*2 Loc. cit.1®, p. 400. 


3 
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III. APPLICATIONS. 


3.1. Isomorphisms between algebras of different types. Suppose that 
p~2 and that there is an isomorphism between G(Qn,Ji) and QQ’, 
n5£0(modp). This isomorphism maps the maximum commutative sub- 
algebra of S into a maximal commutative subalgebra § of Q’n1. By modi- 
fying the isomorphism we may suppose that § is contained in the subalgebra 
with basis ei; —é@nn, i—=1,:-+,n—1. In order to be maximal § must 
coincide with this algebra. Thus in the case S6(Qm,J,), m = 2p, we therefore 
have n—1=vyp and hence the orders n?—1—p(2u+1) so that p=1, 
For G(Qn,J2), m=24+ 1, we obtain the one possibility »—1 and for 
S(Qn, 73), m = 2, the only possibility is »— 3. In these particular cases 
it is readily seen that isomorphisms exist between ©(Q2,J,) and 0's; between 
S(0;,/7.) and Q's; and between G(Q,4,7;) and 04). 

Consider next 0/n;/(1) with n=0 (mod p). Any restricted derivation 
D in Qy; is inner and induces a restricted derivation in Q’n,;/(1). In order 
that D be 0 in the difference algebra it is necessary that [a, b|D = 1p Q for 
alla and b in Q,:. It follows that if wen: then wD =—0. Using u = €ii — enn 
we obtain that zD =[z2,ho], ho in §. Then [ea, ho] = ea% = pa implies 
that ho = 10, D0. Hence the algebra 0’n;/(1) has outer derivations and 
can not be isomorphic to any S(Q»,/i). A similar discussion for the case 

= 2 yields no isomorphic pairs. 

If we use the completeness theorems we see that for p+ 2 any restricted 
Lie algebra S(%, J) such that S(%, J) 9 = S(Q, J;) is isomorphic to a B', 
% normal simple of order 16 or to an S(%, K)’ where % is an involutorial 
algebra of order 16 over the center P = @(q) and K is an involution of the sec- 
ond kind. Conversely any Lie algebra of one of the last two types is isomorphic 
to an ©(%,7). Similarly any O(%,/J) with S(%,J)9 = S(Q3,J2) or 
©(Q;,J2) is isomorphic to an ©(%,K) with 6(%B,K)_y = S(Q,/1) a 
G(Q,J,). Any restricted Lie algebra of order 3 in the classes enumerated 
here is isomorphic to a B’;. Our determination of the automorphism groups 
gives the well-known isomorphism theorems between certain projective ortho- 
gonal and full projective groups.** Aside from the cases we have noted here, 
no other isomorphisms exist between the Lie algebras enumerated here. For 
any isomorphism may be extended to an isomorphism between algebras 
S(Qn,J:) or between these and Q’m:’s. Whether or not this holds for the 


groups of automorphisms is an open question. 





23 Cf, van der Waerden, Gruppen von linearen Transformationen, Berlin, 1935, pp. 


18-28. 
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3.2. Extension to non-normal algebras. If 2 is an (ordinary) simple 
Lie algebra over ® the enveloping algebra of the linear transformations 
a—>[x,a] =A is a matrix algebra S» where & is a field of finite order over ®.*4 
@ may be regarded as an algebra over ¥ and when this is done (2 over %)p, 
2 the algebraic closure of 3%, is simple. % is the only field of operators con- 
taining ® for which this holds. It is known that any automorphisms S of 2 
over ® induces an automorphism s in & over ® such that (z&)S = x8 if E€ 3. 
Now consider a derivation D in 2 over ® If the A; are defined as above: 
[z,ai:] =A; then 


r(> A,Az° iw A,)D= (cD) 3 A,Az° F -A,+2(3 A’, Ao° si 7. = 


2 AA'* > Ape > Re: - a) 


where A’; is the transformation «—>[2z,a:D]. Hence if 3 A,A.°-°-:Ar 
=> 8,B.:- - B, then ; 


SA’ ,As° ; *A,+: . ‘+ 3 A,Az: : ‘A’, => BB: . -Be+: ‘ -+ 3 B,B,- 2 2S 
Thus the correspondence 
Sleds: + «Agno Rl Ag? > de >> ye Sly + 


is a derivation in the associated algebra 3, and induces a derivation d in & 
over ® such that (7é)D = (x#D)é+ x(&). It follows that the derivation 
algebra D of L over ® contains as an ideal % the set of derivations of & over 
3% and that D/% is isomorphic to a subalgebra of the algebra of derivations 
of the field > 

For example let > = (b,,b2,---+,bm) where 0)? is in ® and 
R= ¥’,, with n=£0 (mod p). If d is any derivation in & over ® the corre- 


over ®, 


spondence (&:;) —> (£:;%) is a derivation in 2 over ® which induces the deriva- 
oN 
5 


tion d in 3. Hence 
of over ® It is known that the latter is a simple Lie algebra.?> Since we 


zy is isomorphic to the complete algebra of derivations 


have shown above that is the algebra of inner derivations of 3’n1, the outer 
derivation algebra of 2 is not solvable and this contradicts a conjecture recently 
made by Zassenhaus.? 


UNIVERSITY OF NorTH CAROLINA 
ON LEAVE AT 
THE JOHNS HOPKINS UNIVERSITY. 





*4See the author’s “A note on non-associative algebras,” Duke Mathematical Jour- 
nal, vol. 3 (1937), pp. 544-548. 
**'See °, p. 218. 

















ON THE SECOND VARIATION IN CERTAIN ANORMAL 
PROBLEMS OF THE CALCULUS OF VARIATIONS.* 


By E. J. McSHANE. 





In a previous paper in this Journal* I showed that if a curve y = y(z) 


gives to an integral f f(a, y, y’)dx a strong relative minimum in the class 
of curves satisfying certain differential equations ¢a(z, y, y’) = 0 and certain 
end conditions, there exist multipliers Ay = 0,Ag(2) such that for the com- 
bination Aof + Aada the Du Bois—Reymond equations, the transversality con- 
dition, the Weierstrass condition and the Clebsch condition are all satisfied, 
In the present note we shall investigate the possibility of choosing the 
multipliers in such a way that the fourth necessary condition (the Jacobi, 
or Mayer, condition) is also satisfied, by which we mean that the second 
variation is non-negative. The results here attained, unlike those of the 
previous paper, are not free of normality assumptions. It is shown that if 
the order of anormality is 0 or 1, the choice is possible; but if the order of 
anormality exceeds 1, there may be no set of multipliers with which the 
second variation is non-negative. In problems involving a single differential 
equation $q = 0 the order of anormality cannot exceed 1; so for such problems 
we may reasonably consider that the theory is now as completely developed as 
the theory of free problems. 

For brevity, we shall retain the notation and hypotheses of MLP, and 
shall frequently refer to its contents. 


1. Weak and strong variations. Let us recall that the Lagrange 
problem which we are studying is that of minimizing an integral 


(1) I= {ileus y)de 

in the class of D’ curves e 

(2) Yi = yi (2) (1 StSx;i—1,:--,n) 
which satisfy a system of differential equations 


(3) ga(r,y,y¥/) =0 © (a=—=1,---,m<n) 





* Received March 19, 1940; Revised February 27, 1941. 
“On multipliers for Lagrange problems,” American Journal of Mathematics, vol, 
61 (1939), pp. 809-819; henceforth cited as MLP. 
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and end conditions 
(4) Yule, y(@s), @2, y(a2)) = 0 (u—1,---,pS2n42). 


The hypotheses concerning the continuity and independence of the functions 
$a; Yn and f are the usual ones.” We suppose that a curve 


(5) Ey. : Yi = yi(z), (m4 Sta; t—n],:- *,n) 


gives a strong relative minimum to J in the class of curves satisfying (3) 
and (4), and seek the conditions which it must satisfy. 

By a weak variation we mean a system [é,, £,4(2)], where é, and &, are 
arbitrary numbers and 7:(%),° - +,9(2) are functions of class D’ on the 
interval x, = 2 =z, which satisfy the equations of variation of (3). By a 
strong variation we mean a system [X, Y’] such that (X,y(X)) is a point 
of Hy, which is not an end or corner of F£,. and (X,y(X), Y’) is admissible. 
In MLP, § 1, we saw that given any finite set of weak variations 

[és,45 &2,4,95(@) J, (j =1,:--,w) 
and strong variations 
[Xi Y’x] (k = a « ¢€¢.8 3 s) 
it is possible to construct a family of curves 
(6) ys =m yi(t,di,- > >, bw, 1," * +, ee), %(b,e) SrxZS22(b, e) 
defined for | b; | S<« and 0 Se Se (e a small positive number), satisfying 
the differential equations (3) and containing #;. for b =e —0. We suppose 


that the reader is familiar with this construction. To each curve (6) there 
corresponds a set of values of the functions 


( 


-~2 


~ ro(b,e) 
) po(b,e) = f f(x, y(z, b, e), (2, b, e) )da —I(Eys), 


r,(b,e) 
pu(b, €) = w(x. (0, &), y(a1 (0, €), b, e), v2 (b, e), y(x2(d, e), b, e)) 
(u=1,°- : > Pp). 


The derivatives of these functions have been computed in MLP; for the 
moment, we do not need to know what these derivatives are. 

In this paper we shall be interested in the second variation of the integral. 
‘There is no difficulty in computing the second-order partial derivatives of the 
pi(b,e) with respect to the b; if we assume that 


(8) for each value of s(s 1,2), either the end conditions (4) fix 2s, or 


ws 


else y(x) is of class C’” near 2g. 





2See, for instance, G. A. Bliss, “The problem of Lagrange in the calculus of 
variations,” American Journal of Mathematics, vol. 52 (1930), pp. 673-744. 
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As is usual in the calculus of variations, we restrict our attention to the 
second variations due to weak variations [£,,&,4(x)] which satisfy the 
conditions 

(9) Wn (E:, 9(21), €2, 9 (@2)) = 0 (u=1,-- ', Pp). 
Here the equations ¥, = 0 are the equations of variation® of (4). In terms 
of the functions pi, if a weak variation [€,,;, €2,;,9j(x)] satisfies (9) and }; 
is the corresponding parameter, the equations 


(10) Opy/0b; = 0 (u=1,---+,p) 
hold at b=e=—0. We define the aggregate W of second variation vectors 
as follows. 


(11) W «is the aggregate of all vectors (0°po/0b;",- - - ,@*pp/0b;") evaluated 
at b =e =0 corresponding to weak variations [&1,;, €2,;,j(x)] which satisfy 
equations (9) (and hence satisfy (10)). 


2. Combinations of second variations. Let wj = (wo,j,° * -,Wp,j), 
(j = 1,2), be two vectors of the class W, corresponding, respectively, to the 
weak variations [£,,j, €2,;,;() ]. Corresponding to these variations we con- 
struct a family 

yi = yi(, bi, be), 21(b,,b.) Sa ZS 22(bi, bo) 
of curves satisfying the differential equations (3) and containing Fy. for 
b, = b,—=0. These curves define functions pi(b:,b2) as in (7). For an 
arbitrary 6 we now compute the vector whose components are 


(12) wi(0) = 0°pi(r cos 8, r sin 6) /dr*, 


evaluated at r—=0. We find at once that 





(13) wi(0) = wi,: cos? 6 + 2a; cos 6 sin 6 + wi,2 sin? 6, 
where 
(14) Ai = Opi /0b10be |n=0. 


Equation (13) can be written in the form 
(15) wi(0) =1/2(wir + wir) + 1/2 (wi — Wi,2) Cos 20 + a; sin 26. 


Clearly 
(16) wi(0) = wi(r) = Win, wi (2/2) = Wir. 


We are particularly interested in the motion of the point (w(8), w.(9)) 








8 Loc. cit.2, equation (44). 





Va 
Wi 
ve 
co 


th 


ass 
(1 
Th 
(21 


(19 
line 


hyp 


IS 


; 


|- 


ir 





THE SECOND VARIATION IN CERTAIN ANORMAL PROBLEMS. 519 


for 0 = 67. This point moves continuously as a function of 6. Suppose 
first that the determinant 


1/2 ( Wo,1 — Wo,2) Ao 


(17) 1/2(w;,1 — 1,2) ay 


is not zero. Then the first two of equations (15) can be solved for cos 26 and 
sin 20; these are linear functions of wo and w,. If we square and add, we find 
that wo, w; satisfy an equation of the form 


positive definite quadratic function of (wo, w,) = 1. 


Thus (wo(@),w,(@)) describes an ellipse. Had we first translated axes, 
bringing the origin to the point 
P: (1/2 (wo, + Woz); 1/2(wi,1 + Wi,2)),; 

the quadratic function would have been homogeneous. Hence P is the center of 
the ellipse. Therefore as 6 transverses the interval 0 = 60=- the point 
(wo(8), w:(@)) traverses an ellipse of which the segment joining (wWo,1, 01,1) 
and (Wo,2,W:,2) is a diameter. 

If the determinant (17) vanishes, a linear combination of 

Wo(A) —1/2(wWo1 + Wo2) and w,(6) —1/2(wi,1 + 1,2) 

vanishes identically. In this case the point (wo(@),w:(6)) moves in such a 
way as to remain on the line through (wo,1, wi,1) and (Wo,2,W1,2). It is con- 
venient to regard the locus of (wo(@),wi(@)) as a degenerate ellipse, twice 
covering a segment of that line. 

Since for r = 0 we have 
(18) Opy/dr(r cos 6,rsin 6) = (Apy/de,) cos 6 + (dpp/de2) sin 6 = 0, 

(w= 1,-- +57) 

the vector w(@) belongs to the class W. 


3. A convex set defined by the variations. Henceforth we make the 


assumption that 
(19) The order of anormality of Ey, does not exceed 1. 
That is we assume the existence of p—1 weak variations * 


(20) [é1,2, 2,15 91 (2) J, (1 = 2,3,- ++, p) 





‘The principal theorem of this note would still be valid if we replaced hypothesis 
(19) by the weaker assumption that there are variations, weak or strong, such that the 
linear combinations of the corresponding vectors p; with non-negative coefficients cover 
a subspace up =a,u, +--+ ++ au, u= but: +++ bt: But this weakening of 
hypothesis would entail a complication of the proof. 
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such that the resulting vectors 


pi,t = [0p;/0b1] v=0 
cause the matrix 


ll ppc | (u=1,---,p; 1—=2,-- -,p) 


to have rank p—1. There is no loss of generality in assuming that the 
determinant 


(21) | pr,t | (h, l= 2,- ; *,p) 


is different from zero. 
Now let the set K, consist of all vectors p; defined by weak or strong 
variations, all vectors w; of the class W, and all linear combinations 


Bipja te t+ Dippin + crwjs +: + + + cay a 


of such vectors with non-negative coefficients 6; and c;. It is easy to see that 
K,,-is convex, so that its closure K, is also convex. Also, K, is a cone with 
vertex at the origin; that is, if pj belongs to K,, so does bp; for all non- 
negative b. Hence K, is also a cone with vertex at the origin. Concerning K, 
we shall prove the following lemma. 


Lemma. If the hypotheses (8) and (19) are satisfied, the point 
— 6, =(—1,0,- - -,0) of (p+ 1)-space is not interior to K,. 


This lemma is the essential part of this note; its proof constitutes $§ 4-7. 


4. An embedding family. Suppose that the conclusion of the lemma 
is false. Then a neighborhood of — 6, is interior to K,. We choose a simplex 


with vertices P,,- - +, Pp.2 lying in this neighborhood and containing — 6 
in its interior. Arbitrarily near P; (j7 —1,:--,p-+2) there are points 


P’; of K,. Hence these points P’; can be so chosen that they are the vertices 
of a simplex containing —, in its interior. Since the points P”’; belong to 
the convex set K,, the entire simplex P”,--- P’p,2 belongs to K,. Hence —d 
is interior to K,. It follows that if « is a sufficiently small positive number, 
the points (—1,«,0,---,0) and (—1,—«,0,---,0) both belong to K,. 

By definition of K,, there are vectors wi,:,° °°, Wi of W and weak or 


strong variation vectors pi,pi1,° °°, pi,p»r Such that 


—1 = AyWor +° * + + AqWo,q + Bosspo,per + ° * * + Bosrpo,psr; 
(22) e = AW; +°°°+ AqW1q + Bosipi,p+1 +°°°t+ Bosrpi,psrs 
0 = Aywii + + AqWig + Bosrpion + °° * + Bosrpiper, 

(I= 2,-- +57), 


the A, and B; being non-negative. Likewise there are vectors w*;,1,°-*, w*is 
of W and weak or strong variation vectors p*i,1,- °°, p*i,: such that 





he 
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—1 = Cyw*os +s + + C,w* oe + Dipto: +: * > + Dep*ot, 
(23) ¢ = Cyw*s1 + a Tg + Cew* 1 + D1p* 1,1 + BITE XS + Dtp*,t, 
0 = C,w*ii +: + + + Cew*i¢ + Dip*i1 +: + > + Dip*it, 
(J==2,---,p), 


the C; and D; being non-negative. We now construct a family of curves 


(24) aa yi (2, @1,, * * 5 Cg, e*,, a ta 5 e*., bo, ee Dpsrs b*,, Pot ye b*+), 

2, (e, e*, b, b*) S27 Z2,(e, e*, b, b*), 
incorporating the variations involved in (22) and (23) and also the varia- 
tions (20). The functions in (24) are defined on a set 


(25) les] S8, | e* |S, |b|/S8 (l=2,---,p), 
0% 28 (h=p+1,--:,p+r), 
050% 25 (k=1,:--,t), 


where 8 is positive. (The first three sets of parameters correspond to weak varia- 

tions, and hence we need not restrict their sign.) The corresponding functions 
3 5 j 

pi(e, e*, b, b*), defined as in (7), have derivatives at e = e* = b = )* = 0 


which satisfy the following equations. 


(26) Opp/Oe; = Opp/de*x = 0 (pods: > + sph 
(For the vectors w;, w*; belong to W, so that equations (10) hold). 

(27) 0*pi/0e;?> = wij (t==0,---,p; j =1,---,q) 

(28) 070; /0e*;,?7 = w* ix (4—0,---,p; k=1,---,8) 

(29) Opi/0b; =pij (10 ‘5P3 Jj =2,°°°,pt+r) 
(30) Opi/0b*, = p*ix (t—0,---,p; k=1,---,¢). 


We may assume the number 8 in (25) to be small enough so that the 
curves (24) lie in the neighborhood on which £,2. minimizes the integral I. 


Then the conditions 
(31) po(e, e*, b, b*) <0, pu(e, e*, b, b*) =0 (u—1,:--,p) 


are incompatible. For the curves (24) lie in the neighborhood on which 42 
minimizes J. They satisfy the differential equations (3), and if the last p 
equations (31) hold they satisfy the end-conditions (4), because of defini- 
tion (7). Hence the integral along the curve (24) can not be less than 
I(E,,) ; that is, by (7), po(e, e*, b, b*) can not be negative. 


5. Change of codrdinates. The vectors (po,* - -, pp) lie ina (p+ 1)- 
dimensional space of points (w:,---*,Up). The vectors (1,0,---,0), 
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(0,1,0,--+,0) and (o,1,- + -,pp,1) (1=2,---,p) are linearly inde- 
pendent, since the determinant (21) is not zero. Hence we can use these 
p-+1 vectors as a basis for the space. That is, we introduce an affine 


transformation 
2, = M; ju; (1, j = 0, ae *, Pp) 


which leaves 8;,o and 8;,, unchanged and maps ui = i,1 on 8;,. (I= 2,---, p). 
Here 8;,; is the Kronecker 8, with value 1 if the subscripts are equal and 0 
otherwise. The matrix M;,; is clearly non-singular. All points in the uou,- 
plane are invariant under the mapping. The functions 


zi(e, e*, b, b*) = M i, jp; (e, e*, b, b*) 
are readily seen to satisfy the following conditions. 
(32) 02, /0e; = 0z/0e*;, = 0 (u = 1,- ° “5 p). 


(For by (26) the vectors dpi/de; and dp;/de*; are in the uou,-plane, and are, 
therefore, invariant). 


(33) @2i/de;? =vi; =Minwnjy (t=0,--+,p; 7 =1,--+,9) 
(34) 6°2;/de*,? = v*;4.=Minw*n, (1=0,: °°, p; k—1,:--,t) 
(35) 02:/0b; = 215 =Minpny (t1=0,°°°,p3 7 =2,°° +, p+r) 
(36) 02;/00*, == 2*; 5 =Mirptax (t—0,---,p; k=—1,:--,t). 





Recalling that (—1,«,0,---,0) is mapped on itself, we obtain from (22) 
(37) —1—Ajvo1 +: °° + Agog + Bosr%,p141 +° °° + BosrZo,psrs 
(38) e = Ais tee + Agtig + Bostsper f° * * + BosrZo,pere 
Likewise, by (23), 
(39) —1—Cyv*% 1 +: - > + Cev*oe + Diz*o1 +: + + Dt2*o,t, 
(40) —e =Oy* ia tes + Cev*ie + Dia*os +: + > + Deaton. 
By the choice of axes, with (35), we have 
(41) 24,1 = Bir (¢==0,---,p; bam2,---,p). 


By the invariance of points in the (wo, u:)-plane, the incompatibility of con- 


ditions (31) implies 
The conditions 


(42) Zo(e, e*, b, b*) < 0 = a (e, e*, b, b*) (p 


* . *,p) 


are incompatible. 
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6. Reduction in the number of parameters. The number of para- 
meters (€,e*,b,b*) is inconveniently large, so we shall show that it can be 
reduced without harm. 

Suppose that more than one of the coefficients A; in (37) is different 
from zero; to be specific, suppose A, and A» are both positive. We set 
é, = 17 C08 8, €2 =rsin 6 and set all other parameters equal to 0. The point 
in the (%, 2)-plane with codrdinates 


i ‘ 
v; (6) -— zj(rcos 0, rsin 6, 0,- + -,0)|r<o, (j = 0,1) 


traverses an ellipse as @ varies from 0 to 7, as we saw in $2. The segment 
joining (Vo0,1,Vi,1) and (Vo,2, 1,2) is a diameter of this ellipse. Some point 
of this segment lies on the ray from the origin through the point Q: 
(AiV0,1 + A2Vo,2, Aivi,1 + A2Vi,2). This ray, considered as starting at the 
origin, departs from the ellipse at a point (v0(), v1 (6) ). Hence this point 
is collinear with Q and the origin, and there is a positive constant A, such that 


Agvo(8) = Aivo 1 a Asvo 25 
43 =! . , 
( ) Ao: (6) = AyV11 + AoV 1,2 


Since 6 is constant, we have replaced the two parameters ¢;,e2 by a single 
parameter r, diminishing by one the number of vectors w;,; in equations (37) 
and (38). 

Continuing this process, we finally find that equations (37) and (38) 
can be satisfied with g = 1, that is, with the use of only one vector vj = Mijw; 
having w in the class W. We drop the corresponding subscript; this single 
vector we call v; instead of vi,,, and its corresponding parameter we call e. 

In a like manner equations (39) and (40) can be satisfied with the use 
of the transform v*; of a single vector w*; of W. The corresponding para- 
meter we denote by e*. Now equations (32), (33) and (34) hold with 
subscripts j,k omitted; equations (35) and (36) hold without change. 

In equations (37) and (38) there is now a single vector v, with coeffi- 
cient A =>0. Likewise in (39) and (40) there is a single vector v* with 
coefficient C = 0. To all the parameters except b.,- - -, bp in (24) we assign 
values in terms of two parameters o,7 as follows. 


(44) e =Alo, by —1/2 Bio’ (ho=p+i1,---,p+r), 
e* = Chr, b*, = 1/2 Dyr (k& =1,:--,¢). 


Then at o = 7 = b = 0 we have by (82), (33), (35), (87) and (38) 


(45) Ozp/do = 0zp/dr = 0 (u=1,:--,p). 
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(46) 8%2)/80® = AG*z;/de? +S Bydz;/dbs 
h=p+1 
_ f—1 if j=0 
~ d © if jm, 
and likewise 
—1l1ifj=0 
47 82,/0r2 — § gies 
™ name ree FX) 


If +,o are near enough to 0, the parameters defined in (44) satisfy (25). 
Summing up the results so far, we now have a (p + 1)-parameter family 


(48) Yi = Yi (2, OT; bs, ° ” :, bp), Z,(o, t, b) = t= 7,(¢,r7, db) 
defined for 
(49) [jol/ Sh, |r/Sh, [d|S8 (J =2,---,p) 


(where 8, is a sufficiently small positive number) such that the corresponding 
functions z;(0,7,6) satisfy the following conditions at o—1r=—b—0. 


(50) 02/00 = 02z,/07 = 0 (u=1,---,p), 
(51) 0720/00? = 072/07? = — 1, 
(52) 872, /do? == — 972, /dr? = «, 
(53) 02; /0b1 = 8)1 (t=0,---,p; l=m2,---,p). 


(The last statement follows from (35) and (41)). Moreover, by (31) the 
conditions 
(54) Zo(o,7,b) < 0, Zu(o,7,b) =0 (w= 1,---,p) 


are incompatible. 

The equations 
(55) 21(0, 7, b2,° - >, bp) = 0 (J =m 2,- ++, p) 
have the initial solution c—7—b—=0. At this solution the jacobian with 
respect to the b, has value 1, by (41). Hence equations (55) have solutions 
(56) bi = bi(o,7), (J == 2,-- +, p) 
defined and of class C’’ near (0,0). For compactness we define 
(57) U;(o, 7) = 2 (0, 7, b2(0,7),- - +, bp(o,7)), (t—==0,--+-,p). 
Then 
(58) Ui(o,r) =0 (l= 2,---,p) 
for all (o,7) near (0,0). 

In (58) we differentiate with respect to o and set o—7r—0. We find, 
with (41), 
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(59) 0z;/00 + 81; (0b; /0c) == (), 

By (45), this implies 

In the same way 

(61) 0b1/0r = 0 (l= 2,--*,p; omr=0). 


If we differentiate U; (7 0,1) twice with respect to o and set o—r—0 
we obtain, by (41) and (60), 


(62) 8°U ;/do? = 672;/d0?, (j 0:2). 


A corresponding equation holds for the second derivative with respect to r+. 
Hence at co—=7r—0 


(63) ?U./ic? = &U./dr? =—1, 

(64) 0°U ,/00? = — 0°U,/dr? —«. 

Also by (50) and (60), 

(65) 0U ,/00 = 0U ,/0dr = 0 (o=—r=0). 
Finally 


(66) the conditions Uo(o,7) < 0, U:(0,7) =0 are incompatible. 


For if (66) holds, by (58) the conditions (54) are all satisfied, and these 
are incompatible. 


7. Completion of proof of lemma. The parameters o,+ are not re- 
stricted as to sign, so we may replace either one by its negative without 
leaving the range of definition or affecting any one of the statements (62) 
to (66). Therefore we may assume that at o—7=—0 


(67) 0U,./do = 0, 

(68) 0U./dr = 0. 

Let us define 

(69) uj (0) = 0°U;(rcos 6, r sin 0) /dr? (j = 0,1), 


the derivatives being evaluated at r—0. As we saw in § 2, when @ traverses 
the interval 0 = 67/2 the point (uo(#),u:(@)) describes a semi-ellipse 
from (—1,¢«) to (—1,—e); when @ traverses the interval 7/2 [07 
the point (w(@),v,(@)) describes the other half of the same ellipse from 
(—1,—e) to (—1,«). Thus there are two values of 6, one in the interval 
(0, 7/2) and the other in the interval (7/2,2), for which u,(@) vanishes. 


We distinguish two cases. 


Case I. The sign < holds in one of the inequalities (67), (68). 
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In this case we denote by 8 the value of 6 between 0 and a/2 for which 


(70) (0) =0. 


It follows at once that at r—0 


(71) < U(r cos 6, rsin 6) = (0U,/dc) cos 6+ (0U../0r) sin 6< 0. 


Case II. The sign = holds both in (67) and in (68). The computa- 


tion leading to (71) yields, at r= 0, 


0 
(72) 5, Uolr cos 8, rsin@) =0, (0=0=7n). 


Since the center of the ellipse wp = uo(@), u, =u, (6) is the point (— 1,0), 
at least one of the intersections of this ellipse with the wo-axis must lie on 


the negative half of that axis. We choose 6 to be such that 
(73) u,(@) =0, uo(0) < 0. 


By continuity, there exists a positive number y such that, in Case I, 


(74) 2 Uo(r cos 6, rsin@) <0 (09Srsy, |ea—6|<y), 
and in Case II (recalling (69) and (73) ) 
(75) _ Uhre, rsin@) < 0 (0Srsy, |\6—6| Sy). 


Or? 


Equation (15), with 11 and uw in place of w, yields 


(76) u,(0) —ecos 26 + a, sin 20. 
Hence 
(77) u’,(0) = — 2e sin 26 + 2a, cos 26. 


From these equations, 

(78) A4[w, (0) ]? + [w’,(0) ]? = 4e + 4a,? > 0. 
This, with (70) or (73), implies 

(79) u’, (8) +~ 0. 


Therefore u,(@) changes sign on passing through 6, and, by diminishing y 
if necessary, we can bring it about that u,(@+ y) and u,(@—y) have 


opposite signs. To be specific we suppose 


(80) u,(@—y) <0< u,(6+y). 
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By (65), we have at r=0 
(81) 0U,(r cos 0, rsin 6) /dr = 0 (0=0=7). 


Recalling (69) and (80), we find by Taylor’s theorem that for all r near 0 


the inequalities 





y), rsin (6—y)) 
<0< U;,(reos (@+y), rsin (6+ y)) 


hold. Since U, is continuous, this implies 


(82) Ui (reos (6 


(83) For each sufficiently small positive number r there ts a 0(r) such that 


| (r) —O6|<y and 
U,(r cos 6(r), rsin 6(7r)) =0. 


For such r we now compute U,». We may suppose 0< r<y. Then in 

Case I we have, by the mean value theorem, 

; , On 

U,(rcos 6(r), rsin 6(r)) =r ao Uo(p cos 6(r), psin 6(r)), 

Pp 

the derivative on the right being computed for some number p such that 
0<p<r. This, with the inequality (71), implies 
(84) U(r cos 6(r), rsin @(")) < 0. 


In Case II we compute U, by Taylor’s formula, recalling (72). We find 


2 





(85) Up o(reos@(r), rsin O(r)) = $r? a Uo(p cos @(r), psin @(r)). 
P 


By (75), in this case too inequality (84) holds. But, by (66), the statements 
(83) and (84) are incompatible. Hence we have at last reached the desired 


contradiction, and the lemma is established. 


8. The Jacobi condition. Our lemma being established, we can as in 


MLP (p. 815) choose numbers Ay = 0, d,,- - +, dp, not all zero, such that for 
every point (Uo,° - *,Up) of K, the inequality 
(86) Aolo + dtp = 0 


is satisfied. From this all the statements of § 3 of MLP follow; in particular, 
the existence of multipliers Ao, Ag (a) such that for 
F(x, y, yy) = Aof (x,y, ¥') + Anhalt, ¥, ¥') 


the Du Bois-Reymond relation, the transversality condition, the Weierstrass 


condition and the Clebsch condition all hold. 
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Suppose now that [é.,é,7i(x)] is an admissible weak variation for 
which the terminal equations of variation (9) are satisfied. There is a family 
Yi = yi(z,6), 1,(6) Sx=-2.(b) of admissible curves containing F,,. for 
6 = 0 and having [£1, £2, ni(z)] for variations along E,2. The corresponding 
second variation vector 


wi = d*pi(b) /db? | n=0 (i=0,---,p) 


belongs to K, and hence satisfies (86). If we recall that F =f (2, y, y') 
whenever (x,y, ¥’) is admissible, this implies that at b =0 the inequality 


wo(b) 


(87) ae F(a, y(a,b),y/ (a,b) ) dx 
ax(b) 


+ dudu(2s(0),y(24(0),b), (0), y(2(0),0)) | ZO 
is satisfied. 
In MLP, we observed that when the rows of the matrix (69) of MLP 
(or of the matrix (70) of MLP) are multiplied by 1, d,,- - - , dp, respectively, 
and added, the sum is a row of zeros. When we expand (87), this remark 


shows that the coefficients of 2s, yin» and yi, all vanish. Hence (87) takes 
the form 


(88) Q[.,9(21), 85 (a2)] + f  20(2, 9, 9)de = 0, 
where , 
(89) 2w(2, 7, 7') = Pry; (x,y, y’) ning + 2 Fy’; (2, y, yf) nin’ j 
+ Fy yy (2,y, ¥)a in’ 
and 
(90) OLE. (71), &, 9(@2) |] = [Fe (@2, y(@2), yi (22) ) 
+ i (@2) Fy, (2, y(%2), ¥/ (@2) ) Eo” 
+ 2Fy, (22, y (2), ¥ (%2) ) oni (22) 
— [F2(a, y(a1), ¥ (@s1)) + iar) Fry (ts, y(t), (41) ) JE? 
— 2Fy,(@1, y (1), Y/ (1) ) Erni (1) 
H+ Ql és, of (#1) és + (tr), be of (#2) Ee + (#2) ], 


Q» being the quadratic form whose coefficients are the second-order partial 
derivatives of Wyu(%1, Y1, Vo, Y2). 

The inequality (88) is the basic form from which the various forms of 
the Jacobi (or Mayer) condition are derived. Since these further develop- 
ments are well known and apply here without alteration, we proceed no further. 
Our final result is then the following theorem. 
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THEOREM I. For every minimizing arc for the problem of Lagrange with 
variable end-points there exists a set of multipliers X» = 0, A1(),°** , Am(Z) 
such that for the function 


F (2, Y; yf’; r) — dof + Aaha 


the Du Bois—Reymond relation, the transversality condition and the Weier- 
strass and Clebsch conditions all hold; the sum A +%|Aa(x)| is not 
identically zero, and the rAg(x) are continuous except possibly at the corners 
of Ey. If the order of anormality of the minimizing arc ts at most 1 and 
hypothesis (8) is satisfied, we may choose the multipliers so that in addition 
to the preceding conclusions, the inequality (88) is satisfied for all admissible 
variations [&1, &2, ni(x) |] which satisfy the terminal equations of variation (9). 

If in particular m = 1, so that there is only a single differential equation 
$(2, y, y), the order of anormality cannot exceed 1. So we have the following 


theorem. 


THEOREM II. Jf By: yi=yil(r), 11 Sx Sez is a minimizing curve 
for a Lagrange problem in which there is a single side-equation $(2,y,y) =0 
lo be satisfied, and hypothesis (8) holds, then there is a non-negative constant 
d, and a function A(x), continuous save perhaps at values of x defining corners 
of Ey2, such that for F(a, y, y’,A) =Acf + Ad the Du Bois—Reymond equa- 
tions, the transversality conditions, and the necessary conditions of Weierstrass, 
Clebsch and Jacobi—Mayer are satisfied. Moreover, A+ |A(x)| is not 
identically zero. 


9. Remark concerning the hypotheses. It might seem that the re- 
striction on the order of anormality of F,. is dictated by the method of proof, 
and is not really essential for the validity of the conclusion. A simple example 
shows that this is not so. 

In (2, ¥:, Y2, ¥s)-space consider the isoperimetric problem of minimizing 


1 
I{y] = f [y'i’i — 4yry’s — Ayoy’2] dx 
0 


subject to the end-conditions 
yi(0) =0, (i == 1, 2,3) 


and the isoperimetric conditions 
el 
5 , , 
f [yiy’s1 — yoy’2|dz = 0, 
0 


1 
f [ysy’2 + yoy’s ]dx = 0. 
7 0 
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These isoperimetric conditions are equivalent to 


[m(1)]?—[y2(1)]?=0, =. (1)y2(1) = 0, 


and the only solution is y,(1) =y2(1) ==0. Subject to these conditions 


e 


we have 


21 
I[y| = f y iy’ idx, 


0 
and the unique minimizing curve is yj(7) =0, 0S ¢X1. 
As usual, we transform our problem into a Lagrange problem by intro- 
ducing two new variables y,, y; together with the differential equations 
, , , 
Yat WY — YoY 2 = 9, 
, , , 
Yost nyo + yoy = 0, 
and the end-conditions 
ys(0) =y5(0) = ys(1) = ys, (1) = 0. 
If p, q and r are arbitrary real numbers, the functions 
m= PL, y= qt, y=Tt, n= =O 
are admissible variations and satisfy the terminal equations of variation with 
1 =0. Let Ao, Ai (x), A2(x) be multipliers with which the Du Bois- 
Reymond equations hold ; then, as always in isoperimetric problems, A, and A, 
are constants. The quadratic form Q is easily seen to vanish identically. So 


the inequality (88) reduces to 


1 
;. {2ro[p? + q? + 1° — 4p’ « — 4q?a] 
0 
+ 2A,[ p°a — q?r] + 4A.[pqr]}da = 0, 
or 
(A, — Xo) p* a (— Ay aa Ao) g? ate AGT oe Aspq = 0. 
It is easily seen that this cannot hold for all p, g, 7 unless Ay» = Ay = A» — 0, 


contradicting their choice as multipliers. 
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CERTAIN CONSEQUENCES OF THE JORDAN CURVE 
THEOREM.* 


By F. Burton Jonss. 





Relatively little’ is known of the nature of locally connected spaces in 
which the Jordan curve theorem holds true, except for spaces which possess 
other strong properties, local compactness in particular. It is the principal 
object of this paper to investigate the structure and properties of a locally 
connected, complete Moore space in which the Jordan curve theorem holds 
true and to show how similar such spaces are to certain subsets of a plane.? 
Certain modified forms of the Janiszewski separation theorems are shown to 
hold true. 

Let S denote a nondegenerate locally connected complete Moore space 
such that (1) S contains no cut point* and (2) the Jordan curve theorem 
holds true in S.* 

Since any two points of a connected domain are the extremities of an 


are lying in the domain,’ the following theorem is evident. 


THEOREM 1. Jf M, the set of all non-endpoints of S, be considered as a 
space, then (1) M is a nondegenerate Moore space, (2) M is locally connected, 
(3) M contains no cut point of itself, (4) the Jordan curve theorem holds true 


* Received August 20, 1940; Presented to the American Mathematical Society, 
December 29, 1939. 

1R. L. Moore, Foundations of Point Set Theory, American Mathematical Society 
Colloquium Publications, XIII (1932), New York, Chapter III. This book will be re- 
ferred to as Foundations; F. B. Jones, “ Certain equivalences and subsets of a plane,” 
Duke Mathematical Journal, vol. 5 (1939), pp. 133-145; F. B. Jones, “ Concerning the 
boundary of a complementary domain of a continuous curve,” Bulletin of the American 
Mathematical Society, vol. 45 (1930), pp. 428-435. 

* Particularly those subsets of the plane used as examples in my paper, “ Certain 
equivalences and subsets of a plane,” loc. cit. 

A Moore space is a space satisfying Axioms 0 and the first three parts of Axiom 1 
of Foundations. This includes the class of metric spaces. 

A complete Moore space is a space satisfying Axioms 0 and 1 of Foundations. 
This includes the class of complete metric spaces. 

* This is assumed mainly as a matter of convenience. The effect of omitting it may 
be easily ascertained from the results in my paper, “ Almost cyclic elements and simple 
links of a continuous curve,” Bulletin of the American Mathematical Society, vol. 46 
(1940), pp. 775-783. 

‘That is, S satisfies Axioms 0—4 of Foundations. 


5 Theorem 1 of Chapter II of Foundations. 
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in M, (5) any two points of a connected open subset D of M may be joined by 
an arc lying wholly in D, and (6) M contains no endpoints of itself. 


ExaMPLe. There exists a nondegenerate locally connected complete 
Moore space 8S, which contains no cut point and in which the Jordan curve 
theorem holds true, such that the set M of all non-endpoints of S is not a 
complete Moore space. 


Lemma. Inacomplete Moore space, every perfect set contains a compact 
perfect set. 


Proof. Let H denote a perfect set. There exists a region R,, of G, of 
Axiom 1 of Foundations containing a point of H. By part (3) of Axiom 1, 
there exist two regions R.; and R22 each of which contains points of H 
such that (1) R2:-Ro.2—0 and (2) R,, contains both R., and Ro». This 
process may be continued so that for each integer n, there exist regions 
Rni, Rn2, Rns,* + +, Rn2™* of Gn each containing points of H such that 
(1) no point is common to the closure of any two of them and (2) for each i, 
1=1,2,3,---,2"7, Ray contains both Ry: 2-1. and Rn, 2. With the help 
of Theorem 79 on page 57 of Foundations, it follows that IISR,; is both 
compact and perfect. Furthermore, since every point of this set is a limit 
point of H and H is closed, it is a subset of H. Thus the lemma is established. 

Let C denote the Cantor set (obtained by removing middle-third seg- 
ments) on the interval J from (0,0) to (1,0) of the X-axis in the number 
plane £. Let S denote the subset of H remaining upon the removal from F 
of all points (X,Y) such that either (1) (X,0) belongs to C and0< Y 1, 
or (2) (X,Y) belongs to the left- or right-hand 1/3 of a component of 
I—C, or (3) (X,0) is a trisection point of a component of J—C and 
0=Y=1, or (4) (X,Y) belongs to one of the U-shaped continua 
My, Mo1, Mo2,: - * indicated in Figure 1 but is not one of the points 
P31, Pox, Pox, + +. It is easy to see that 8 is a locally connected, inner 
limiting subset of EZ. It follows from Theorem 9 on page 96 of Foundations 
that § is a nondegenerate locally connected, complete Moore space. Further- 
more, it is evident that S contains no cut point of itself and that the Jordan 
curve theorem holds true in S. Let M denote the subspace of S consisting of 
all non-endpoints of 8. The space M contains all the endpoints of the com- 
ponents of J—C but no other points of C. In M this set is perfect but 
countable. Hence, by the preceding lemma and Theorem 16 on page 12 of 
Foundations, M is not a complete Moore space. 

Despite the fact that the space M of Theorem 1 is not necessarily a 
complete Moore space, many theorems proved for such spaces hold true in M 
since the principal result in Foundations requiring the use of part (4) of 
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Axiom 1 is: any two points of a connected domain D are the endpoints of 
an arc lying in D. With the help of Theorem 1 and the arguments and 
theorems of the specific references the following theorem may be established. 


THEOREM 2. Let M denote the set of all non-endpoints of S. Then 
(1) M is everywhere dense in 8; (2) if A and B are two distinct points and 
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FIGURE 1. 


neither of the two mutually exclusive closed and compact subsets H and K 
of M separates A from B, then H + K does not separate A from B; (3) if A 
and B are distinct points of M, there exists a simple closed curve separating 
A from B; (4) if the common part of the closed and compact subsets H and 
K of M is a continuum and neither H nor K separates the point A from the 
point B, then H +- K does not separate A from B; (5) no arc in M separates 
M or 8S; (6) M is cyclicly connected; and (7) if AB is an are and J is a 
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simple closed curve separating A from B, then J + AB contains a simple 
closed curve J, separating A from B such that J,- 4B is connected.® 


THEOREM 3. In order that a point P be a local endpoint of S it is 


necessary and sufficient that P be an endpoint of S. 


Proof. That the condition is sufficient is obvious. The condition is also 
necessary. For suppose that P is not a local endpoint of 8S. By part (1) of 
Theorem 2, there exists a non-endpoint A of S distinct from P. Since A igs 
not a local endpoint of S, there exists a simple closed curve containing 
A+ P.* Hence P is a non-endpoint of S. This is a contradiction. 

Furthermore, in view of the above theorems, it can be shown that a 
number of the intuitive propositions of the plane concerning abutting and 
crossing ares hold true in S. These definitions and theorems will not be stated 
and the reader is referred to Theorems 28-33 (inclusive) of Chapter IV of 
Foundations for their precise statement or proof. Some of these proofs must 
be modified, however, to be valid for the set of axioms used here. 

THeorEM 4. Noarc in S lies in the boundary of each of three mutually 
exclusive connected domains. 

Proof. Suppose, on the contrary, that the are AB lies in each of the 
boundaries of the mutually exclusive connected domains D,, D. and D, respee- 
tively. Let A,B, and ,Y, denote arcs such that (1) A,B, — (A, + B,) 
lies in D, and A, + B, lies on AB, and (2) X,Y,— A, lies in D,, X, lies 


on AB between A, and B,, and VY, = \,¥,-A,B,. If J, denotes the simple 
closed curve contained in AB-+ A,B,, and J, denotes the complementary 
domain of J, which contains X,Y,— (X, + Y,), then by Theorems 3 and 4 
on page 155 of Foundations, 1, — (1,:X,¥,) is the sum of two mutually 


exclusive connected domains U and V such that the closure of neither con- 
tains all of AB. Hence neither ). nor LP, contains a point of 7;. It is now 
evident that AB contains an are A,B, such that no two ares abutting on A,B, 
and lying, except for their common part with 4,B,, in D, and D., or in D, 
and Ds, respectively, abut on A,B, from the same side. In a similar manner, 
it can be shown that 4,B, contains an arc A.B. such that no two ares abutting 
on A.B, and, lying except for their common part with A.B., in D. and Ds 


respectively, abut on A.B. from the same side. This involves a contradiction. 





*For parts (2) to (6) inclusive see my paper, “Certain equivalences, etc.,” Loe. 
cit. Part (7) may be established by a slight modification of the argument for 
Theorem 10 of my paper, “ Concerning certain topologically flat spaces,” Transactions 
of the American Mathematical Society, vol. 42 (19387), pp. 53-93. 

7See Theorem A’ in the footnote on page 56 of my paper on topologically flat 


spaces, loc, cit.® 
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Definition. Suppose that J and EF are two complementary domains of 
an arc AB, Let 7; and Ty denote two ares each having one endpoint in 
AB— (A+B) but lying except for these two points in J and E£ respectively. 
Then J and £ are said to lie on the same side or opposite sides of AB accord- 
ing as every two such ares 7; and Ty abut on AB from the same side or 
opposite sides. 


THEOREM 5. Jf AB is an are which separates S but which contains no 
proper interval separating S, then S—AB is the sum of two connected 


domains which lie on opposite sides of AB. 


Proof. Suppose that J is a complementary domain of AB. Since no 
proper interval of AB separates space, both A and B belong to the boundary 
of J. Furthermore, suppose that Y,Y, and Y.Y. are two mutually exclusive 
ares such that (Y,Y,— Y,) + (X.Y.—Yv.) is a subset of J and ¥,+ Y, 
is a subset of AB — (A +B). Then there exists in J an arc X,X-2 and there 
exists in AB + X,Y, + 4,1. -+ X.Y. a simple closed curve J such that J- AB 
is a connected subset of AB— (A + B). Since J is a subset of J + AB, any 
complementary domain of AB other than J must lie in one of the comple- 
mentary domains of / and have both A and B in its boundary. Hence J does 
not separate A from B, and Y,Y, and X.Y. must abut on AB from the same 
side. Let J, denote the complementary domain of J which fails to contain 
A+ B. Since J, contains no point of AB but has limit points in J, J; is a 
subset of 7. Hence, in addition to A and B, every point between Y, and Y, 
on AB is in the boundary of 7. With the help of Theorem 2 on page 89 of 
Foundations, it follows that AB is the boundary of J. By Theorem 4, there 
are only two complementary domains of AB and since any two ares such as 
X,Y, and X.Y. above abut on AB from the same side, these two domains 


must lie on opposite sides of AB.* 


THEOREM 6. Jf A is an endpoint of S and AB is an are separating 8, 
then AB contains one and only one point X such that the interval AX of AB 


separates S but contains no proper interval separating S. 


Proof. It B is not the point Y, then AB contains a point B, distinct 
from B such that the interval AB, of AB separates 8S. By Theorem 2, part 
(5), every interval of 1B, which separates S contains A. Hence every com- 
ponent of S— AB, has A in its boundary.. Since A is not a cut point of 8S, 
each component of S— AB, has a boundary point in AB, distinct from A. 
Let D denote a complementary domain of AB,. Suppose that X, Y and Z 

® The reader can easily see that given any are 7, which abuts on AB, there exists 


an are 7, such that 7, and 7, abut on AB from opposite sides. 
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are distinct points lying on AB, in that order, such that XY and Z belong to 
the boundary of D. There exist two arcs OX, and OZ, such that (1) 
(OX,—X,) + (0Z,—Z,) is a subset of D, (2) X, and Z, belong to 
AB,— (A+ B,) in the order X,, Y, Z,, and (3) OX, and OZ, have only 
O in common. If OX, and OZ, abut on AB, from the same side, then one 
of the complementary domains of OX,+ XZ, (of AB,) + OZ, contains 
neither A nor B, and consequently is a subset of D. So Y belongs to the 
boundary of D. On the other hand, if OX, and OZ, abut on AB, from 
opposite sides and I denotes the complementary domain of OX, + X,Z, 
(of AB,) + OZ, which contains B,, then (1) the domain J — (I: AB,) is, 
by parts (4) and (5) of Theorem 2, connected, (2) it is a subset of D, and 
(3) its boundary contains Y. So again Y belongs to the boundary of D, 
Since the boundary of D contains every point of AB, lying between any two 
points of its boundary, the boundary of PD is an interval of AB, which con- 
tains A. It follows from Theorem 4 that there are two complementary domains 
of AB,. The boundary of one of these domains is a subset of the boundary 
of the other and the endpoint of its boundary distinct from A is the point 
X of Theorem 6. 


THEOREM 7. If AB is an arc containing intervals AX and BY such 
that each separates S but no proper interval of either separates S, then AX 
and BY have at most one point in common or AX = BY = AB. 


Theorem 7 follows, by an indirect argument, immediately from Theorems 
4 and 5. 

THEOREM 8. Suppose that AB is an arc. Then (1) if neither A nor B 
is an endpoint of S, AB has one complementary domain, (2) if only one of 
the points A and B is an endpoint of S, AB has at most two complementary 
domains, and (3) if both A and B are endpoints of S, AB has at most three 


complementary domains. 


TurorEM 9. If no simple closed curve separates the point A from the 


point B, then every arc from A to B separates space.° 


THEOREM 10. If the arc AB separates space but no proper interval of 
AB separates space, then no simple closed curve separates A from B. 


Proof. Suppose that there exists a simple closed curve J separating 4 
from B. By Theorem 2, part (7), J + AB contains a simple closed curve J; 
separating A from B such that J,- AB is connected. One of the two com- 





i nee : nes : io aes 1 
® See footnote 6 on page 135 of my paper on “ Certain equivalences, ete..” loc. ctt. 
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plementary domains of AB contains J;—4J,:AB. But this contradicts 
Theorem 5, since it follows from Theorem 32 on page 201 of Foundations 
that J, 
on AB from opposite sides. 





J,*AB contains arc segments whose closures are arcs which abut 


THEOREM 11. Jf A and Bare distinct points and some are from A to B 
separates space but contains no proper interval separating space, then every 
arc from A to B separates space. 


THEOREM 12. Jf A is an endpoint of S, there is at most one non- 
endpoint X of S such that every arc from A to X separates space. 


Proof. Suppose, on the contrary, that there are two non-endpoints X 
and Y of S such that every are from A to X or from A to Y separates space. 
Let AX denote an arc from A to X in S—Y. By Theorem 6, AX contains 
a point X, such that the interval AX, of AX separates space but contains no 
proper interval separating space. There exists an arc AY in S—X;,. Let Yi 
denote a point of AY such that the interval AY, of AY separates space but 
contains no proper interval separating space. Since the point Y, is distinct 
from ,, it follows from Theorem 11 that Y, does not belong to AX;. By 
Theorem 2, part (3), there exists a simple closed curve J which separates X, 
from Y,. But A, being an endpoint of S, does not belong to J. Hence, either 
J separates A from X, or J separates A from Y;. This is contrary to 
Theorem 10. 


THEOREM 13. Jf A is an endpoint of S, there is at most one non- 
endpoint X of S such that no simple closed curve separates A from X. 


Theorem 13 follows from Theorems 9 and 12. 


THeEoreM 14. Jf A and Bare distinct points and every arc from A to B 
separates space, then no simple closed curve separates A from B. 


Proof. Two cases arise depending upon whether or not both of the 


points A and B are endpoints of S. 


Case I. Suppose that B is a non-endpoint of S. It follows from 
Theorem 2, part (5), that A is an endpoint of S. If AB is an are from A 
to B, it follows from Theorem 6 that AB contains one and only one point X 
such that the interval AX of AB separates space but contains no proper 
interval separating space. By Theorem 11, every arc from A to X separates 
space. Hence, by Theorem 12, X is B. So no proper interval of AB separates 
space. By Theorem 10, no simple closed curve separates A from B. 


Case II. Suppose that each of the points A and B is an endpoint of S. 
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By Theorem 12, there is at most one non-endpoint X of S such that every 
arc from A to X separates S. Likewise, there is at most one non-endpoint Y 
of S such that every arc from B to Y separates space. By Theorem 2, part 
(2), S—(X+Y) is connected. Let AB denote an are from A to B in 
S—(X-+ Y/Y). It follows from Theorems 6 and 11 that no proper interval 
of AB separates space. Hence, by Theorem 10, no simple closed curve separates 


A from B. 


THEOREM 15. Jf A and B are two distinct points, then in order that 
every arc from A to B separate space, it is necessary and sufficient that no 
simple closed curve separate A from B. 


THEOREM 16. Jf A, Band C are three distinct points, A is an endpoint 
of S and every arc from A to either B or C separates space, then every are 
j , ] I y 


from B to C separates space. 


Theorem 16 follows immediately, by an indirect argument, from 
Theorem 15. 


THEOREM 17. Suppose that H and K are two mutually exclusive closed 
and compact point sets such that if X and Y are any two points of Il and K, 
respectively, there exists a simple closed curve separating X from Y. Then 
if A and B are two points belonging to H and K respectively, there exists a 
simple closed curve which separates A from B and contains no point of H + K,. 


Proof. Let X denote a point of //. For each point Y of Ky, let ly 
denote a simple domain which contains Y such that Jy does not contain X. 
There exists a finite collection A, of these domains covering A. By Theorems 
2, part (3), and 13, there is at most one non-endpoint 7 of S such that no 
simple closed curve separates Y from 7. From each element of A, select a 
point distinct from Z, join each pair of these points by an arc in S— (Y +2), 
and let L denote the sum of these arcs. There exists a finite collection A. of 
simple domains covering L in the same way that A, covers A. Evidently 
A,* + A.* is connected, and contains K.'° It follows from Theorem 13 on 
page 166 of Foundations, that there exists a simple closed curve Jy which 
separates X from A,* + A.* and, hence, from K. So for each point X of iH 
there exists a simple domain Jy containing X such that Ty contains no point 
of K. There exists a finite collection G of these domains such that G covers 
H. Let D denote the component of G* which contains A. By Theorem 13 


on page 166 of Foundations there exists a simple closed curve C’ which sepa- 





10 The notation A* means the sum of the elements of A. 
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rates B from 2 and which is a subset of the boundary of D, Evidently C 
separates A from 6 and contains no point of H + K.™ 


Notation. If P is a point, then Np is used to denote P together with 
the set of all points XY such that no simple closed curve separates X from P. 


THEOREM 18. Jf P is a point, Np is closed. 


Proof. Suppose that Y is a limit point of Np. If some simple closed 
curve J separates Y from P, then it is clear that the complementary domain 
of J which contains Y contains points of Vp contrary to the definition of Np. 
Hence Y belongs to Np. 


THEOREM 19. Jf Pisa point, Np contains at most one non-endpoint of S. 


Proof. Suppose, on the contrary, that Np contains two non-endpoints X 
and Y of S. It follows from Theorem 2, part (3), that neither XY nor Y is P 
and, in fact, that P is an endpoint of S. By Theorem 15, every arc from P to 


either X or Y separates space. This contradicts Theorem 12. 


THEOREM 20. Suppose that O and P are distinct points such that No 
and Np have al least two points in common. Then (1) one of the two points 
0 and P is an endpoint of S, (2) tf O ts an endpoint of S, No ts a subset of 
Np, (3) if both O and P are endpoints of S, then No and Np are identical, 


and (4) if No is a proper subset of Np, then P is a non-endpoint of 8. 


Proof. Suppose that there exists a simple closed curve J separating O 
from P. Let Zo and Jp denote the complementary domains of J containing 
0 and P respectively. It follows from the definition of the sets Vo and Np 
that Zo and Jp contain No and Np respectively. By Theorem 19, J contains 
at most one point of each of the sets No and Vp. Being a subset of J, No- Np 
contains at most one point, contrary to hypothesis. Hence no simple closed 
curve separates O from P. It follows from Theorem 2, part (3), that one of 
the points O and P is an endpoint of S, and this establishes part (1) of 
Theorem 20. But if O is an endpoint, no simple closed curve separates a point 
X from P without also separating VY from O. Hence if O is an endpoint, Vp 
contains No. This establishes part (2). Parts (3) and (4) follow from 
part (2). 

THeoREM 21. Jf P is a point, Np contains no nondegenerate compact 
continuum. 

Proof. If Np contains a nondegenerate compact continuum, then it 

11The last part of this argument is part of the argument to prove Theorem 9 on 


page 184 of Foundations. 
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follows with the help of Theorem 19 that Np contains a nondegenerate com- 
pact continuum K containing only endpoints of 8. Let XY denote a point of 
K. By Theorem 3, X is a local endpoint of S. Hence there exists a sequence 
Vi, V2, Vs,- + + of connected domains such that (1) K is not a subset of 
Fag ite) Vie Vas Sax? Ve V32 Vy,° °°; (3) for each integer i, i >1, 
the boundary of V; with respect to V, contains only one point, X;, and 
(4) 1V;—X. Let FR denote a region which contains Y and lies together 
with its boundary, 8, in V,;. Then £- XK is closed, compact, and non-vacuous, 
Let C denote the component of R- K which contains Y. Since K is a compact 
continuum, C contains a point of 8. Since each of the points X., X;, Xu,- °° 
is a cut point of V;, no one of them is an endpoint of 8, and hence no one 
of them belongs to C. Consequently, C is, for each integer i, a subset of Vj, 
and ITV; contains C. This is a contradiction. 


THEOREM 22. Jf P is a point, S— Np is connected. 


Proof. Suppose, on the contrary, that Np separates the point A from 
the point B. By Theorem 19, Np contains at most one non-endpoint 0. 
There exists an are AB in S—O. But AB — (A + B) must contain a point 
of Np distinct from O. This is a contradiction. 


THEOREM 23. Suppose that P is an endpoint of S belonging to a non- 
degenerate continuum K which is locally peripherally compact at P. If R is 
a region containing P, then R contains an open subset r of K containing P 
such that (1) the boundary of r with respect to K contains only one point X, 
(2) r+ ZX is connected and (3) X is a non-endpoint of 8S. 


Proof. By Theorem 3, P is a local endpoint of S. Hence there exists 
a sequence V,, V2,V3,- - - of connected domains such that (1) R- Vi, 
V, > V2, V2 V3,: + -, (2) for each integer i, 1 >1, the boundary of V; 
with respect to V, contains only one point, X;, and (3) 1V;—P. Let D 
denote a domain containing P and lying together with its boundary in J; 
such that, if B is the boundary of D, 8: K is compact. There exists an 
integer j such that V;-B-K =—0, X; is in D, and K is not a subset of D- Vj. 
Hence, K contains a boundary point of D- Vj. Let y denote the boundary 
of V;. Any point of K in the boundary of D- V; belongs either to B- V;, to 
yD, or to B-y. But since the first and last contain no point of K, and y-D 
is X;, it follows that the only point of K in the boundary of D- Vj; is Xj. 
Let r denote D- V;-K and let X denote X;. Evidently r is an open subset 
of K containing P whose boundary with respect to K is the one point X. 
Since X is a cut point of V,, X is a non-endpoint of S. If r+ X is not 
connected, it is the sum of two mutually exclusive closed sets, w and q, such 
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that w contains XY. Then (K—r) + w and gq are two mutually exclusive 
closed sets whose sum is K. This is a contradiction. 


THEOREM 24. Suppose that P is a non-endpoint of S belonging to a 
continuum K which is locally compact at P. If R is a region containing P, 
then R contains a compact open subset r of K which contains P and whose 
boundary with respect to K contains no endpoint of 8. 


Proof. There exists in R a domain D containing P such that D-K is 
compact. It follows from Theorems 18 and 21 that D-K- Np is totally 
disconnected. Hence D- K contains an open subset w of K which contains P 
and whose boundary with respect to K contains no point of Np. Let B denote 
the boundary of w with respect to K. By Theorems 18 and 22, S— Np isa 
connected domain. It follows from Theorem 9 on page 96 of Foundations 
and a theorem of Miss H. C. Miller’? that 8 is a subset of a compact con- 
tinuum H lying in S—Np. By Theorem 17, there exists a simple closed 
curve J separating P from H. Let J denote the complementary domain of J 
which contains P. Then J-w is an open subset r of K which contains P and 
whose boundary with respect to K, being a subset of J, contains no endpoint 
of S. 


THEOREM 25. No finite set of points separates space. 


Proof. Suppose, on. the contrary, that a finite set H separates the point 
A from the point B. It follows from Theorem 2, part (2), that the set H, 
of non-endpoints of S in H does not separate A from B. Let AB denote an 
arc from A to B lying in S—H,. Since AB must contain a point of H, 
AB contains a point X of H which is an endpoint of 8. But X can be neither 


A nor B, which is a contradiction. 


THEOREM 26. Jf H and K are two continua such that H- K is not con- 
nected and the boundary of H- K with respect to K is a subset of a compact 
open subset of K, then H + K separates S8.** 


Proof. Since K is connected and H-K is not connected, the boundary 





12 In a locally connected complete Moore space, any closed and compact subset of a 
domain is itself a subset of a compact continuum in the domain. Miss H. C. Miller, 
“A theorem concerning closed and compact point sets which lie in connected domains,” 
Bulletin of the American Mathematical Society, vol. 46 (1940), p. 848. 

18 Theorem 26 is a modification of the well-known Janiszewski theorem for the 
plane. Cf. Theorem 20 on page 192 of Foundations. If in Theorem 26 the words “ the 
boundary of H-K is a subset of a compact open subset of A” are replaced by “the 
boundary of H. K is compact” or “H-K is compact” or even “HK is compact and 
both H —H-.K and K—H-K are connected,” the resulting proposition is false. 
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of H- K with respect to K is the sum of two mutually exclusive non-vacuous 
closed sets M and N. There exist two compact and mutually exclusive open 
subsets dy and dy of K which contain M and N respectively. It follows from 
Theorems 23 and 24 that there exist two open subsets ry and ry of K con- 
taining M and N respectively such that (a) dy fy and dy ~ fy and 
(b) neither the boundary of ry with respect to A nor the boundary of ry 
with respect of K contains an endpoint of S. Let Ay denote the collection 
of all components of ry which contain a point of M and let Ay denote the 
collection of all components of ry which contain a point of N. If P is a boun- 
dary point of Ay* with respect to A, then either (1) P belongs to the boundary 
of ry with respect to K or (2) P belongs to ry and is the sequential limit point 
of a sequence « of points of ry no two of which belong to the same component 
of ry. In case (1), P is a non-endpoint of S. In case (2), suppose that P is 
an endpoint of S. It follows from Theorem 23, that there exists an open 
subset rp of K which contains P and whose boundary with respect to KW is a 
single point X such that rp + X is a connected subset of ry. The set rp con- 
tains two points of z. Since these points belong to distinct components of ry, 
this is a contradiction. Hence in case (2), P is a non-endpoint of S. Likewise, 
the boundary of Ay* with respect to K contains no endpoint of S. Let H, 
denote H + Ay* + Ay*. Clearly H, is a continuum. Let K, denote the 
closure of K — (Ayu* +- Ay*) and let WM, and N, denote H,:-K,-dy and 
H,- K,-dy respectively. The sets WM, and N, are closed, mutually exclusive 
and non-vacuous, and H7,-K,= M,-+ \,. Furthermore, neither M, nor N, 
contains an endpoint of S. Suppose that A, is the sum of two mutually 
exclusive closed sets WM, and N. which contain M, and XN, respectively. Then 
M. + Ay* and N+ Ay* are two mutually exclusive closed sets whose sum 
is K. Since K is a continuum, this is a contradiction. Hence K, is not the 
sum of two mutually exclusive closed sets containing M, and N, respectively. 
It follows indirectly from the argument for Theorem 35 on page 21 of 
Foundations that there exist a point A of MW, and a point B of N, such that 
K, is not the sum of two mutually exclusive closed sets containing A and B 
respectively. By Theorem 17, there exists a simple closed curve J which 
separates A from B and contains no point of M, + N;. Let H, and K, denote 
H,:J and K,-J respectively. Neither H. nor K,» is vacuous since neither 
H, nor K, is the sum of two mutually exclusive closed sets containing A and B 
respectively. The proof of Theorem 26 may now be completed by making 
slight notational changes in the argument on page 192 of Foundations.™ 





14 Moore attributes this argument to Kuratowski—presumably the argument on 
pages 222 and 223 of the paper, “Sur la séparation d’ensembles situés sur le plan,” 


Fundamenta Mathematicae, vol. 12 (1928), pp. 214-239. 
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THEOREM 27. Jf A and B are distinct points, no simple closed curve 
separates A from B, and K 1s a continuum containing A + B which is locally 


compact at A, then K separates space. 


Proof. By Theorems 19 and 20, N41 + Nz contains at most one non- 
endpoint A, It follows from Theorems 23 and 24 that there exists an open 
subset r of K such that (1) r contains A, (2) B, the boundary of r with 
respect to A’, is compact and contains no endpoint of S, and (3) # contains 
neither B nor X. Since £ is closed and compact and separates A from B in K, 
B contains a closed set 7 which separates A from B in K and contains no 
closed proper subset which separates A from B in K. The set K —T is the 
sum of two mutually separate sets Ky and Kg containing A and B respec- 
tively, and 7’ is irreducible with respect to separating A from B in K. By 
Theorem 92 on page 66 of Foundations both K4 + T and Kp +T are con- 
nected. Let Y denote a point of 7. By Theorem 17, there exists a simple closed 
curve J which separates Y from A and contains no point of T+ (A+B). 
Since J does not separate A from B, J separates Y from B. Let K, and Kz 
denote J-K, and J: Ke» respectively. Each of these sets is closed and non- 
vacuous, and they are mutually exclusive. There exist two mutually exclusive 
closed sets V4 and NV» such that each is the sum of a finite number of mutually 
exclusive arcs of J and each point of K4 and Kg is a non-endpoint of a com- 
ponent of NV, or Nz respectively. There are only a finite number of components 
in J—(N,-+ Nz). If K does not separate space, select one point from each 
component of J— (N4-+ Neg), join each pair of these points by an arc in 
S — K, and let V denote the closure of J — (Ns + Neg) together with the 
sum of these arcs. The set V contains no endpoint of 8. Let D denote the 
complementary domain of J + V which contains A. It follows from Theorem 
2, part (2), that the outer boundary J, of D with respect to Y is conuected. 
By Axiom 3, J, is not degenerate. Since J + V is a compact continuous 
curve, J, is either an are or a simple closed curve.’® By Theorem 2, part (3), 
J, is not an arc. Hence J, is a simple closed curve. Since no point of J + V 
is a cut point of J + V, J, is also the boundary of D.*® Hence D contains B. 
The set J; contains no point of the complementary domain of J which con- 
tains Y. But Ng + V does not separate Y from A; since D contains A + B, 
Na+ V does not separate Y from A; and (Na+V)-(Ne+V) is the 
connected set V. By Theorem 2, part (4), V4 + Ne + V does not separate 
Y from A. This is a contradiction, for Ny + Ng + V contains the simple 
closed curve J. 

1 This follows from Theorem 8 of my paper, “ Concerning the boundary of a com- 


plementary domain of a continuous curve,” loc. cit. 


16 Thid., Theorem 12. 
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THEOREM 28. Suppose that J is the boundary of a simple domain I 
and that H is a connected set and K ts a continuum, each lying in I + J, 
Then if H and K are mutually exclusive, no two points of H- J separate any 


two points of K-J from each other on J." 


Proof. Suppose, on the contrary, that the points ‘A and B of H- J sepa- 
rate the points C and D of K-J from each other on J. By Theorem 18 on 
page 169 of Foundations, I is a continuous curve. There exists a collection A 
of connected open subsets of J such that (1) A covers H, (2) every element 
of A contains a point of H, and (3) no element of A contains a point of K. 
Since A* is a connected open subset of 7, there exists an are CD lying in A*, 
In a similar manner, there exists a collection G of connected open subsets of J 
such that G@ covers K, every element of G contains a point of K, and no ele- 
ment of G contains a point of CD. In G* there exists an arc AB. Since AB 
and CD have no point in common, this contradicts Theorem 17 on page 167 
of Foundations. 

The example in Figure 9 on page 167 of Foundations shows that (even 
in a plane) if the assumption that K is closed is omitted from the hypothesis 
of Theorem 28, the resulting proposition is false. This example also makes 
the truth of Theorem 28 more surprising for the space considered here than 
for a plane. 


Unsolved problem. In connection with Theorems 18 and 21, I have been 
unable to show that Np is totally disconnected. Speaking roughly, it is if the 
space contains no “hills.” This is the case in the various examples in my 


paper “Certain equivalences and subsets of a plane.” ?® 


THE UNIVERSITY OF TEXAS. 


17Cf. Theorem 17 on page 167 of Foundations. Theorem 28 has been discovered 
independently by Miss H. C. Miller. Miss Miller has also shown that the word 
“compact ” may be entirely omitted from Theorem 20 on page 170 of Foundations. 


18 Loc. cit. 
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APOSYNDETIC CONTINUA AND CERTAIN BOUNDARY 
PROBLEMS.* * 


By F. Burton Jones. 





As a natural generalization of the notion of connectedness im kleinen 
ata point, I define what is meant by a continuum being aposyndetic at a 
point. If a continuum is aposyndetic at each of its points, then the con- 
tinuum is said to be aposyndetic. The class of aposyndetic continua includes 
both the class of continuous curves and the class of semi-locally connected 
continua (whether locally compact or not) and is identical with the class of 
freely decomposable continua. Furthermore, every aposyndetic continuum (in 
a Hausdorff space) which is locally peripherally bicompact is semi-locally 
connected. With this and the definitions in mind, it is easy to see that many 
(perhaps all) of the theorems proved by G. T. Whyburn for semi-locally con- 
nected continua’ also hold true for aposyndetic continua. The utility of the 
notion of a continuum being aposyndetic at a point is illustrated by the follow- 
ing theorem for certain abstract spaces in which the Jordan curve theorem 
holds true: if P is a point of a continuum M such that (1) M is locally 
compact at P and (2) M is aposyndetic at P, then M together with all but a 
finite number of its complementary domains is connected im kleinen at P. 
As an interesting application of this theorem, it is shown that a proposition 





* Received August 23, 1940. 

1 Presented to the American Mathematical Society, September 12, 1940, under the 
title: “ Quasi-continuous curves and certain boundary problems.” 

2G, T. Whyburn defined the term, semi-locally connected, in a paper, “ Semi-locally 
connected sets,” American Journal of Mathematics, vol. 61 (1939), pp. 733-749. In this 
paper he acknowledged the similarity of “semi-local connectedness ” to R. L. Wilder’s 
notion, “local 0-avoidability ” (R. L. Wilder, “ Sets which satisfy certain avoidability 
conditions,” Casopis pro Pestovani Matematiky a Fysiky, vol. 67 (1938), pp. 185-198). 
Wilder subsequently introduced a notion, “ almost i-avoidable,” still more closely related 
to “semi-local connectedness” (R, L. Wilder, “Property S,,” American Journal of 
Mathematics, vol. 61 (1939), pp. 823-832). It seems to have gone unnoticed that Why- 
burn had introduced years before the notion of “semi-local connectedness” calling it 
“local divisibility ” in his paper, “ The cyclic and higher connectivity of locally con- 
nected spaces,” American Journal of Mathematics, vol. 53 (1931), pp. 427-442. I used 
this property (local divisibility) of Whyburn’s to remove a certain kind of oscillation 
from a two-dimensional continuous curve in a paper, “ Certain equivalences and subsets 
of a plane,” Duke Mathematical Journal, vol. 5 (1939), pp. 133-145, with, unfortunately, 
no knowledge of, or reference to, the other terms employed for this notion. 
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analogous to Whyburn’s generalization* of the Torhorst theorem for the 
plane holds true in these abstract spaces. 


1. Aposyndetic continua. In this section, suppose that the set of all 
points, S, is a Hausdorff space, the fundamental and undefined terms being 
point and region (open set). The following definition is a rather natural 


extension of the notion of connectedness im kleinen at a point.4 


Definitions. The point set M is said to be aposyndetic at the point P 
if P belongs to M and for each point X of M distinct from P there exists an 
open subset of M which contains P and belongs to a connected and relatively 
closed subset of M lying in M—X. A point set which is aposyndetic at each 
of its points is said to be aposyndetic.® 


THEOREM 1. In order that a continuum M be aposyndetic at a point P 
of M it is necessary and sufficient that for each point X of M distinct from 
P there exist a continuum lying in M—X which contains an open subset 


of M containing P. 
THEOREM 2. If a point set M is connected im kleinen at a point P of 
M, then M is aposyndetic at P. 


THEOREM 3. A_ semi-locally connected continuum is an aposyndetic 


continuum.® 


Proof. Suppose that P is a point of a semi-locally connected continuum 
M. Let X denote a point of M distinct from P and let R denote a region 





3 THEOREM. If M is a compact semi-locally connected plane continuum, the boun- 
dary of each complementary domain of M is locally connected. 

* For the definition of certain terms used in this paper for which a definite reference 
is not given, the reader is referred to Sierpinski’s Introduction to General Topology, 
translated by C. Cecilia Krieger, The University of Toronto Press, Toronto, 1934, or to 
R. L. Moore’s Foundations of Point Set Theory. The latter will be referred to as 
Foundations. 

5 Aposyndetic (Gk. apo = away from, syn = together, deo = to bind) means bound 
together away from. If @ is a collection of subsets of a set M, to say that M is @- 
aposyndetic at a point P means that if g is an element of @ not containing P, then 
there exists a connected and relatively closed subset of M lying in M—g which contains 
an open subset of M containing P. If the point set M is M-aposyndetie at a point P, 
it is said to be aposyndetic at P for simplicity, when this usage causes no confusion. 

* A point set M is said to be semi-locally connected at a point P of M provided that 
every open subset of M containing P contains an open subset of M containing P whose 
complement in M has at most a finite number of components, A point set which is 
semi-locally connected at each of its points is said to be semi-locally connected. See 
G. T. Whyburn, loc. cit.? 
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which contains X such that R does not contain P. Since M is semi-locally 
connected at X, it follows that R contains an open subset V of M which con- 
tains XY such that J/ — V is the sum of the elements of a finite collection G 
of mutually exclusive continua. The element of G which contains P contains 
an open subset of M/ containing P but does not contain X. 


Example. The converse of neither Theorem 2 nor Theorem 38 is true, 
for an aposyndetic continuum may contain a point at which it is neither 
connected im kleinen nor semi-locally connected. Let S denote the subspace 
of the Euclidean number plane consisting of all points of the plane except 
those points (0, ¥) such that 0 << | ¥ |= 1. Let WM denote the origin together 
with the graph of the equation, y=sin1/rz,z40. The continuum M is 
aposyndetic. It is both connected im kleinen and semi-locally connected at 
every point except the origin where it is neither connected im kleinen nor 
semi-locally connected. However, upon the addition to M of the points of S 
whose ordinates are + 1/2, a semi-locally connected continuum M, is obtained 
which is still not connected im kleinen at the origin. But upon the addition 
of the z-axis to M a continuous curve WM. is obtained which is still not semi- 


locally connected at the origin. 


THEOREM 4. If an aposyndetic continuum M is locally peripherally 
bicompact at a point P of M, then M ts semi-locally connected at P. 


Proof. Let R denote a region containing P. There exists in R an open 
subset U of M which contains P such that 8, the boundary of U with respect 
to M, is bicompact. For each point O of 8, there exists a continuum Mo which 
lies in JJ — P and contains an open subset of J containing O. Hence, there 
exists a finite collection G of n such continua covering B, n being an integer. 
Let V denote U — (U- G*).’ The set V is an open subset of M lying in U 
and containing P. Furthermore, there are at most n components of M—V. 


Hence, M is semi-locally connected at P. 


CoroLuary. A locally peripherally bicompact aposyndetic continuum is 
semi-locally connected. 


Definition. A continuum M is said to be freely decomposable provided 
that if A and B are distinct points of M then M is the sum of two continua 
neither of which contains both A and B. 


THeoreM 5. Lvery freely decomposable continuum is aposyndetic. 





7The notation G* denotes the sum of the elements of G. 
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Proof. If P is a point of a freely decomposable continuum M, and X 
is a point of M distinct from P, then there exist two continua Mp and My 
containing P and X, respectively, neither of which contains both P and YX, 
Since M — My is an open subset of Jf which lies in Mp and contains P, it ig 
clear that MW, is aposyndetic at P. 


THEOREM 6. Every aposyndetic continuum is freely decomposable.® 


Proof. Let A and B denote distinct points of the aposyndetic con- 
tinuum M. There exist sets H, K, U, and V such that (1) U and V are 
open subsets of M containing A and B respectively, (2) H and K are sub- 
continua of M containing U and V respectively, and (3) H:-V=K-U =0, 
Let H, denote the component of M — V that contains H, and let K, denote 
the component of M — U that contains K. Suppose that H, + K,-~ WM, i.e. 
L=M—(H,+ K,) 0. Since V is a subset of K, H,+ L is a closed 
subset of M —V containing H, as a proper subset. Hence H, + ZL is the 
sum of two mutually exclusive closed sets H, and Z,, where H, contains the 
continuum H,. Then K,+ L, is a closed subset of I’ —U containing K, 
as a proper subset. Consequently, K,-+ LZ, is the sum of two mutually 
exclusive closed sets K. and L., where K. contains K,. Thus M is the sum 
of the two mutually exclusive closed sets (H2-+ Kz) and Lz which is contrary 
to hypothesis. 


THEOREM 7%. In order that a continuum be aposyndetic it is necessary 
and sufficient that tt be freely decomposable. 


ou 


To obtain a parallel to Theorem 7 for continuous curves it will be 
necessary to prove the following proposition. 


THEOREM 8. In order that the locally peripherally bicompact con- 
tinuum M be a continuous curve it is necessary and sufficient that if A isa 
point of M and B is a subcontinuum of M not containing A, then M is the 
sum of two continua neither of which contains both A and a point of B.° 


Proof. The condition is sufficient. For let P denote a point of Mf lying 
in a region R. By Theorems 4 and 5 there exists an open subset V of M 





® Both Theorem 6 and its proof were altered after refereeing. As originally stated, 
Theorem 6 would have applied only to locally peripherally bicompact continua. 

°Cf. W. A. Wilson, “A property of continua equivalent to local connectivity,” 
Bulletin of the American Mathematical Society, vol. 36 (1930), pp. 85-88, § 4, p. 88, and 
Foundations, Theorem 51, p. 134, and Theorem 52, p. 136. Both of these theorems fol- 
low from Theorem 8 with very little argument. Furthermore, Theorems 7 and 8 clear 
up two unanswered questions about decomposable continua which arise in Wilson's 


paper. 
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lying in # and containing P such that M — V is the sum of the elements of 
a finite set G of mutually exclusive continua. Let D denote a component of 
M— P that contains an element of G. The set D is an open subset of M 
having P as its only boundary point with respect to M, and, since D is strongly 
connected, it can be shown that there exists in D a continuum B which con- 
tains all of the continua of G in D.%° By hypothesis M is the sum of two 
continua neither of which contains both P and a point of B. Let H denote 
that one of these two continua which contains P. Evidently H-D is a con- 
tinuum lying in V-D which contains an open subset of D containing P. 
There being only a finite number of components of M — P which contain an 
element of G, the closure M, of their sum is connected im kleinen at P. 
Furthermore, the complement (in M) of their sum is a continuum 7’ lying 
in V and containing P. Let ZL denote the component of V- M, which con- 
tains P. Then 7 + L is the component of V which contains P. It is -clear 
that 7’ + ZL contains an open subset of M containing P. Hence M is connected 
im kleinen at P. . 

The condition is also necessary. Let D denote a connected open subset 
of M which contains A but no point of some open subset of MV containing B.* 
There exists in D an open subset V of Mf which contains A such that M — V 
is the sum of the elements of a finite collection G of mutually exclusive con- 
tinua. The set D together with all of the elements of @ not containing a point 
of B is a continuum; the set B together with all of the continua of G which 
contain a point of B is a continuum; the sum of these two continua is M but 
neither contains both A and a point of B. 

The preceding theorems show, to some extent, the similarity that exists 
between continuous curves and aposyndetic continua. The following theorem 
shows a similarity that exists between continua which are not continuous 


curves and continua which are not aposyndetic. 


THEOREM 9. If the continuum M is not aposyndetic at the point P of 
M, then there exists a point X of M—P such that if G is a finite set of con- 
tinua filling up M then at least one continuum of the set G contains both P 
and X.}? 


Proof. Suppose the contrary. Let Y denote a point of M—P. There 
exists a finite set G of continua filling up M such that no continuum of G 





1°G, T. Whyburn, “ Semi-locally connected sets,” loc. cit.2, Theorems 6.1 and 6.21, 
p. 737. 

11 Any locally peripherally bieompact continuum is regular. 

12. Cf, Theorem 54 on page 138 of Foundations. 
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contains both P and X. Let H denote the sum of the elements of G which 
contain P. Obviously H is a subcontinuum of M which contains P. Let K 
denote the sum of the elements of G which do not contain P. The set K jis 
closed and M — P is an open subset of M containing P and lying in H. This 


is contrary to the hypothesis of Theorem 9. 


Remarks. Many, and possibly all, of the theorems of G. T. Whyburn’s 
paper on semi-locally connected continua’* hold true when “ aposyndetiec 
continuum ” is substituted for “ semi-locally connected continuum.” This is 
a direct consequence of Theorem 4 for the case of locally compact continua, 
In other cases, Whyburn’s arguments may be used. Hence, for structure 


considerations the reader is referred to Whyburn’s paper. 


2. Boundary problems. In this section it is assumed that S, the set 
of all points, is a non-degenerate, locally connected, complete Moore space 
such that (1) S contains no cut point and (2) the Jordan curve theorem 
holds true in S. In other words, S satisfies Axioms 0 — 4 of Foundations. 


THEOREM 10. Suppose that P is a point of a continuum K such that 
(1) K is locally compact at P and (2) K is aposyndelic at P. Then K 
together with the sum of all but a finite number of the complementary domains 


of K is connected im kleinen at P.\* 


Indication of proof. Let L denote K together with the sum of all but 
a finite number of the complementary domains of K. Suppose that P is not 
an endpoint of S and that Z is not connected im kleinen at P. There exists 
a connected domain U containing P such that (1) U- K is compact, (2) the 
component of U - LZ which contains P contains no open subset of Z containing 
P, and (3) the boundary 8 of U- Kk with respect to K contains no endpoint 
of 8.15 Let J denote a simple closed curve separating P from £,'° let F 
denote the complementary domain of J that contains P, and let V denote the 
component of #-U that contains P. For each point X of F, the boundary 
of V-K with respect to K, there exists an open subset dx of K which con- 
tains P and lies in Kx, a subcontinuum of K lying in K —X. Let G denote 





13 Lec. cit.* 

14 Cf, Theorem 36 on page 119 of Foundations. 

15 Part (3) of this statement is a direct consequence of Theorem 24 of my paper, 
“ Certain consequences of the Jordan curve theorem,” American Journal of Mathematics, 
vol. 63 (1941), pp. 531-544. This paper will be referred to as JCT. 

16 The existence of J follows from Theorem 2, part (3), of JCT and the argument 
for Theorem 3 on page 58 of my paper, “ Concerning certain topologically flat spaces,’ 
Transactions of the American Mathematical Society, vol. 42 (1937), pp. 53-93. 
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the collection of continua Ky of K for all points XY of F. Since F is closed 


and compact, there exists a finite subcollection Kx,, Ky,,: - -, Kx; of G such 
that K — Kx,, K — Ky,,: - +, K — Ky; covers F. Let D denote a connected 
domain lying in V and containing P such that D-K-is a subset of Mdy,, 
(t=1,2,---,%). It follows from (2) above that there exists an infinite 
sequence U;, Us, U;,°°* Of mutually separate subsets of U- LZ no one of which 


contains P such that (a) for each integer n, U- LZ is the sum of two mutually 
separate sets Suj, (lL Sin), and U:-L— Su, (1 Sin), and (b) the 
limiting set of u,, Us, U3,°** contains P. Let D, denote a connected domain 
containing P which lies both in D and in a region of G, of Axiom 1 of 
Foundations. There exist an integer n, and an are A,B, which lies in D, 
such that A,B, is irreducible from Su;, (l1Sisn,), to U-L— Su, 


(1S1n,). Let Dz. denote a connected domain containing P which lies 





both in D, and in a region of G, of Axiom 1. There exists an integer n» such 
that ne > n, and Sui, (1 [1 = nz), contains a point of D., and there exists 
Suz, (lStZn). 


This process may be continued and a sequence of ares A,B,, ABs, A3Bs,° °° 


in D, an are irreducible from Suj;, (1 Stn), toU-L 





obtained such that (1) for each integer 1, A;B; is a subset of D, (2) the 
sequential limiting set of A,B,, A.B2.,A;B;,:-- is P, and (3) for each 
integer 1, A,B; is irreducible between two mutually separate subsets of U - L 
whose sum is U- such that ‘A; does not belong to the one that contains P. 
It follows from (3) that for each integer 7, A; and B; belong respectively to 
distinct components h; and ky of V-K such that hi -k; =0 but for each 
integer i, A,B; — (A; + Bj) is a subset of S—L. It follows from Theorem 
17 on page 167 of Foundations that there exist an infinite sequence of integers 
m, << mM, < m;° ~~ and an infinite sequence of intervals J,,72,7;,- - - of J 
such that (a) if i4j, hm, contains no point of hm,, (b) for each integer i, 


zero), and (c) for each integer 1, Am,Bn,— (Am, + Bm,) belongs to the 


I, contains [j,, + J+ 3hm,, (7 21), but no point of hm,, (when t—1 is not 


same component, C, of S — LZ. The limiting set of J+ hm,,J + hing, J+ lim? °° 
is non-vacuous and contains at most two points. Suppose that it contains 
only one point X. Since K contains a continuum (of () containing all of 


the points Am,, Am, Ams* * * but not X, this is impossible. Hence the 
limiting set of J-hin,,J*hm,J*hm,,* * + contains two points X and Y. 


Let Mx and My denote elements of G containing D- K but not containing XY 
and Y respectively. Let Sx and Sy denote two segments of J containing 
X and Y respectively such that Sy-Sy =Sx:Mxy =Sy-My =0. Select 
two integers r and s from the set m,, m2, ms,- * + such that (1) for two 


distinct values of i, r< mj <s, and (2) for some integer i, mi <r and 
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J -hm, is a subset of Sx + Sy. Let 0,0, denote an are in C irreducible from 
A,B, to AsBz, and let P, and P, denote the first and last points in the order 
from O, to Os that O-O, has in common with J. Suppose that P, belongs to 
Sx. There exist connected domains R, C;, D,, Cs, and Ds such that (1) R 
contains My but R- (Sy + 0,0,) =0, (2) C;, Dy, Cs, and Ds lie in V and 
contain hr, kr, hs, and ks respectively, (3) C,, D,, Cs, and D, are mutually 
exclusive, and (4) no component of R- V contains a point of more than one 
of the sets C,, D,, Cz, and Ds. Let c,, dy, cs, and d, denote mutually exclusive 
connected domains such that the common part of each with J is a non- 
vacuous connected subset of Sy and for each Z and j, (7 =C or D and j=r 
or s); (£+0,0.+D+06,+D,+6,+D,—Z;) -2Z;=0 but Z;° 2; 50. 
There exists in C,+c,+A,B,+ D,+d, an are A’,B’, irreducible from 
cr Sy to d,- Sy. Except for its endpoints, A’,B’, lies wholly in EF and con- 
tains O,. Let W denote an are in R+ (A,B,—O,) irreducible from the 
interval A’,O, of A’,B’, to the interval O,B’, of A’,B’,. Since W does not 
intersect Sy, W contains two mutually exclusive ares W, and W, irreducible 
from A’,B’, to J which together contain the endpoints of W and abut on 
A’,B’, from the same side. Also W, and the interval O,P, of O,O, abut on 
A’,B’, from the same side, since J — Sy contains a point of both W, and 
O,P, but no point of Sy + A’,B’,. Hence the complementary domain of the 
simple closed curve J; in W-+ A’,B’, which does not contain Y contains 
0,0, — O, but no point of Sy. Consequently 0,0, contains no point of Sy, 
and P, belongs to Sx. Let A’,B’, denote an are in Cs + ¢s + AsBs + Ds +d; 
irreducible from c,: Sy to ds: Sy. Since A’,B’, contains Os, it is evident that 
W intersects both of the intervals A’,O0 and O,B’, of A’;B’s. Let W’ denote 
an interval of W irreducible from A’,0; to O,B’s. For the same reasons that 
W intersected A’,0, and O,B’;, W’ intersects A’-O, and O,B’,. Since W’ con- 
tains no point of A’,B’,, this is a contradiction. So in case P is not an 
endpoint of S, Z is connected im kleinen at P. 

If P is an endpoint of S, it follows from Theorem 23 of JCT and the 
argument for Theorem 36 on page 119 of Foundations, that K and L are 
both connected im kleinen at P. 


Examples. The reader should note that if the condition of local com- 
pactness at P is omitted from the hypothesis of Theorem 10, the resulting 
proposition is false. This is illustrated by the example following Theorem 3. 
Furthermore, if in Theorem 10 the condition that K be aposyndetic at P. is 
replaced by the condition that K be semi-locally connected at P, the resulting 
proposition is false. This is easily seen to be the case for a continuum K 
lying in an Euclidean plane consisting of a straight line interval OP together 
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with the straight line intervals OP,, OP2,OP;,:-: such that P,, Po, P3,--- 
converges to P and for each integer n, the angle POP, is 1/n. Although K 
is compact, semi-locally connected at P, and has only one complementary 
domain, K is not connected im kleinen at P. 

Theorem 10 together with a theorem of the author?’ establishes the 
following two theorems. Theorem 12 is not only an extension of the classic 
Torhorst theorem to continua more general than continuous curves but also 
to spaces more general than spaces satisfying Axioms 0 —5 of Foundations 
(which include the plane). 


THEOREM 11. Suppose that K 1s a locally compact continuum lying in 
the boundary of a connected domain D. Then in order that K be a continuous 
curve it is necessary and sufficient that K be a subset of a locally compact 
aposyndetic continuum M which contains no point of D. 


THEOREM 12. Every component of the boundary of a complementary 
domain of a locally compact aposyndetic continuum ts a locally compact 
continuous curve.*® 


THE UNIVERSITY OF TEXAS. 





17 Theorem 1 of my paper, “ Concerning the boundary of a complementary domain 
of a continuous curve,” Bulletin of the American Mathematical Society, vol. 45 (1939), 
pp. 428-435. 

18 Cf. Foundations, p. 212; G. T. Whyburn, “ Semi-locally connected sets,” loc. cit.*, 
p. 747; R. L. Wilder, “Sets which satisfy certain avoidability conditions,” loc. cit.*, 
p. 196; and R, L. Wilder, “ Property S,,” loc. cit.*, p. 832. 











STRONGLY ARCWISE CONNECTED SPACES.* 
By D. W. Hatt and W. T. Puckert, Jr. 





1. Ina recent paper * the authors considered the problem of determining 
the class of all cyclic locally connected continua A such that for every are- 
preserving transformation (continuity not assumed) 7 (A) = B, the set B is 
an arc or the transformation T is a homeomorphism. It was found that this 
class consists exactly of all cyclic continua A having the property that for 
every infinite subset M of A there exists an arc in A containing infinitely many 
points of M. Such spaces were called strongly arcwise connected and the trivial 
result that every strongly arcwise connected set is necessarily both compact and 
locally connected was pointed out. 

An example of a cyclic locally connected continuum which fails to be 
strongly arcwise connected follows. Let L be the closed interval (0,1) and 
define {a;} as a sequence of arcs having 0 as one endpoint but otherwise dis- 
joint by pairs. Suppose further that 8(a;) 0 and that for each 7, a; has the 
point 1/7 as its other endpoint, while no point of Z is an interior point of 
any a. Define 

M=—L +22j. 


Then M fails to be strongly arewise connected. To see this we need only 
observe that if {xj} is a sequence of points in M converging to 0 and such that 
each 2; is an interior point of a different «; then no arc in M contains infinitely 
many 2;. However, if pe —0O and z;— )p, it is easily seen that infinitely 
many 2; lie on some arc of M. Consequently, we say that M is strongly arc- 
wise connected at every point except 0, but fails to be strongly arcwise con- 
nected at this point. In general, the locally connected continuum A will be 
said to be strongly arcwise connected at the point p provided that for any 
sequence of points {xj} converging to p some arc of A contains infinitely 
many 2j. 

The purpose of this paper is to obtain two characterizations of strongly 
arewise connected continua. One of these characterizations will show that a 
eyclic locally connected continuum A which fails to be strongly arcwise con- 





* Received September 3, 1940; Presented to the American Mathematical Society, 


September 10, 1940. 
1To appear in the Bulletin of the American Mathematical Society. 
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nected at a point p is essentially like the example above. From this charac- 
terization we shall deduce, among other things, that a cyclic locally connected 
continuum can fail to be strongly arewise connected at an at most countable 
set of its points. That this is not true in general can be easily seen by 
considering a dendrite D which is the closure of its set of endpoints. 

Our other characterization states that a locally connected continuum A is 
strongly arcwise connected if and only if for any infinite collection [V] of 
open sets in A there exists an arc in A intersecting infinitely many of these sets. 


2. In this section we obtain results useful in the proofs of our principal 
theorems. 


THEOREM (2.1). Jn the locally connected continuum A let U bea region 
such that U is a locally connected continuum and p a point of U. Then there 


exists a region V(p) in U such that for any arc «—azb with a- V #0 and 
a: (A—U) =a-+ B, the set U contains an arc apb.? 


Proof: The components of U — p intersecting U — U fall into two classes: 
(a) X,, Xo,- - -,Xx such that p is an endpoint of each X; and (b) Yi, Yo, 
- +, Yj such that p is not an endpoint of any Yi. Clearly, k and j are finite 
and either class may be vacuous. In each ¥;-U choose a region V; containing 
p such that /(V;) is a single point. For each Y; let Ki be the set of points 
separating some point of U-—U from p in ¥;. Since p does not cut Y; and 
is not an endpoint of this set, p is not a limit point of K;. Let Wi be a region 
in Y; containing p, of diameter S d/2, where d= min (p, Ki). Set V=V; 
+:-+++tVe+ Wi +--++-+ Wj + all components of U — p not intersecting 
U—U. Every arc @ such that 2- V0 and a: (U—U) =a+b either 
passes through p or, by the choice of d, has a non-degenerate intersection with 
the true cyclic element C; of Y; which contains p, where Y; contains a+ b. 
An application of the Three-point Theorem gives the desired result. 


THEOREM (2.2). Let p be any point of the locally connected continuum A 
and define A* = A—p. If x, 2. and y are three points of A* such that (a) 
no point separates y and x, -+ x2 in A*, and (b) a; does not separate y from 
a; (\>£j) in A*, then A* contains an arc 2,22 having y as an interior point. 


Proof: Suppose first that x,, 22 and y lie in the same nodule* £ of A*. 

* The proof given for (2.1 ) is due to the referee, and is somewhat shorter than the 
one found by the authors. 

’See G. T. Whyburn, “On the structure of connected and connected im kleinen 
point sets,” Transactions of the American Mathematical Society, vol. 32 (1930), pp. 
926-943, in particular pp. 929 and 933. We shall refer to this paper hereafter as N. 
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Now * £ is closed in A*, connected and locally connected. Therefore, since 
is locally compact and has no cut point of itself, it follows ® that F is cyclic. 
Hence by the Three-point Theorem there exists an arc 2,yz2 in E. 

If 21, x, and y do not lie in the same nodule of A*, then there exists a 
point q separating two of these points in A*. By (b) q is neither 2, nor 2. 
If q is y, then any arc 2,2, in A* has y in its interior and the proof is complete. 
Therefore, assume q+ y and let C be the simple nodular chain ® joining z, 
and z, in A*. Since any component of A4* — C has a single point as its boundary,’ 
it follows that y is a point of C. Now ® C is connected, locally connected, and 
by the above reasoning y is not a cut point of C. Thus there exists a nodule ® 
E of C containing y. Let 7,22 be an arc in C, and define z, and 2: to be the first 
and last points, respectively, of x:¢, in EZ. By the first paragraph of the proof 
there will exist an arc z,yz, in E. Replacing the subare 2,22 of 222 by 222 
will give the required arc x,yz2 in A*. 


THEOREM (2.3). Let there exist in the locally connected continuum A 
a sequence of points {xn} converging to p and a sequence of points {pn} such 
that for each n 
A— (p+ pn) = Kn+'An+ Mn, 


n co 
where the component Ky contains > x; and the component An contains > 2. 


4=1 i=n+1 
If for each n no point separates tn and pn + pn in A—p, then {an} lies on 
an arc in A. 


Proof: For each n the points pn-1, Pn and Xp» satisfy the conditions of (2. 2) 
since Pn-1 + Zn lies in Ky and pn-+ <n lies in An-:. Hence for each n>1 
there exists an arc Om = Pn-1%npn in A—p. Moreover, & is contained in 
En- An, since F (Kn) lies in pa + p, F(An-1) lies in pn-s + p, and p is not 
a point of a». Let a, = 2p; be an arc in K, — p, then aj: a,—=0 for jSk—2 
and 1° %& == Pr-1. Now each K; contains at most a finite number of p; and, 
consequently, can contain no limit point of Spi. Therefore, the interior of 
each a; lies in a single component of A — (p+ 3pi) = 4’+01+02.+°°°, 
where «; lies in Gi. Now 8(Qi) converges to 0, since {Qi} is a null sequence. 


Hence « = 3a; is an are containing all the 2. 





*See N (3.5). 

5 See G. T. Whyburn, “ On the cyclic connectivity theorem,” Bulletin of the American 
Mathematical Society, vol. 37 (1931), pp. 429-433. 

®See N (5.3) and (4.1). 

7™See N (6.4). 

®See N (5.4). 

®See N (4.1) and (3.6). 
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THEOREM (2.4). In the locally connected continuum A let there exist 
separations 


A—(p+pi)=Kit4i+M; (t= 1, 2,3), 
where K; and A; are components with pie F(K;) : F(Ai), and suppose there 
3 
exists a point ye |] Ai, and points xe AisK;i (t—2,3). (a) If Ki CK, 
i=1 


p, then 





and q separates x, and p, + pein A 
A—(p+q)=K2+424M, 


where K’, and A’, are components with x.€K’s, A’s As, and K’,K, = 0. 
(b) If Ki C K.Ks, then Kz C Kz. 


Proof: To prove (a) we note that K, + pe is connected and contains both 
t, and po. Therefore, K2 contains g, and thus q~y. Let A’, be the com- 
ponent of A — (p+ q) containing y. Since A, intersects A’. in y and does 
not contain g, we have A’, Az. Moreover, po A’s, hence xz does not lie in 
this set. Let K’, be the component of A — (p+ q) containing z,. Suppose 
K’.K, ~ 0, then since 2,¢ K’,A,, we must have p,eK’,. This is impossible 
hence the proof of (a) is complete. 

Considering (b) we have at once that A, intersects both K; and As, hence 
ps« Ao. Thus pz is not in K2; hence, since K.K; ~0, we have Kz C Kz. 


THEOREM (2.5). If the sequence of points {xi} converges to a point p 
in the locally connected continuum A and tf no point separates any two x; in 
A —p, then infinitely many x; lie on an arc in A. 


Proof: Evidently the 2; lie in a single cyclic element E, of A. Moreover, 
p is a point of #, and under our hypotheses no point separates any two 2; in 
E,—p. Let R, be a region in F,; containing p and such that 8(R,) < 1, 
R, is a locally connected continuum, and 2 is not a point of R,. Clearly we 
may assume that #, contains all the 7; fori >1. Finally, we may assume 
that all x; for i > 1 lie in a single component M of R, — p, since there can be 
ouly a finite number of components. Moreover, M is a locally connected 
continuum. 

Let us suppose that infinitely many 2; do not lie on an arc in A. Then 
we shall show that infinitely many 2; lie in a single cyclic element EL, of M 
(consequently, of #,) and have the property that no point separates any two 
of them in 7, — p. Suppose a point p, does separate two 2; (i > 1) in M —p. 
Then M — (p+ p,) =K,+M,+ ZL, is a separation for which it may be 
assumed that the component K, contains x2 and that the component M, con- 
tains all x; for i> 2. Mcreover, both K, and M, intersect F(R,), since no 
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point separates two z; in #,— p. Likewise, no point separates two 2; (i > 2) 
in M —p or there exists a point ps and a separation M — (p+ po) = K, 
+ M,-+ L., where the component K, contains x,, the component M,. contains all 
x; for i > 3, and both K. and M, intersect F(R,). Now K, must lie in some 
component of M — (p+ pz), since ps is in M,. If K, is not contained in K, 
then K,K,.—0 and, consequently, AK, and Ky», are components of M — 
(p+ pi + pe) intersecting F(R,). If K, C Ky. and there exists a point q 
which separates 7; and p, + pz in M p, then by (2. 4a) we may find in ¥ 
—(p+4qez) a component WM’. containing WM. and a component K’, containing 
xz; such that K’,:K,—0. Thus we may assume that either K.K, =—0, or 
K, C K, and no point separates v3 and p; + p2 in M —p. 

Generally, either no point separates two 7; (i >n—1) in M—p or 
there exists a separation M — (p+ pr) =K,+M,+ Ln, where the com- 
ponent K,, contains %n,;, the component 7, contains all x; (1 >n-+ 1), and 
both K, and M, intersect F(R,). Moreover, after (2. 4a) it may be assumed 
that either K:K, = 0 for all i << n or for some k < n we have Ky C Ky and 
no point separates p,, and px + pnin M —p. In any case 3K; cannot contain 
a limit point of Spi, since Mp clearly contains all p; fori > n. Now suppose 
infinitely many of the Ki, say {Ka,}, have the property Ka,-Ka,=0 for 
tj. Then M—(p+3pa,) has infinitely many components Ka, inter- 
secting /(R,) and having p in their limit inferior, which is impossible. We 
can thus assume that for each n > 1 there exists a k < n such that K; C Ky 
and no point separates @,, and pr + prin M—p. Thus K, C Kz and after 
(2.4b) K, CK, C K;. Thus we have generally by (2.4b) K, C K2C::: 
C K,. But this must stop for some finite n for otherwise by (2.3) infinitely 
many 2; would lie on an arc. Thus in any case M contains infinitely many 2; 
such that no point separates any two of them in M —p. Therefore, M con- 
tains a cyclic element HL. with these same properties. 

The supposition that no are in A contains infinitely many 2; and the 
above reasoning give us for each n a cyclic element FE, of Rn, where E, and 
Ry. have the following properties: (i) Rn, is a region about p in Hy, and 
Rn. is a locally connected continuum, (ii) 8(Rn+) <1/(n—1), and (iii) 
E,, contains all 2; (t=) and no point separates any two of these points in 
En — p. 

By (2.2) there exists an arc && = 72,7; in 2; —p. Since p is not a point 
of %, there exists a first vi, say xvi, which is not on @. Moreover, by 
(2.2) there exists an arc a, = 720,47; in H,— p. The set a + @, contains a 
simple closed curve J; through x, + 2;, which intersects /. in more than one 
point. Thus A, —J,-+ F, contains all the xz; and no point separates any two 
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of them in A, — p. Let Hi, be the first H; not intersecting J;, then ai, Li, 
and by (2. 2) there exists an are @ = 22,01, in A; —p. Hence aH. contains 
an arc B. = y:7i,2, spanning J,. Define Jz = J, + fo, then ai, + vi, C J2Ki,. 
Let Hi, be the first #; not intersecting J. and by (2.2) construct an arc 
ts = 2i,0i,0i, in Lij,— p. Since J, Ei, = 0, the are «; must contain a subarc 
Bs = Y2Vigz2 spanning B, Define J; =J2+ Bs =4Ji:+ 82+ Bs, then Zi, 
-- Viz Ge Ei, : Sx 

Generally for each n > 2 let £;, be the first 2; not intersecting Jn. and 
by (2.2) construct an arc Om = 2%}, ,0i,7i,, in Hi,,—p. Since Jn-2Hi,, = 0, 


the are %, must contain a subare Bn = Yn-1%i,2Zn-1 spanning Bn+. Define 
n n 

Jun — J n-1 + Bn = 2 -t- > Bi, then Vy a p> Vi; cS he and Vina _- Lin CG. ) a 
i=2 j=l 


- 
Since Ei — p,.it follows that 8; > p and, consequently, J=p+ Sdn is a 


n=1 
locally connected continuum. In J, define the subares y; = 714121 and p; = 
19121, While in each £; (i= 2,3,-- +) define the subarcs yi = yi-s2ziyi and 


lo @ 
wi = 2i-1Yizi, renaming the y’s and 2’s if necessary. Let M=p+ > (yen-1 
n=1 


«~ 
+ pon) and N=p+ > (yon +pen1), then M and N are arcs such that 


n=1 


M+N=J. But J contains infinitely many z;. Thus cither M or N con- 


tains infinitely many xj, and the proof of (2.5) is complete. 
3. We now come to the proofs of our principal results. 


THEOREM (3.1). Jn order that the locally connected continuum A be 
strongly arcwise connected it is necessary and sufficient that for any infinite 
collection of open sets [V] in A there exists an arc in A intersecting infinitely 


many of these sets. 


Proof: The necessity of the condition follows at once from the definition 
of strong arewise connectivity. Let {zi} be a sequence of points in A con- 
verging to the point x, then in order to complete the proof of the theorem we 
must show that there exists an are in A containing infinitely many of the 
points z;. For each i let U; be a region containing 2; such that {U;} is a null 
sequence, x is not a point of 3U;, and UjU; =0 (ij). By (2.1) each Ui 
contain a region V; about p such that for any are 8 = ayb, where y is a point 
of V; and B: (A —U;) =a+), there exists an are arjb in Uj. Under our 
hypothesis there exists an are @ in A intersecting infinitely many of the sets Vi. 
By construction lim V; =a. We may thus assume that 2 is an end-point of , 
and that a intersects all the Vj. Denote the other endpoint of « by y and let 
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U;, be the first U; not containing y. If ai, is not a point of a, then by (2.1), 
Ui, contains an arc p,%%,g, spanning « In this case «— (p,+ 9.) has the 
components 1, containing z, Y, containing y, and Z;. Moreover, X, must 
intersect infinitely many V; since x is not a point of Y;-+ Z,. Hence a, = 
Xi t 8g + Vi (4: —«@ if xi, is a point of «) is an arc through 2, inter- 
secting infinitely many Vi; (1 >%,). Now there exists a Vi, (iz > 1%) such 
that a,-Vi,j40 and the subare yxi, of a lies in a single component of 
a, —a,U;,. Thus in case aj, is not a point of @, there exists in Ui, an are 
P2vioge Spanning a,. Then «,— (p2+ q2) has components X2 containing 
and points from infinitely many V; (1 >t), Y2 containing yz;,, and Z,. 
Hence % = X2 + povig2 + V2 (G2 = if vi, is a point of a) is an are 
containing 2;, + xj, and intersecting infinitely many V; (1 >%2). In the same 
way we obtain for every k& an are a = Xa petinge + Va (Ox = %-1 if Vi, isa 
point of a.) containing S 2, and intersecting infinitely many V; (i > %&). 
j=l 
Now the continuum 8 = lim % contains z, y and infinitely many 2;. More- 
over any point z of 8 lies on a for almost all k, since any modification of a% 
takes place in > U; and lim U;j—z. Therefore, B is an arc containing 
jeigtt 

infinitely many z;, and the proof is complete. 

THEOREM (3.2). In order that the locally connected continuum A fail 
to be strongly arcwise connected at the point p it is necessary and sufficient 
that there exist a closed subset N of A containing p and a separation A —N = 
M+ SK, where the K; are distinct components of A— WN such that Ki—p 

i=1 
and for each 1, F(Ki) Cp+piCN. 

Proof. For each i let x; be a point of Kj, then the 2; converge to p. The 
sufficiency part of the theorem follows immediately, since not more than four 
of the z; can lie on an arc in A. 

Now assume that A is not strongly arewise connected at p. Then there 
exists a sequence of points 2;—>p such that no arc in A contains infinitely 
many of the z;. We may assume that all 2; lie in a single component of A — p, 
for otherwise put N = p. By (2.5) there exists a point p’; separating some 2% 
from infinitely many x; in A —p, hence we may assume that p’, separates 2; 
from all z; (i >1) in this set. Moreover, we lose no generality in assuming 
that all 2; (1 > 1) lie in a single component A’, of A— (p+ p’1). Then we 
have the separation A — (p+ p’:) = K’: + A’: + M1, where the component 
KR’, contains x,. Again by (2.5) there exists a point p’, and a separation 
A—(p+p’:) = K’, + A’, + M's, where we may assume the component K’, 
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contains x, and the component A’, contains all z; for 1 > 2. We observe that 
p’, is a point of A’;. In general (2.5) gives a point p’n and a separation 
A— (p+ p’'n) = K’n + A’n + Mn, which on renaming the 2; for i >n—1 
has the following properties: 
(i) For each n, the component K’, contains tn, the component A’n con- 
tains all x; fori > n, and p’'ne A’n-4. 
(ii) For each n, p’ne F(K'n) + F(A) and F(K') + F(A'n) = pt pn 
00 x n—-1 
(iii) Define P => pi, then A’n-P’ 0S p's and Kn, P?CE p's. 
i=1 i=1 


i=n+1 

(iv) If 7< kh, then K’; les in a single component of A— (p+ px). 
Thus either K’; - K% =0 or K’; C K’%. This is true since p’; € A’;. 

(v) If 7< k and K’; CK’, then it may be assumed that no. point 
separates xz and p’; + px in A — p. 

If this were not true, then by (2.4) we could find a_ separation 
A—(p+ p%.) =K%+A%+M”%,. having properties (i)-(iii) and 
kK’; K”’;,=0. Thus by renaming p’%, K”%, A”’:, and M”%, we obtain the 
desired result. 

(vi) There exists a subsequence {Ki} of (K’;} such that Kj;K;, =0 for 
jk. 

We show first that there exist two sets K’; and K’; such that K’;- K’, = 0. 
Otherwise it follows from (iv), (2.4b), and (v) that K’; CK, C::: Ce. 


C: +--+, where for each n no point separates @» and p’n-1 + p’n in A— p. Thus 
by (2.3) all the 2; lie on an arc, which is impossible. 
Now let K,, Ko,- - -, Kn be an ordered subcollection of K’,, K’2,- > +, K’m 


(m =n) such that K;K; =0 for j,k =1,2,---,n and jk. The proof 
of (vi) will be complete if we can find among the K’; (1 > m) a set, which 
we denote by Kn,1, such that Kj Ky = 0 for j,k =1,2,°--,n+1 and jk. 
To this end let ;, y2,° * *, Yn and px, Po,* * *, Pn be the subcollections of {zi} 
and {pi} corresponding to K,,K2,-+-,Kn. If no Ki C K’m, we may by 
(iv) put Kn. = K’m,, and the proof is complete. 

In case K’»,, contains a K;, we consider K’m,.. If K’m.2 contains no Ky, 
put Kn: = K’m,. and again the proof is complete. Thus either the proof 
will be complete by the time we reach A’m,n.2 or there will exist a Ki, say Kx, 
such that K; C K’miiK’my (i j<n+2). Now by (2.4b) and (v) 
Ky C K'msi C K’msj, While no point separates tm. and pe + p’m.i In A— p 
and no point separates mj and p’msi + p’msj in this set. Let « be a positive 
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integer; then after at most an steps the proof is complete or we obtain 
Ki, C Kms, CK’ mig G2 2 + CB’ mui, (ha Ste M+ + <M ta < an) where for 
each j > 1 no point separates %m.i, and p’msis, + p’msi, in A—p. But since 
no are contains infinitely many 2;, it follows from (2.3) that this monotone 
increasing sequence of sets can contain but a finite number of distinct terms, 
Hence after a finite number of steps we must obtain a K’;, call it Kn, with 
the property K,:-K; =0 (i,j =1,2,°--,n +1 and ij). 

Take {Ki} as the subsequence of {K’;} given by (vi), {pi} as the corre- 
sponding subsequence of {pi} and N=p+3pi. Now Ki-Kj=0 (t¥}) 
and Ki: p; =0, since K; is open and F(K;) ~ p;. Hence A—N=M 
+ = Kj; is the desired decomposition. 

In the following corollaries the set A is a locally connected continuum. 





CoroLLary (3.21). If no two points separate A then A 1s strongly are- 
wise connected. 


CoROLLARY (3.22). If A is cyclic and fatls to be strongly arcwise con- 
nected at a point p then (a) p is a local separating point of A, (b) p ts not of 
finite order in A, (c) p is an im kleinen cycle point '° of A. 


CoroLuAry (3.23). If A is cyclic then the set of points where A fails to 


be strongly arcwise connected is at most countable." 


Brown UNIVERSITY. 
UNIVERSITY OF CALIFORNIA AT LOS ANGELES. 





10 See G. T. Whyburn, Mathematische Annalen, vol. 102 (1929), p. 317, Theorem 6. 
11 See G. T. Whyburn, loc, cit.°, Theorem 5. 
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GREEN’S LEMMA AND RELATED RESULTS.* ? 


By Wir11AM T. Ret. 





1. Introduction. The proof of Green’s lemma for the case of a region R 
which is the interior of a general simply closed rectifiable curve J involves 
certain considerations, largely topological in character, which are not neces- 
sary when the boundary of the region is restricted to be relatively simple in 
character. Proofs of Green’s lemma for such a general region have been given 
by Gross [5],? Van Vleck [14], Pollard [13] and Bray [1]. The demonstra- 
tions of Pollard and Bray involve, among other things, the chain-theorems of 
de la Vallée Poussin. Bray imposes continuity and differentiability conditions 
on the functions involved not only interior to and on the simply closed curve 
J, but also in a neighborhood of this point set; it is to be noted, however, that 
he obtains each of the individual “ partial integration ” formulas of Green’s 
lemma under a weaker condition than the rectifiability of J. The demonstra- 
tions of Gross and Van Vleck are extremely tedious in detail. 

There is a corresponding general form of Cauchy’s theorem for a function 
f(z) which is holomorphic on the interior RF of a simply closed rectifiable 
curve J, and merely continuous on R+ J. The proof of this result given by 
Pollard [13] involves de la Vallée Poussin’s chain theorems. The extremely 
brief demonstration given by Heilbronn [6] utilizes such powerful tools as 
the Riemann mapping theorem, a theorem on polynomial approximation due 
to Fejér, as well as results for the Stieltjes integral. For an intermediate case 
in which f(z) is assumed not merely to be continuous, but to be regular, on 
the closed set R-+ J various proofs have been given (see, for example, 
Goursat-Hedrick [3], pp. 66-70; E. H. Moore [10], and Kamke [9]). 

The purpose of the present paper is to give a proof of Green’s lemma for 
the general case of a region R which, is the interior of a simply closed recti- 
fiable curve J, and where the continuity and differentiability conditions 
imposed on the functions involved are merely on R + J and R, respectively. 
The author believes that the details of proof are simpler than those involved 
in the previous demonstrations. In particular, aside from the Jordan curve 
theorem itself, the chief topological result used is that stated in Lemma I 
below. Analytically, Ascoli’s theorem and a very special case of the general 





* Received October 26, 1940. : 
1 Presented to the American Mathematical Society, April 12, 1941. 
2 Numbers in square brackets refer to the bibliography at the end of this paper. 
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convergence theorem of Hobson are employed. Theorems 1 and 2 are concerned 
with the individual partial integration formulas occurring in Green’s lemma, 
The general form of Cauchy’s theorem for a function f(z) which is. holo- 
morphic on #, and merely continuous on R + J, is presented in Theorem 3, 
Finally, Theorem 4 gives a result which has been announced by Hestenes [7] * 
under additional regularity assumptions on the boundary curve J. 


2. Principal results. The main result of this paper is the following 
theorem. 


THEOREM 1. Suppose that R is the interior of a simply closed rectifiable 
plane curve J, and that M(x, y) ts such that: (i) it is continuous on R+ J; 
(ii) faSerSb, cSySd is any rectangle in R, M(x, yo) is absolutely 
continuous in « on ASxZ=b for yo almost everywhere on cSySd; 
(iii) 6M/dx ts summable [ Lebesgue integrable] on RA Then 


(1) f oe dedy = fF M (2, y)dy, 


R 


the line integral being taken around J in the positive (counter-clockwise) 


direction. 


Under the hypotheses of the theorem we clearly have 
(2) f ~ dedy — f M(2,y)dy 
e af 
R’ 


if R’ and J’ denote the interior and boundary, respectively, of a rectangle 
a=rztb, cSy=d lying in R. It also follows by a relatively simple 
argument that (2)/is valid for R’ the interior of a simply closed polygon J’ 
lying in R, each of whose component straight line segments is parallel to 
either the z- or y-axis. This result may be established by drawing the finite 
number of lines, parallel to the codrdinate axes, containing the separate sides 
of the simply closed polygon J’, and integrating around each rectangle so 
defined, whose interior belongs to R’, in a counter-clockwise direction. It may 





8 [Added in proof, May 23, 1941.] Hestenes never published this announced result. 
In a revised form of his original manuscript, to appear soon in the Duke Mathematical 
Journal under the title “ An analogue of Green’s theorem in the calculus of variations,” 
Hestenes gives a proof of his previously announced result under conditions of the same 
generality as those of Theorem 4 of the present paper. The forthcoming paper of 
Hestenes also contains a proof of Green’s lemma for the general case described above. 

*It is a consequence of (i) and (ii) that @M/dxr exists almost everywhere and is 
measurable on R. See, for example, Carathéodory [2], p. 642. 
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or 
lor) 
or 


also be proved by an inductive argument; of these two methods the author 
prefers the latter. 

Now consider a general simply closed rectifiable curve J, and suppose 
that O: (20, yo) is a point of the interior R of J. Then there exists a seg- 
ment AOB of the line y = y which contains O, has its end-points A and B 
on J and which, except for these end-points, lies in R. Let BCA and BC’A 
denote the two simple arcs of J having end-points at B and A. If the con- 
clusion of Theorem 1 holds for each of the simply closed curves AOBCA, 
AOBC’A, then clearly this theorem is also valid for the original curve J. 
Hence without loss of generality we may restrict attention to a simply closed 
rectifiable curve of the type AOBCA, and for simplicity we shall do so. In 
particular, we have the following result whose proof will be deferred to the 
following section. 


LeMMA I. Suppose J is a simply closed rectifiable plane curve con- 
sisting of a straight line segment AOB of the line yy, and a rectifiable 
simple arc T: BCA. Corresponding to a given « > 0 there exists a simple 
polygonal arc 1’: B’C’A’ such that: (a) B’ and A’ are interior to OB and AO, 
respectively ; (b) IY lies, except for B’ and A’, in the interior R of J; (c) each 
straight line segment of 1” is parallel to either the z- or y-axis; (d) the 
length of IY does not exceed five times the length of T; (e) each point of I” 
lies in' the «-neighborhood of T. 


Consider a simply closed curve J: AOBCA of the sort to which Lemma I 
applies. We shall suppose that the letters A, B are so assigned that the order 
AOB is “ counter-clockwise ” along J. If O: (2, yo), clearly this notion can 
be stated entirely in terms of whether points (a%,y) of the ray r= 2p, 
y > Yo for y sufficiently near yo lie interior or exterior to J. Corresponding to 
e=1, let T,: B,CyA, denote a simple polygonal are satisfying the conditions 
of Lemma I. We shall define a sequence of arcs Tn: BnCnAn, (n =1,2,° °°), 
as follows. If ares T,,- - +, Tx, (k 21), have been defined, let J; denote the 
simply closed polygon Aj;OB;CjAj, (7 =1,--+,&), and let R; be the interior of 
J;; moreover, let d; denote the distance of the are [!': BCA from the point 
set Ry, + J;. Then Ty,, is chosen as an are By..Cy.1Ax.1 satisfying the con- 
ditions of Lemma I for « = Min {d;,1/(k + 1)}. Clearly Ax.; is interior to 
the arc AA, and B;., is interior to B,B; moreover, Ry and the interior 
points of Ty, belong to the interior R,,, of the simply closed polygon Jx.:: 
Ag OBrCrAxa. If p is an arbitrary point of R, then there exists an arc 
prO which lies, except for O, in R. If N is an integer such that 1/N does 
not exceed the distance between the disjoint ares BCA and prO, then clearly 
pis a point of R, for n > N. Consequently, 3,2, = R; moreover, it is seen 
that A, and B, approach A and B, respectively, as n—> ©. 
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Now IT, admits the analytic representation t~—¢n(s), y=wn(s), 
(0=sSL,), where s is the arc length along this polygon measured from B, 
and Ly is the length of Tn. Since Ln < 5L, where L is the length of BCA, 
if one writes s = tn, tn(t) = Gn(tLn), yn(t) =Wn(tLn), then the arcs I, 
admit parametrizations: 

(3) Tn: 2 = @n(7), y = yn(t), (OSt51; n—1,2,---); 
furthermore, %(t), yn(t) satisfy a Lipschitz condition with uniform Lipschitz 
constant 5L. Hence this set of functions is equi-continuous on 0=t=1, 
and by Ascoli’s theorem (see, for example, [8], p. 168) there exist functions 
X(t), yo(t) and a sub-sequence {n,(¢), yn,(t) } such that lim zp,(t) =2o(t), 
k->00 
lim Yyn,(t) = Yo(t) uniformly on 0OS¢S1. Clearly x(t), y(t) are con- 
k-00 
tinuous and satisfy the Lipschitz condition with constant 5Z on this interval. 
For convenience of notation, we shall assume that the original sequence of 
arcs T, is so chosen that the codrdinate functions of (3) satisfy these 
convergence properties. 

Now consider the curve I, defined by 

(4) To: @ = 2(t), y= y(t), (0S¢31). 
Clearly this is a path curve with initial point (7(0),4(0)) —B and 
terminal point (2% (1), ¥(1)) =A; moreover, each point of Ty, lies on the 
arc I. Since I is disconnected by the omission of one of its interior points, 
and the continuity of z(t), y(t) implies that the locus of Ty is a connected 
set of points, it then follows that each point of I lies on the path curve I; 
We shall denote by Jo the closed path curve consisting of the line segment 


AOB and lean 
Let us now return to the relation (1). Because of the special character 


of Jn, it follows that 
(5) SS i dedy— { M(x,y)dy, (n =1,2,°°°). 


Since each R, is an open set, R, is a subset of Rn, and nn = R, it follows 
that the measure of R— R, tends to zero as n—> oo. As 0M/dx is supposed 
summable on R, it then follows that the limit of the first member of (5) as 
n— co is the first member of (1). Then 


f, Meanay— Ji M(x, y)ay 
-f{ M (x9(t), yn(t) )fn(t)at— J M (2o(t), yo(t) )yo(t) at 
(6) -f [M(2n, Yn) — M (2, Yo) lyndt + (MC Yo) [yn — yo] dl. 
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Now the first of the integrals of (6) approaches zero as n— oo since 
|/n(t)| S5L and M(an(t), yn(t)) —M(ao(t), yo(t)) 9 uniformly on 
0St51. Since y(t) > y(t) uniformly on this interval, the convergence 
of the second integral to zero is a consequence of a general convergence theorem 
of Hobson ([8], p. 422). For a proof of a special instance of this theorem, 
which suffices for the present case, the reader is referred to Graves [4]. Hence, 
under the hypotheses of Theorem 1 we have 


(7) SJ ~ dedy — M(x, y)dy = f M(z, y) dy,. 
R _ * os 


0 


where it is to be emphasized that the right-hand integral of (7) is along the 
path curve I). It remains to be shown that the line integral along T) is equal 
to the line integral along I.° 

Let c—X(s), y=Y(s), (OSsSTL), denote the equations -of IL, 
where s is the are length along this curve measured from B. To each e > 0 
there corresponds a 6 > 0 such that if B= po, px,- > +, pr =A, pi: (Zi, yi) 
= (X(si), Y(si)), (O0=8 <5, << +++ <3, —L), the length of each sub- 
arc pi-+pi is less than &, and (€i,i) = (X(s:),¥(s)) is an arbitrary 
point with sj, = s’; = si, then 


’ k ‘ 
| F M (x, y)dy — ¥ M(&; ni) (yi — yin) | <e. 
wie i=1 


Similarly, for each « > 0 there exists a 8;¢ > 0 such that if B= p’o, p'1,° ° -, 
pr=A, py: (25,5) = (Xo(t,), yo(ti)), (SH=b<ti<:::<t-—1), 
the length of each path sub-are p’j-:p’j: v7 = x(t), y= yo(t), (rst S tj), 
of Ty is less than 8,., and (€j, 9’;) = (@o(Uj), Yo(Uj)) is an arbitrary point 
with ¢;.. St’; St;, then 


. 


; 
| f M (a, y) dy — > M (5,75) (5 — Y5-a)| <e. 
e c j=1 


Now let B =7.77,° * *,7« =A denote the distinct points of the com- 
bined sets (po,° °°, px), (po,' + *,p’r) arranged in order of occurrence 
along I’; that is, ma: (2a; Ya) = (X(0a), ¥(oa)), (*=0,1,-°-, x), and 
0=0<0,< °°: <o«e=—L. Clearly the length of each sub-are o_,7— of I 


5 Another method of proof of this result is as follows. If s(t) denote the length of 
the simple sub-are of T having end-points B: (x, (0),4, (0) ) and (a, (t),y,(t) ), then 
s(t) may be shown to be absolutely continuous, in fact Lipschitzian, on 0=tS1. The 
equality of the line integrals along I, and T is then a consequence of a general theorem 
on the change of variable in a simple integral given by Carathéodory [2], p. 563. From 
the standpoint of simplicity, however, the elementary proof given above seems preferable. 
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is less than 8 With the sub-are zg_;7_ we shall associate a definite point 
(a, 7a) = (X (0a), ¥(o'a)) with og S0'g Sc. We shall now determine 
on Ty a set of points po” = po’ = B, p.”’,- ++, pp” = pr’ = A, pp’: (xp”, yp”) 
= (Xo(78), Yo(ts)), (B =0,1,-- +, p), O=m <1 <* ++ < tp —1, each of 
which is coincident with one of the points 7, as follows. Suppose po”, ++ , py” 
have been determined and that there is a value of j such that +, = ¢;; that is, 
the point p”’ not only coincides geometrically with p,’, but they also corre- 
spond to the same parameter value of ¢. Then one or more succeeding points 
of the sequence {pg”} are defined by the following device. Let 2, a be the 
values such that geometrically p’; =a, p’j41 =a. If o& —a—0, 1 or —1, 
set Dyas =P jar = Ta ANd Ty. —tj,,; if & —atg or a—g, (g>1), 


define t511,° °°, Tyg 80 that tj = ty < ty << * << Tyg == ty4, and corre- 
spondingly (Xo (tTy+v), Yo(ty+v) ) = (X (oav), Y(oasv)) or (X(oa-v), ¥ (oa-v)), 
(v=1,:--,g). This inductive definition clearly gives a unique sequence 
B=po”’,: ++, pp” =A such that each pg” is one of the points za; moreover, 


consecutive points pg, p’’g,, are either coincident or correspond to consecutive 
points Tas Ta+ie If p's = DP Bsr, define Tp = tf, (és, ns) = (xo (7's Ds Yo(r's) 3 
If ps =a, P' p11 = Tan, let r’g denote a value on tg S 7g = 7,1 such that 
(é8”, np” = (20 (r6"), Yo(Tp’) ) = (£441, 7a), this later point having been 
defined above. me iaaiaoienah if p’g =a, P Bui = 7a-1,7 8 iS a parameter 
value on rg SS 7g’ S 7,, such that (&%”, me”) = (ro(7B’), Yo(tp) ) = (Ea; na). 
Clearly the partition po”,---, pp” of T, is such that the length of each path 
sub-are p”’gp’’s,, is less than 8,¢. It is also readily seen that the two sums 

k 


p 
M (a; na) (Ya — Ya-1); 2M a a) (yp — y'p-1) 


a=1 


have the same value. Consequently, 


rh M (za, 1 yay— J M (a, y)dy | < 2«, 


and since « is an arbitrary positive number the line integral along T is equal 
to the integral along T). 

By an argument similar to that above, or by the simple device of rotating 
the (z,y) codrdinate axes through the angle 7/2, one obtains the following 
result. 


THEOREM 2. Suppose that R is the interior of a simply closed rectifiable 
plane curve J, and that N(x, y) is such that: (i) it is continuous on R + J; 
(ii) if aSaSb, cSySd is any rectangle in R, N(x, y) is absolutely 
continuous in y on cSySd for x almost everywhere on aS % Sd; 
(iii) ON /dy is summable on R. Then 





al 





GREEN’S LEMMA AND RELATED RESULTS. 569 


N 
(8) SI FZ cain —— fv (2, ae 
- y J 


the line integral being taken around J in the positive direction. 


Combining the results of Theorems 1 and 2, we have the following general 
form of Green’s lemma: if M(z,y) and N(x, y) satisfy the conditions of the 
above theorems, 


aM aN ; 
(9) f f ie dedy = f Mdy + Naz. 
R 


THEOREM 3. If f(z) is holomorphic on the interior R of a simply closed 
rectifiable curve J, and continuous on R +- J, then 


% f(z) dz =0. 


It is readily proved (see, for example, [10]) that the integral of f around 
the boundary of any rectangle lying in RF is equal to zero. From this one can 
readily deduce that the integral of f around any simply closed polygon lying 
in R, and each of whose component straight line segments is parallel to either 
the x- or y-axis, is also equal to zero. Hence the integral of f around each of 
the simply closed polygons J» used in the proof of Theorem 1 is equal to zero, 
and passing to the limit it follows that the integral of f around the path 
curve J, is also zero. It then follows by the device used in Theorem 1 that 
the integral of f around J is zero. Clearly one may separate the line integral 
of f into its real and pure imaginary parts and follow the steps outlined above, 
or one may treat it throughout as a line integral involving the complex 
variable z. 

Finally, we shall prove the following theorem which, under somewhat 
stronger conditions on J, has been announced by Hestenes [7]. This result 
is useful in the derivation of edge conditions for an extremizing surface in 


multiple integral problems of the calculus of variations. 


THEOREM 4, Suppose that u(x, y),v(a,y) and w(x,y) are continuous 
on R+ J, where R is the interior of the simply closed rectifiable curve J, 
and for an arbitrary »(2,y) which is Lipschitzian on R + J, and identically 


zero on J, we have ® 





*From the proof of this theorem it is seen that the class of functions 7 for which 
(10) is supposed to hold need not consist of all functions which are Lipschitzian on 
R+J, and identically zero on J. Indeed, the proof utilizes (10) only for functions 7 
which are identically zero exterior to some rectangle a=a=b, cSySd lying in R, 








ay 
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(10) SS lune + om + wi] dedy =o. 
Then x 
(11) J f Lune + ony + wy]dzdy — f/, aludy — vaz] 


for every n(2,y) such that: (i) » is continuous on R+J; (ii) ifaSeSb, 
eSySd is any rectangle in R, n(x, y) ts absolutely continuous in y on 
cSySd for x almost everywhere on aS x Sb, and n(x, yo) ts absolutely 
continuous in & on ASHXS/I for yo almost everywhere on cl y Sd; 
(iii) ne and ny are summable on R. 


Let J’ and R’ denote, respectively, the boundary and interior of a rec- 
tangle a= 27=b,cS=y=d lying in R, and suppose that 7 is chosen to be 
Lipschitzian on R + J, and identically zero outside J’. Then the conditions 


of the theorem imply 
(12) 54 [une + vny + wy|drdy = 0. 
R’ 


Let h be so small that for | s|=h, | ¢| Sh the rectangle a—sSr=b—-s, 
e—t=y=d—+t remains interior to J. Then »(ax—s,y—t) is Lip- 
schitzian on R+ J, and identically zero outside the associated rectangle; 
consequently the corresponding integral for this function is also zero. By a 
simple change of variable it follows that 


(13) 0— f f [u(r tsy t+ t)ne(z,y) + 0(e+5y4 Ow(ey) 
4 4 w(a+s,y + t)n(2,y)]dedy 


for arbitrary s,¢ satisfying |s| Sh, |t|Sh. Set 


h h 
u (x, y) —asf, ;. u(x«+s,y + t)dsdt; 


v™ (x,y) and w(x, y) are defined by corresponding integral means. The 
functions wu“, v™, w™ are seen to be of class C' on R’ + J’; moreover, as 
h— 0 they tend uniformly on R’ + J’ to u, v, w, respectively. By integrating 
(13) with respect to s,¢, it follows that 





The proof is still valid if we merely assume that (10) holds for functions of this latter 
sort which, in addition, may be further restricted to have continuous derivatives in R 


of a prescribed arbitrarily high order. 
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(14) 0 ff [ug + 0%py + wy] dedy 
R’ 


0 0 
aa wi) — — y(h) _ — yb) ]y dad 
SJ [ - — 


for arbitrary functions 7 which are Lipschitzian on R’ + J’ and vanish on J’. 
Because of the arbitrariness of y, we deduce that w — du /dx — dv™ /dy 
=0 on Rk’ + J’. The above demonstration is really a proof of the integral 
form of the Haar equations associated with the double integral (10), where 
the path of integration is the boundary of a rectangle interior to J. 

For an arbitrary 7 satisfying conditions (i), (ii), (iii) of Theorem 4, 
it follows from Green’s lemma for a rectangle that 


(15) j f [ung + vay + wn] dardy -{ nlu™ dy —v™ dr]. 
x I 

Letting h—> 0 in (15), we obtain the same relation with wu, v and w replacing 
their corresponding integral means; that is, we have relation (11) with R, J 
replaced by &’, J’, respectively. Since FR’ is the interior of an arbitrary rec- 
tangle lying in R, one may then deduce that the corresponding relation is 
valid for each of the simply closed polygons J,» with interior Ry» appearing in 
the proof of Theorem 1. The conditions (i), (ii) and (iii) of Theorem 4 
then enable us to pass from the polygons J, toa the simply closed curve J as 
in the proof of Theorem 1, and thus obtain the desired result (11). 

The results of this section may be readily extended to the case of a 
bounded region R whose complete boundary J consists of a finite number of 
disjoint simply closed rectifiable curves. 


3. Proof of Lemmal. Let K be a circle enclosing the simple closed curve 
J and its interior, and denote by II a simple polygonal arc joining O to a point 
T of K which lies, except for its end-points, exterior to J and interior to K. 
Such an arc clearly exists since by the Jordan curve theorem the exterior of J 
is connected, while O is accessible from arbitrary points which are exterior to 
J, and which belong to a sufficiently small neighborhood of O, by straight line 
segments which belong, except for O, to the exterior of J. Let d) denote the 
distance between the point set I1-+ K and the arc [: BCA. For a given 
«>0, let «, = Min {e,d)}. Then there exists an integer N such that 


(5LV2)/(4N) <<«,, where LZ is the length of the arc f of J. Divide I into 


N successive arcs y:,° * *,yw each of length L/N, and denote by p; the mid- 
point, in the sense of length along I, of the are yi, (1 =1,---+,N). Now let 


A; denote the perimeter of the square with center pi, length of side equal to 
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(5L)/(4N), and each of whose sides is parallel to either the z- or y-axis. 
The are y; is seen to be interior to A;. Clearly no one of the perimeters A; 
intersects or encloses a point of the set If + K; moreover, each point of one 
of the A; is in an e-neighborhood of the are T. The length of any simple 
polygonal arc made up of pieces of the sides of the perimeters A; is seen not 
to exceed 5L. Hence the result of Lemma I is established if it can be shown 
that there exists a particular such arc I”: B’C’A’ satisfying conditions (a) 
and (b) of the lemma. 

There are various general theorems of point set theory from which this 
desired conclusion is readily deducible. Because of the particular character 
of the curves A;, however, one may give a proof of this result which involves 
only such elementary properties of simply closed curves and simple arcs as 
those stated in Theorems 3-7 of Moore [12] (Theorems 24-27 and 29 of 
Moore [11]). 


We begin by proving the following result. 


AUXILIARY LemMA. There exists a simply closed polygon P such that: 
(a) every point of P belongs to some one of the perimeters Ay; (B) the interior 
of P contains the interiors of all of the Ai, ((=1,:--,N). 


Since the sum of the interiors of the perimeters A; is a connected set, 
this result in turn is a very special case of a theorem given by R. L. Moore 
({11], p. 156, or [12], p. 166) for general simply closed curves. Because of 
the special character of the curves A;, however, a simplified proof of this result 
can be given. We shall prove by induction that for each k, (k =1,---,N), 
there exists a simply closed polygon P; satisfying conditions («), (8) with 
respect to A,,---,A,; then P= Py is a polygon of the desired type. Clearly 
for k =1, P, =A, itself. Now suppose that there exists a simply closed 
polygon P; satisfying (a), (8) with respect to A,,---,A,. If J, and I denote 
the interior of P;, and A;.1, respectively, then J; and J have points in common 
in view of the definition of the perimeters A;. If J is a subset of J;, then 
clearly we might choose Px., = Px for Aj,- ++, Axs1; whereas, if J; is a subset 
of I, set Px. = Axi. Consequently, suppose that neither J nor J; is a subset 
of the other. Then there exist arcs of A;,, which lie, except for their end- 
points, exterior to Px, while the end-points belong to Px. Since P, consists 
of a finite number of straight line segments each of which is parallel to one 
of the codrdinate axes, there can exist only a finite number of such arcs of 
Anes. Let 8,:4:¢:b1,° + +, 8: arcrb, denote the totality of such ares. If a,d,b; 
and a,d’,b, denote the two simple ares of P; with end-points a, and 6, then 
one of these arcs, say @,d,b, for definiteness, is such that the interior of Px, 
as well as all the interior points of the other arc a,d’,b,, belong to the interior 
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of the simply closed polygon Px,::41¢,b,d,a,. Let j, be the first value of j 
such that the interior points of the arc 8;, belong to the exterior of Px... 
If aj,d2b;, and a;,d’,b;, denote the two simple arcs of Py, with end-points 
a;, and 6;, then one of these arcs, say a;,d.b;,, is such that the interior of Px,1, 
as well as all the interior points of the other arc a;,d’2b;,, belong to the interior 
of the simply closed polygon Px,2: aj,¢j,b;,d2a;, After g steps, 1S gr, 
one obtains a simply closed polygon Px, such that every point of the arcs 
5,,° ° °,4, either belongs to Px or is interior to this polygon. Since the 
exterior of Px is connected it follows that all points interior to Ay,,, as well 
as those interior to Px, belong to the interior of P;,g; that is, Pry = Prg 
satisfies conditions («), (8) for A;,---,Ax,,. Hence by induction one arrives 
at the result of the above auxiliary lemma. 

Returning to the proof of Lemma I, it is first noted that the polygon P 
determined by the auxiliary lemma must have points belonging to the interior 
of J. For otherwise, since the interior of J is connected, it would follow that 
0 could be joined to a point C’ of T by a simple are which lies, except for O 
and C’, interior to J and consequently not intersecting P. This, however, is a 
contradiction since O is exterior to P while the are T is interior to this 
polygon. If p is a point of P interior to J, then this point is seen to belong 
to an arc acb of P which lies, except for its end-points, interior to J. More- 
over, in view of the character of P, each of the end-points a and b is either 
interior to AO or interior to OB. Since each line component of P is parallel 
to either the x- or y-axis there are only a finite number of such arcs ach; 
let 8;: ajcjbj, (7 =1,-- -,1,), denote the totality of such simple polygonal 
ares. If the conclusion of the lemma is not true, then for each such are both 
the end-points aj, 6; belong to either OB or AO. Now for a particular jo it 
may be that the are 8;,, except for its end-points, is interior to the simply 
closed curve formed by the ares ajb; and bjcja; corresponding to a value 
j= jo. All such arcs 8;, will be omitted; suppose that there remain | other 
ares ajcjb;. This collection of arcs may then be ordered, with a possible 
interchange of symbols a; and bj, so that on the segment AB the points 
A, a;,0,,° + +, Gr, Dr, O, Grats Orary* * *,@1,01,B appear in the order written. 
Using the elementary properties of simply closed curves and simple arcs 
referred to above, it may be readily shown that 


Aa,C10,° * * OrCrbpOdryiCra1 Oran * + * 1C1b1.BCA 


is a simply closed curve § whose interior belongs to the interior of J, and is 
such that no point of P is interior to ¥. It would again be true that O could 
be joined to a point C’ of T by a simple are which lies, except for O and C’, 











574 WILLIAM T. REID. 


interior to #, which again is a contradiction to the fact that P separates 0 
from the arc T. Hence, one of the arcs ajcjb; must have one end-point interior 
to AO, and the other end-point interior to OB; such an arc satisfies the 
conditions of the lemma. 


THE UNIVERSITY OF CHICAGO, 
CHICAGO, ILLINOIS. 
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ON THE ASYMPTOTIC BEHAVIOR OF THE RIEMANN ZETA- 
FUNCTION ON THE LINE o = 1.* 


By AuREL WINTNER. 





Littlewood has shown * that, on Riemann’s hypothesis, 
(1) 1/£(1 + tt) = O(log log t) ; while 1/€(1 + it)  o(log log t) 


is true, according to Bohr and Landau, without any hypothesis.?, Without any 
hypothesis, Littlewood found * 


(2) 1/€(1 + it) = O(log t/log log t). 
The proof of (2) depends on very much more than on Hadamard’s theorem 
(3) (1+ it) -0. 


Since (3) is, according to Ikehara’s Tauberian theorem, equivalent to the 
prime number theorem, it is natural to ask what relative amount of time does 
{(1-+ tt) spend in the immediate neighborhood of the critical value = 0. 
In contrast with the problem of estimates, as represented by (1) and (2), this 
question disregards arbitrarily distant t-ranges on which £(1-+ it) is very 
small but which are of relative measure 0. 

In this direction of asymptotic distributions, the method of infinite con- 
volutions supplied,* among other things, the following information: r= 
|£(1-+ it)| has an asymptotic distribution function ¥(r), 0 Sr < ©, which 
has derivatives of arbitrarily high order for every r= 0, and a density which is 
positive for every r > 0 but vanishes, together with all higher derivatives, at 
r= (0), since 
(4) y(r) =O exp (—A log’ r), r— 0, 





* Received December 2, 1940. 
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Transactions of the American Mathematical Society, vol. 38 (1935), pp. 48-88, more 
particularly, § 10 and § 14. 
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holds for every fixed A >0. It is understood that the function y of r is 
defined by the property that 


(5) dim HD = y(r) 





holds for every r, where 7,(7') denotes the sum of the lengths of those sub- 
intervals of the interval —7 StS T on which [¢(1+it)|Sr. 

The estimate (4) depends on those properties of | £(1 + it)| (or, rather, 
of log | (1+ it)| ) which make possible the application of the theory of 
infinite convolutions.> On the other hand, the proof of (4) did not use (3), 
and so there arises the question as to a possible refinement of (4) by means 
of the prime number theorem or its known remainder terms. This question 
is the more natural as nothing better and nothing worse than (4) was estab- 
lished ® on any fixed line o within the strip } << o <1. 

The purpose of the following considerations is to answer this question. 
It turns out that, by using deeper properties of {(s), the estimate (4) of the 
asymptotic distribution function of | £(1 + it)| can be greatly improved, as 


follows: 
(6) y(r) =O exp (—A/r), r—>0; 


A being an arbitrarily fixed positive number. 

The proof of this Gaussian estimate will depend on a property of {(s) 
somewhat more recondite than the property (3) (which is sufficient for the 
prime number theorem). The property of {(s) in question is * that the formal 


trigonometric series 


co 
(7) 1/E(1 + it) = 3 p(n)n" exp (— tt log n), 
n=1 
a series which is convergent for — 0 <t< o in virtue of (3) and of 


M. Riesz’ Tauberian theorem, is the Yourter series (B*) of the function 
1/€(1 + it) ; so that 1/£(1 + it) is almost periodic (B*) and 


(8) 1/(1 + it) ~3 p(n)n exp (—it log n). 


This fact will make possible the adaptation of a method recently applied to 


the explicit formula of the prime number theory.® 





® Loc. cit.* 

® Thid. 

7A, Wintner, “The almost periodic behavior of the function 1/¢(1 + it),” Duke 
Mathematical Journal, vol. 2 (1936), pp. 443-446. 

8A. Wintner, “On the distribution function of the remainder term of the prime 
number theorem,” American Journal of Mathematics, vol. 63 (1941), pp. 233-248. 
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The proof of (8) given loc. cit. uses somewhat more than the prime 
number theorem, since the non-vanishing of {(s) is needed not only on the 
line o = 1 but also in a certain domain on the left of e—1. However, the 
domain in question is in the interior even of the de la Vallée Poussin domain ; 
so that (8) is independent of any hypothesis. Actually, it is not known what, 
if anything, follows in Tauberian terms for the distribution of primes, if (7) 
is replaced by (8); so that it is an open question whether or not (8) can be 
proved without a use of (3), at least. 

At any rate, (6) will be proved without Riemann’s hypothesis. Inci- 
dentally, the method to be applied would not improve on the Gaussian estimate 
(6) even under Riemann’s hypothesis. Furthermore, it does not seem to be 
easy to transfer (8) from o—1 to $< o< 1 by using Riemann’s hypothesis. 


It was shown Joc. cit.* that, corresponding to (4), 
(4 bis) 1—y(r) = O exp (—A log? r) ; r> 0. 


It will be clear from the proof of (6) that (4 bis) can be improved to 


(6 bis) 1—y(r) = Oexp (—Ar), r—> @, 
since (8) is paralleled by 

ioe 
(8 bis) €(1 + it) ~ Sn exp (— itt log n) 

n=1 


(actually, it is easy to prove that (8 bis) holds, without any hypothesis,® not 
only in the sense (B*) but also in the sense (B?), where p is arbitrarily large). 
Needless to say, (8 bis) is, in contrast with (8), in no way connected with (3). 
Correspondingly, (6) is much deeper than (6 bis). This agrees with the fact 
that, on the one hand, (6) and (6bis) express estimates of the asymptotic 
densities of large values of 1/£(1-+ i) and ¢(1-+ it), respectively, and that, 
on the other hand, the classical (O, @)-problems are known *® to be much 
easier for £(1 + 74) than for 1/€(1 + i). 

Since the space of the functions which are almost periodic (B?) for a fixed 
q= 1 is a complete space, the proof of the Young-Hausdorff extension of the 
Fischer-Riesz existence theorem can be transcribed from (LZ) to (B%) without 
any change."* Accordingly, if {An} is any sequence of distinct real numbers, 


and if {a,} is any sequence of numbers such that 





®In this connection, ef, A. Wintner, “ Riemann’s hypothesis and almost periodic 
behavior,” Universidad Mayor de San Marcos, Lima (Peru), no. 430, vol. 41 (1939), 
pp. 575-585. 

10 A comprehensive account of these problems may be found in Titchmarsh’s Tract. 

11H, R. Pitt, “ On the Fourier coefficients of almost periodic functions,” Journal of 
the London Mathematical Society, vol. 14 (1939), pp. 143-150. 
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oo 

x | Qn | a/(q-1) <= io) 

n=1 
holds for a fixed g >1, then there exists a function f(t), —wxw <t< », 
which is almost periodic (B%) and such that 


oo . 
f(t) ~ % an exp (1Ant) ; 
n=1 
furthermore, 


[M{| f [93] 1S [x | An | a/(q-1) ] (q-1)/4, 


n=1 


where 





T 
° 1 
Mig} lim = fg (tat. 
, -T 


If an = p(n)n-, then, since | »(n)| <1, the condition imposed on {an} 


is satisfied by every g > 1. Hence, on choosing 
An = p(n)n, An = — log n, gq = 2k, 


where & is any fixed positive integer, one sees that there exists for every ka 
function f = f. which is almost periodic (B**) and such that 


oO 
(9) fox(t) ~ 3 w(n)n* exp (— it log n) ; 


=1 
furthermore, 





[M{| fox 


oo 
2k} ]1/2k < [ x p(n)n | 2k/(2k-1) | (2h-1)/% 
n= 


oo 2h 
> n~2k/ (2k-1) =f > iL 


n=1 2k —1 





oo 
and so, since S| w(n)n- | 2*/k) < 
n=1 


bom 1 2° + -, 





8 


(10) [ML for | 2 <E > .) : 


Since the Fourier series (9) is one and the same for every k, and since 
the n-th partial of the series (9) tends in the mean of (B**) to fox(t), the 
asymptotic distribution of f.(¢) is independent of the subscript.’ Hence, the 
non-negative function | fox(t)|, which is almost periodic (B?*), has an asymp- 


totic distribution function 
(11) ¢=$¢(r), 0Sr< a, (¢(r) =0 for —0o <rS0) 


which is independent of /. Consequently,” 





12 Of, B. Jessen arid A. Wintner, loc. cit.*, p. 76. 
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(12) Mox(¢) = M{| fx of | <. @; k= 1, 2° ig” 
where Mi.(¢) denotes the k-th momentum, 
oO 


(13) 0 < Mi(¢) = f redo(r), 


0 
of the common asymptotic distribution function of the absolute values of the 
functions f.(¢t), fs(¢), fe(t),° - +, which are all almost periodic (B?). 

On the other hand, it is seen from (8) and (9) that the function 
1/£(1 + 2t), which is almost periodic (B*), has the same Fourier series, and 
therefore the same asymptotic distribution function, as the function fox(t). 
Thus the common asymptotic distribution function, (11), of the functions 
| fx(t)| is the asymptotic distribution function of 1/| £(1-+ it)| also. Hence, 
¢(r) has, for every r, derivatives of arbitrarily high order and the density, 


that is, first derivative, is such that 
(14) ¢$’(r) >0 for 0<r< o, while ¢’(0) —0; (¢’ = dd¢/dr). 
In particular, (13) reduces to 


(15) Mi(¢) = f rkd’(r)dr, where k = 0,1, 2,° °°; M,(¢) =1 


0 


The order of magnitude of the momenta M;(¢) for large k can be 


estimated by 
(16) [ Mox() ]/** < Ck; we oe 


where C > 0 is a numerical constant. In fact, since 
f€(11+«) ~l/ease>+0, 


there exists a C > 0 for which 





2h f 
(qf) < on: k == 1, 2,: 


Hence, (16) follows from (10) and (12). 

Actually, (16) can be replaced by 
(17) [ Mor () ]1/** == 0(k) ; k— o. 
In order to see this, it is sufficient to choose a fixed positive integer m; to 


replace, for this fixed m, the functions (9) by the functions fo“) of class 


(B**) which are defined by 
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(9m) fox™ (t) ~ & p(n)n exp (— it log n) 


n=m 


(so that fox"? = fox) ; to repeat, for the sequence f2(”), f4(™ fg(™, +> - - and for 
the fixed value of m, everything that led to (17) in case of the sequence 
feo=feo™, fa—=fa™, fo—=fe,- - - ; finally, to let m— o. 

The balance of the proof of the desired Gaussian estimate of the asymptotic 
distribution can now be carried out by using standard devices, as follows: 


According to Stirling, 
kivk ~ ek; k—> ow. 
Consequently, (17) can be written in the form 
[ Mox(p) /2h !]17*# > 0; k— o, 
Thus, if A denotes a positive parameter, 
oo 
x AM (¢)/k! < c for every X. 
k=0 
Accordingly, from (13), 
co 


f exp (Ar)d¢(r) < for every A. 
0 
Since A is arbitrary, it follows that 
o(r) = O exp (—Ar), r—> 0, 
holds for every fixed A > 0. Hence, in order to complete the proof of (6), it is 
sufficient to observe that y¥(r) and ¢(r) denote the asymptotic distribution 


functions of | £(1-+ it)| and 1/| (1 + it) |, respectively; distribution func- 
tions possessing densities which are continuous and positive for 0<r< 





and tend to 0 when either r— 0 or r— ~:; cf. the beginning of this paper. 
It is of methodical interest ** that (6), (6bis) do, while (4), (4 bis) 
did not, insure that the corresponding Stieltjes momentum problems are of 


the determined type. 


THE JOHNS HOPKINS UNIVERSITY. 





13 Cf. B. Jessen and A. Wintner, loc. cit.*, p. 76. 
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ON THE CONVEXITY OF AVERAGES OF ANALYTIC ALMOST 
PERIODIC FUNCTIONS.* 


By Puitiep HARTMAN and AUREL WINTNER 


Let f(o,¢) be either a regular analytic or a regular harmonic function in 
the strip y << 09 <8; — © <t<-+ o, and suppose that f(o,¢) is uniformly 
almost periodic in this strip (for instance, let the function be a uniformly 
convergent Dirichlet series or its real part). Let p be any fixed index not less 
than 1, and put 

F(e) = Mi{ lf(o a it ) P} 
where 
T 
M,{h(t)} =lims { h(t)dt. 
TX e 
-T 

In a problem connected with Riemann’s zeta-function, use had to be made 
of a lemma which states that /’(o) satisfies the maximum principle *; that is, 
that if [«, 8] is any closed interval contained in the open interval (y,8), the 
maximum of /’(o) on the interval [%, 8] is attained either at o—a or at 
o= p. 

This lemma will now be refined by proving that F(o) is a convex function 
on the interval (y, 8). 

The result can be thought of as the almost periodic extension of the three 
circle theorems of the Hadamard-Hardy type and their generalizations. In 
fact, the classical three circle theorems are obtained by particularizing the 
condition of almost periodicity to the periodicity condition f(o,t) =f(e. 
t-+27); in which case the f-average over the line o reduces to the ordinary 
mean value over the circle of radius r= e~. 

Actually, the almost periodic function f(o,¢) will be subjected only to a 
subharmonic assumption ; furthermore, it will not be necessary to assume that 


the almost periodicity is uniform. 
If a function g = g(o,t), defined on a strip 


tS 8B, —a<ct<cto, 





* Received December 30, 1940. 
1A, Wintner, “On the distribution function of the remainder term of the prime 
number theorem,” American Journal of Mathematics, vol. 63 (1941), pp. 233-248. 
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is non-negative, subharmonic and such as to satisfy, uniformly in a, an estimate 


of the form 
g(o,t) =O(|t|°) as to+ @, 


where C is a sufficiently large constant, and if 
T+T 
1 
m(L3 730) =a f g(a, ta 

5 T-T 
tends, for every fixed o in the interval aSoZB, to a limit Mi{g(o, t)} 
uniformly in t as T > «, then the function Mi{g(o, t)} of o is convex on the 
interval ao SB. 

If M:{g(o,t)} is a convex function of o on every sufficiently short sub- 
interval of =o S 8, it is a convex function on the whole interval eo 8. 
Hence, it can be assumed (after a translation) that — 3” < a and B < dr. 
Then, if o is any point of the interval e =o 8B, the subharmonic character 
of g and the uniform O(|¢|©)-estimate (and, as a matter of fact, even a 
weaker estimate of the Phragmén-Lindeléf type) are known? to imply that 
there exists, for every real number y, for every e > 0, and for every 7’ > 0, a 
real number 

to = ty (y,¢€, 0,7) 


such that 


T 
f g(a, t)dt — yo —e(e? —e) cosa 
-T 


4 T 
= Max (f g(a, t+ t))dt — ya, f g(B,¢+ i,)dt— 7B), 
-—T -T 


Let c be any real number and choose the real number y, mentioned before, 





to be equal to 27c. Then, on dividing the preceding inequality by 27’, one 

3 s 
sees that, if o is arbitrarily fixed in the strip « =o S 8, there exists, for every 
real number c, for every « > 0, and for every T > 0, a real number 

{° == 1°(¢, ¢, 0, 1) 
such that 
p(T ;0;0) —co—- 4eT-(e7 —e-") cosa 
= Max (p(T; t°; «) —ca, w(T; 0°; 8) —cB). 





2 Cf. G. H. Hardy, A. E. Ingham and G. Pélya, “ Notes on moduli and mean values,’ 
Proceedings of the London Mathematical Society, Ser. 2, vol. 27 (1928), pp. 401-40 
(more particularly pp. 407-408), where further references are given 


y 


a 


al 


1e8,” 
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For a given » > 0, choose a positive R = k(n) so large that 


| u(T; 3a) — Mi{g(a, t)}| << and | w(T; t°; 8) —Mi{g(B, t)}| <9 
whenever 7’ > R(y). The existence of such a function R of 7 alone is assured 
by the assumption that the limit relation 
u(T 3730) >Mifg(o,t)}, Too, 

holds uniformly for all values of + (where 7 = (°(c,e,o7') =1t°), where 
o(= 4,8) is fixed. Thus, 

u(T;0;0) —co— $eT*(e7 — 7) cosa 

< y+ Max (Mi{g(a,t)} —ca, Mi{g(B,t)} — cB), 
whenever 7 > R(n). 
Thus far c has been arbitrary. Determine now c by the condition ° 

Mi{g(a, t)} —ca = Mi{g(B,t)} — cB. 

Then the preceding inequality can be written in the form 
w(T';0;0) — dT (e7? — €-7) cose 


% 


= Ms{9(B, t) }. 


“ _B o o— 
=1T B 4 ST + 








Since 
u(T;0;0) > Mi{g(o,t)} as TO &, 


and since e and » are independent of one another, while 7’ is subjected only 
to the limitation 7 > R(m), it follows, by letting first e—0, then T— o, 
and finally 7 — 0, that 





o— 


Me{g(o,t)} S3—S Mel g(a, 1)} + G—= Metg(B, t)}. 


Since this inequality holds for every point o of the interval [a, 8], and 
since the latter can be replaced by any of its subintervals, the proof for the 
convexity of the function M:{g(o, t)} of o is complete. 


QUEENS COLLEGE, 
THE JOHNS HOPKINS UNIVERSITY. 





NORMAL DISTRIBUTIONS AND THE LAW OF THE 
ITERATED LOGARITHM.* 


By Puitip HARTMAN. 


1. Let x, (t),22(t),--- be a sequence of statistically independent func- 
tions defined on the interval 0=¢=1. Let the function 2,(¢) be normally 
distributed with mean 0 and variance b,, that is, let 


exp (— u*/2b,) du, 


(1) meas {2% < x} = (2zb,)+ f 


where meas {2 < x} denotes the Lebesgue measure of the ¢-set defined by the 
inequality a(t) <x. Finally, let B, denote the variance of the function 
(2) s(t) —2,(t) +--+ a0(t), 

so that, 


(3) Bn = b; +: . ~+ Dn. 


It is known that, if the numbers (3) are suitably restricted,t for example, if 








1 
(4) Byam w,asn->o, 
and { 
(5) bn, = 0(B,/log log Bn), as n> &, q 
then A 
(6) lim Sn (t)/(Bn log log B,)4 = V2 for almost all f. 
no : 
:' , err — b 
The value of the quantity on the left of (6) under more general conditions 
. . . , , " : : W 
has not appeared in the literature. The object of this note is to consider this 
upper limit when the only restriction imposed on the numbers By, is (4). 
ales : ree : re 
It follows from (4) and from the “0 or 1” principle ? that the expression 9g 
a . > ° ‘ 
on the left of (6) is a constant for almost all ¢. This constant may be f . 
. . , 0 
described in terms of the B, as follows: &. 
* Received December 5, 1940. 4 Ww] 
1 The literature does not seem to contain any explicit sufficient condition for (6) co 
in the case of normally distributed functions. That the condition 0 < bh, =b,=b;,;=::: 
is sufficient, may be deduced from the proof of Khintchine for continuous stochastic § a: 
processes involving normal distributions (A, Khintchine, Asymptotische Gesetze der 
Wahrsheintlichkeitsrechnung, Berlin (1933), pp. 68-72). From the theorem in the for 
paper, P. Hartman and A, Wintner, “On the law of the iterated logarithm,” American suc 
Journal of Mathematics, vol. 63 (1941), pp. 169-176, it follows that (6) holds if 
anc 


b, =9O(1) and n= O(B,). The sufficient conditions (4), (5) follow readily from a 
statement in J. Marcinkiewicz and A. Zygmund, “ Remarque sur la loi du logarithme val 
itéré,” Fundamenta Mathematicae, vol. 29 (1937), see p. 222. all 


2Cf., e.g., A. Kolmogoroff, Grundbegriffe der Wahrsheinlichkeitsrechnung, Berlin 
Ani 


(1933) ; in particular, see the appendix. 
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Let « be the number satisfying the requirements: 


(i) «af r is any number greater than « and if {nx} is any sequence of 
integers for which there exists a constant c > 1 such that 





(7) Bn, > CBn,1) (k == 2, 3, a ok “a5 
then the series 

(8) 3 | log Bn, |-7 

converges ; 


(ii) «if r is any number less than a, then there exists a sequence of 
integers {nx} for which there is a constant c > 1 satisfying (%) and for which 
the series (8) diverges. Then 


(9) lim sn(t) /(Bn log log By)? = (2a)# for almost all t. 


n—>X 


It is clear from the definition of « that 0 = a= 1. Furthermore,’ if 


(5 bis) lim bn/Bn <1, 
n->0O 

then « = 1; so that (6) holds even if (5) is replaced by (5 bis). 

The question might arise whether or not (9) remains valid if the assump- 
{ion concerning the normality of the distribution of x,(¢) is dropped. This 
question must be answered in the negative; in fact,* (9) need not hold even 
in the case where each x,(¢) assumes only two values, + V Dn. 

In the next section, a simplification of the definition of the number « will 
be obtained. In Section 3, it will be shown that (i) implies the relation (9) 
with “=” replaced by “=”. Finally, the relation (9) with “—” replaced 
by “=” will be deduced from (ii) in Section 4. In this last section, the 
result of Section 3 is used, but this is unnecessary. The methods used in 
Sections 3 and 4 will be similar to the procedure occurring in Kolmogoroff’s 


paper ® on the law of the iterated logarithm. 


2. The above definition of « involves all sequences of integers {nx} for 
which there is a constant c >1 satisfying (7); actually, it is sufficient to 
consider one such sequence, provided that an additional condition is imposed. 

®It is clear that in determining a, it is only necessary to consider sequences {n,.} 
for which (7) and B,, ,=oB,, are satisfied. The condition (5 bis) implies that for 

k tI ue ~ ~ . 
such sequences | log B, | /k lies between two positive constants. See Section 2, also. 
; k . . . 

‘It is easy to see that (9) is false for the example constructed by J. Marcinkiewicz 
and A. Zygmund, loc. cit.1. Their inequalities also show that if #,(t) takes only two 
values, = Vb, then the upper limit occurring in (9) does not exceed (2a)? for almost 
all t. 

5A. Kolmogoroff, “Uber das Gesetz des iterierten Logarithmus,’ 
Annalen, vol. 101 (1929), pp. 126-135. 
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Let C>1 be a fixed number and let {mx} be any fixed sequence of 
integers such that 


(10,) Biny-1 = CBm,.3 (10.) Bm, > CBa,., 

Let B be the greatest lower bound of all numbers r for which the series 
(11) > | log Bu, |-r 

converges. Then 

(12) B=a. 


In order to prove (12), note that if r is any number greater than a, then, 
in view of (10.) and (i), the series (11) converges. Hence, r=. It follows 
that a= 8. On the other hand, if r is any number less than a, let {n,} and ¢ 
be a sequence of integers and a constant, respectively, whose existence is assured 
by (ii). Finally, let 7 be a positive integer such that ci > C. The divergence 
of the series (8) implies that there exists at least one integer h, such that 
0=h <j and 


fe @) 
(13) = | log By, |* = « ; J = Maja (k= 1,2,---). 
k=1 


We also have 
(14) B;, > ChB; > CBi,.» (k = 2, S,° : *). 


Without violating (13) or (14), it may be supposed that B;, = Bnm,; in which 
case it follows from (10,), (102) and (14), that 


B;, = Bu (% am 1,2,° + °), 
Consequently, (13) implies the divergence of the series (11). Hence, r=f8. 
It follows that « = 8. This completes the proof of (12). 


3. Let §> 0 be arbitrarily fixed. Define a sequence of integers {nx} 
by induction, as follows: Choose n, such that B, > e if n= n,; and if m4 
has been defined, let nj, be determined by the inequalities 


(15:) Burs (1+8)Bny.; (152) = Bu, > (1+8) Bn... 
If t, 0=¢=1, is such that the function (2) satisfies 
Sn(t) > [2(1 + 38) @B, log log By], 
for at least one integer n in the interval n,,=n < m, then 


(16) Sny-1 > [2(1 + 38) aBn,, log log Bn, ,}4, 


where 


S,(t) = max [s,(t),° > +, Sn(t)]. 





Ka 


-— \‘\e@ 
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On denoting by V; the measure of the ¢-set defined by the inequality (16), 
it follows from a well-known lemma® of Kolmogoroff that 
Vy S 2 meas {8n,-1 > [2(1 + 38) aBn,., log log Bn, ,]# — (2Bn,-1)4}. 
Hence, for sufficiently large k, 
7, S 2 meas {Sn,-1 > [2(1 + 28) aBn,, log log Bn,,]*}, 
since (15,) and (4) imply 
Bn,-1/ Bn,., log log Bn,, 29, as k > ow. 


From the statistical independence of x,(¢),-:-,2n(¢) and from (1), (2), (3), 


meas {s,(t) > x} = (27B,)-4 foe (— u?/2B,) du; 


z 
so that,’ for sufficiently large k, 


Vi < exp [—(1 + 28) @Bn,., log log Bn, ,/ Bn,-1]. 
Hence, by (15,), 
(17) Vi < (log Bn,,)*, Where r= (1+ 23)a/(1+ 8) >a. 
Since (7) is implied by (15.) for c—1-+8> 1, it follows from (17) and 
from the property (i) of « that 
co 
> Vi << CO. 
k=1 
Consequently, for any 6 >0 and for almost all ¢, there exists an integer 
n==M7,)(t) such that 
(18) Sn(t) < [2(1 + 8) aB, log log B,]# for n > no(t). 


This is equivalent to the statement that 


lim sn(t)/(Bn log log Bn)4 S (2«)4 for almost all ¢. 


piso 

4. In order to prove the reverse inequality, let 8 >0 again be arbi- 
trarily fixed. Since a(1—8) <a, it follows from the property (ii) of a 
that there exists a sequence of integers {nx} for which there is a constant 
c>1 satisfying (7) and such that 


(19) S| log By, | =o if r—a(1—8). 
k=1 





* Loc. cit.5, Hilfssiitz 5, p. 131. 
7 This is a consequence of the asymptotic relation 


if exp (— u?/2)du — exp (— #/2)/a#, as r> + &, 
/7@ 
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It may be supposed that the number c in (7) is arbitrarily large (but, fixed), 
for c(> 1) may always be replaced by c*? by replacing the sequence {nx} by 
one of the two sequences {nox}, {Mor}; ef. Section 2. 

Let U; denote the measure of the f-set defined by 


(20) Sn,(t) —Sn,,(t) > [2(1 — 28) a; log log B;.]3, 
where 
(21) Bx = Bn, — Bn, 1° 


In virtue of the fact that sn,(t) —sn,,(¢) is normally distributed with the 
mean 0 and the variance fx, it is easy to see that,’ for sufficiently large &, 


Ui. > (log Bx), r=a(1—S). 
Since Bi < Bn,, it follows from (19), that 


Now, if ¢, 0=¢51, is such that (20) holds for only a finite number of 
values of k, then, since the functions sp, — Sn,, Sn; — Sn.,* * * are statistically 
independent, ¢ belongs to a set whose measure does not exceed 


But this last expression is equal to 0 by (22). Consequently, (20) holds for 
infinitely many values of & for every ¢ belonging to a set of measure 1. 
Let t be such that (18) holds; so that, in particular, 


Sn,,(t) < [2(1 + 8) aBu,,, log log Bn, , ]’, 
for every sufficiently large /. If, in addition, (20) holds, then 
(23) sn, (t) > [2(1— 28) aB; log log Bx] — [2(1 + 8) @Bn,., log log Bn,., |’. 
But, by (7), 


(24) Beg Ro fe; 
so that, by (21), 
(25) Bx > Bn,(1—1/c). 


Hence, if c = c(8) is sufficiently large, (23), (24) and (25) give 
(26) Sn, (t) > [2(1 — 38) Bn, log log Bn, ]}. 
It follows that, for every ¢ belonging to a set of measure 1, (26) holds for an 


infinity of values of k. This completes the proof of (9). 


QUEENS COLLEGE. 














ON SOME PARTITION FUNCTIONS.* 


By Mary HABERZETLE. 





1, Introduction. Let p and q be distinct primes satisfying the condition 
that the product (p— 1) (q—1) be divisible by 24. If» is an integer defined 
by 244 — (p—1)(q—1) =0, then for every integer m > uw we shall obtain 
a formula for the number of partitions of m into parts none of which are 
multiples of p or g. This formula involves the number of partitions of 
1,2,- - +,#—1 into summands of this type. 

The method we shall use is essentially that used by Rademacher? in 
finding the Fourier coefficients of the modular invariant J(7). A related paper 
is that of Ivan Niven,? in which a formula for the number of partitions of an 
integer into parts, none of which are multiples of 2 or 3, is obtained. This 
result is obviously not included in the problem set forth above. 

The number of partitions of an integer m into parts, none of which are 
multiples of p or g, appears as the coefficient of x” in the expansion of 


f(a) f(a?) 


OC) = ay F(a)” 


where 
1 
(1 — 2) (1 — 2’) (1 — 2’) - 





f(z) = 


Denote the number of such partitions by am. Applying Cauchy’s theorem to 
F(x), we obtain 


1 * Fiz) 
im = = A oa ry dz, 
wt Jo xr" 
where C is a closed curve surrounding «= 0 and inside |¢|—=1. Take C 
to be the circle defined by | a | = exp (—2N-*), where N is an arbitrary 


positive integer. Consider the Farey series of order N, and divide the circle 


C into Farey arcs é,,.. In this way we obtain 





1 o Ota 
(1.1) m= YY x f (2) ay, 
h.k aml e fn k x 
OSh << k=N 





* Received August 3, 19406. 
1The Fourier coefficients of the modular invariant J(r),” American Journal of 
Mathematics, vol. 60 (1938), pp. 501-512. 


2“ On a certain partition function,” ibid., vol. 62 (1940), pp. 353-364. 
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Here and throughout this paper >’ denotes a summation in which h takes 


only integral values prime to k. 


On the Farey are én 
aril 
w= exp (— 2xN-? + ae + 2id), 
where — nx 6S 61x. For later application we shall now exhibit 6, 
and 6”; as determined by / and k. 


If a e are the left and right neighbors of in the Farey series of 
order N, then 
hi h he 

9 poe A phe pl bk -. a ] T 
(1. 2) ‘i te k, ky, ke SN, 
and 

hk, —h,k = 1, hak — hk, —1. 

Hence, 
(1. 3) hki=1 (modhk), hkz=—1 (modk). 
Later we shall use an integer h’ determined by hh’ =—1 (mod k). Then, 
from (1.3), 
(1. 4) k,=—Nl’ (modk), ko=h’ (modk). 


h . : 
The Farey segment around ; 38 bounded by the mediants, 
v 


hi th ho th 
ey Le eS 


Since these do not belong to the Farey series of order N we have 
k+tk>N, ko +k>QN. 


These conditions, along with (1.2), restrict k, and k. to the intervals, 








(1.5) N—k<k, S=N, N—k<hE=N. 


The relations (1.4) and (1.5) determine /; and k. uniquely as functions of 


h and k, and it is known from the theory of Farey series that 
1 1 

i ae. ae 0”, [ea , 
wey) “Mh 


Introducing the new variable ¢ in (1.1), we get 


g” 
Om = 2 4. te F [ exp (= - 2a (N-? —is)) ] 
On, 


o<n. < k= 
Qrih 


x exp [— m(— 2aN-? + i + 2rid) |dd, 








0) 


ac 


b 





1] 
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or, if w = N-* — i¢ and z = kw, then 
9.7 On, k D7 2 
= 2rihm ; 2arth WZ 
(1.6) m= >’ exp (— : f FP [ exp ( — | exp (2xmw) dd. 
hk k -~6'n,k k k: 
OSh << kN 


Next we shall apply to F(x) in the integrand of (1.6) a transformation 
derived from the theory of modular functions. In the next section we shall 
display the formulas needed for this transformation. 


2. Transformation formulas for F(x). From the theory of modular 
functions we obtain the identity, 


f[ a 2arZ |- ‘ f | exp Qrih’ 2a ] 
exp I weet ya exp - — i meee : 


valid for R(z) > 0 with on, defined by 


—h mi. 1 : 
a aan (=) exp —a [z (k—1) +75(#-7) (2h + whe — i’) | 


for odd & and by 


—k ( . 1 1 1 41,2 , 
On,k = (=z) exp ) — [Z(e—s — hk) +4 (+-}) (2h + h’h? —h )| 


a , ; 
for odd h. The notation (¢) designates the Legendre-Jacobi symbol, and h’ 


is any solution of the congruence, hh’ ==—-1 (modk). 








Applying this to F(a) we obtain 


Qari] 2 th’ ¢ 

(2.1) F[ exp(— =) = Onix(z) F [eo (= ae —*)] ’ 
0) Fl exn( om) ] Lo le of ne — =) 

(2.2) F exp( : =) Qn,npe(z) P| exp gk qkz) 3? 


i? Qarih QZ Qrih’ Qa 
9 4 iy _—_ = —_— 
(2.3) F exp( ; ; 3 OQnxye(z) FO [ ex (= a —*)] : 


, * an Qarth 22z \7 ‘ . Qrih’ Qa 
(2.4) F exp ( a. , = Onn (z) # [ exp ( gk =r) , 


according as (k, pq) = pq, p, q, or 1, respectively. In all four cases hh’ =—1 




















© 


(mod &), and in the second, third, and fourth cases h’ is chosen to be divisible 
by q, p, and pq, respectively. 
The symbols, 2; and y(z), denote the following: 


(2.5) Qyy —_ en (2 ) = exp | 7. ~~ q—1) (2-2) ] , 


Wh k/pWh,k/q 


for (k, pq) = pq, 


9 Wh kMqh,k/p s — a ss 
(2. 6) Onx a apie i 4 Yu(2) = — [ 1 — —1) (9 a ) (Z si :) : 
for (kh, pq) = p, 











592 MARY HABERZETLE. 


Wnh k 1 
2.7) Qype SMM ya (2) — exp [ — 2 (p—1) (q—1 (<+-)] 
a) o h,k/qMph,k laa 12k ii da ) pz ' ‘ 
for (k, pq) = 4, 
iii 1 
2.8) Ong MAME ya(2) = exp| 2 (p—1)(q—1)(——2) | 
( ) _ Wph,kMgh,k ¥i(2) — 12k cP Aaa ) Pqz ; 
for (k, pq) = 1, 
3. Estimate for a,‘. In order to apply the transformation formulas 


above to (1.6) we decompose am into parts dm”, am), dm, dm, according 
as (k, pq) = pq, p, q, or 1, respectively. We shall estimate each in turn. 


oo 
From (1.6), (2. 1), (2.5), and ex = 2 ana we obtain 


Am {P®) = y Ss Qn > exp [—= — = (mh — nh’ )]Qnx 
‘a Tg =0 hmodk 
0” hk 
xf exp[—Z% (n—n) + 2x (m—p) ]de 
(3.1) “Wn, " 


“es > St. »’ exp [— on (mh — nh’) ]Onx 


k=1 n=t hmodk 
(k,pq) =pq 


On, 
9 - 
4 d exp oe = (n —p) + 2xw(m—p) |do=—1,4+ 12. 
-V'h,k 


The integer » is defined by 244— (p—1)(q—-1) =0. We shall assume 
throughout this section that (k, pq) = pq without hereafter noting it explicitly 





under 3. Note also that h is any solution of hh’=—1 (mod k). 
We shall first find an estimate for J,. Using 
1 ] 1 1 " 
cy «5, iaum a — on ff 
or? On. ~ kk, +k) = “EIN A) SEV) =k +A) 
we may write 
1/k(N+k) 
v2 Qa 
I,=> An ii exp Gee om (n— p) + 2xw(m— p) | dd 
k=1 n=p v~W 
[a/R (NK) 
x » exp [_— (mh — nh’) ]OQnx 
hmodk ~[1/k(1+1)] 
N o N+k-1 
+> Sa Dd exp _— (mh —nh’)]Qx > 
k=1 n= =hmodk l=ky+k 
~[1/k1] 
1/kl 
N © N+k-1 
+3 Sa D exp (_—*= (mh —nh’)]Orx. & f = 8,+ 8.-- Ss, 
k=1 n=p hmodk l=kot+k sye(t+2) 


where the integrand is the same in all three expressions. 





In 


TR 
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The inner sum in S; is equal to 
? ~ Qa , 
(3.3) Lexp (=F [h(m— pn) +h (—n tu). 
~wmoar 


This is a Kloosterman sum modulo /:, and from the results of Kloosterman,® 
Estermann,‘ Salie,° and Davenport,® we have the following estimate for it: 


O {k°*/9)*€(m — p, k)*/}. 
This may be replaced by 
O {k 2/8) +em 1/8} 
since m > p. 
For p< nS %y—1, 


Qa 2a N-? 
a 6 aes a ~ nm : ' 
(3. 4) H | = “(1 ») | =i (=) k?(N-* + $?) F 
RPy 


For n= 2 


: Dan er anN-* mn 
(3.5) oF | oo ia x) | =i (=) k?(N+* + $°) = 2 © 
Hence, 





IV 





IIV 








( N 9 2u-1 
S,=0O ) > ae exp (2rmN-) kP/) +n 1/3 [ a + > a exp(—7) 
| k=1 kA n=p+1 
~ awn 
-4- = An exp ( — =) 
n=2yu a] 
( -(—-1/38) +e 1/3 ( 
=(0- SS i exp (2xrmN-*)m 
! ‘ k=l 


= 0 {m'/2N(-1/3)+ exp (2rmN-*) }. 
Because of the similarity of S, and S; we shall treat only the latter. 


Interchanging the summation with respect to h and 1 we obtain 


N cow Nt+k-1 — 
> 2° a > f exp [— om —" (n—p) + 22w(m— p) ]do 
k=1 n=y l=N+1 « ) 
1/k (+1) 


a 
—_—" art 
x DY’ exp [——— (mh — nh’) One. 
} rg k 
N <k+koSl 
The inner sum is like (3. 3) but has the added condition that VN << k + hk, S1. 
This restriction on ‘2 implies, in consequence of (1.4), a restriction on h’ 





>“Asymptotische Formeln fiir die Fourierkoeffizienten ganzer Modulformen,” 
. eS > 


Abhandlungen Hamburg. Math. Seminar, vol. 5 (1927), pp. 337-352. 

*“ Vereinfachter Beweis eines Satzes von Kloosterman,” ibid., vol. 7 (1929), pp. 
82-98. 

5“ Zur Abschiitzung der Fourierkoeffizienten ganzer Modulformen,” Mathematische 
Zeitschrift, vol. 36 (1933), pp. 263-278. 

®°“ On certain exponential sums,” Journal f. d. reine u. angew. Mathematik, vol. 169 
(1933), pp. 158-176. 
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to an interval modulo / equivalent to one or two intervals in the range 
0=h’<k. Hence our present sum, corresponding to (3.3), is an in- 
complete Kloosterman sum modulo /, for which we have the estimate 
O{k@/)*m/3}, The relations (3.4) and (3.5) are valid for the case of S,, 


and we obtain 


ee - a 
D3 = : exp (22mN 2) ip (2/3) +e 1/8 
a= i= 2 i k(l+1) 1) 
2yu-1 
et > Gn exp (— 7) eo 
n=p+1 n=2y 


I 
ee 
=] 
els 
=~ 
; 
Rs 
—) 
_— 
: 
t 
—— 


= O{mN (A/a) exp (2xrmN-*) } 
A like result holds for S.. Therefore, 
(3. 6) I, = O{m??NOV)* exp (2rmN~*) } 
From (3.1) and (3.2) we may write 


1/k(N+k) 


N yp-l Qn 
I,=— > Da f exp [— —— (n —p) + 2axw(m — p) |do 
k=1 n=0 k?w 


-[1/k(N+k)] 


ary 
xX D>’ exp [— — (mh — nh’) ]Onx 


Xa 
[1/k (1+1 )] 
N’ ul am Dari . N+k 1 ‘ 
(3. 7) +> Sa, Dd exp [—- 7 (mh —nh’)]Qrnx > 
k=1 n=0 hmodk t l=ky+k « I) 
-[1 / Ie 
1/kl 
N ut Qari Nek-a 7 
“a —~ = wi , ~ 
+> Sa. D exp [—— (mh —nh’)] Ox 2D { 
k=1 n=0 hmodk h l=kat+k « 
1/k(1+1) 


| 
Fa 


)o —- 0”, 4- Qo, 


where all three integrals have the same integrand. 


The essential difference between J, and J. is that in J, the coefficient of 


— in the exponent of the integrand is positive while in J, it is negative or zero. 
w 


Define 


(3. 8) Brn(m) = > exp [—= —— t fwd — nh’) |OQnx, 
hmod k 

On, being given by (2.5) 

rectangular path R-with vertices 

t t 

= k(N +k) ’ 


ha 


and take R as surrounding 0 in the positive sense. Then we may write 


Consider in the complex w-plane the closet 
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Nf 1 £¢ . 2 
Qo= 2rd Dd anBy n(m) 5—= f exp i (n—p) + 2xw(m — p) |dw 
2a. - kw 


it ace 


R 
-N-*+i/k(N+k) -N-*-i/k(N+k) N-2-i/k(N+k) 
1 N 7 J . ) 
sia al bY = AnBi,n ( m ) 5 J “- + ( 
U k=1 n=0 e ) 
: °+4/k(N+k) -N-*+i/k(N+k) -N-2-i/k(N+k) 
N 7 a 
= 2rd Dd anBin(m) ea ) 
k=1 n=0 
a. N’ uu 2 
-S DS anBin(m) (J, + J2+ J3}, 
U K=1 n=0 


where the integrand is the same in all four integrals. 


The integral 


1 
Lix.n ( nm ) oo oi 





—n) 
(n ! BO Bete 


TM 


9 
J exp — = (n —p) + 2xw(m — p) ]dw 


pw) |8 


dw 





+g Lew | 2 


rd 7 


R 





QT, ; oar 
jp—n x (Fv (p—n)(m =") 








I 
k m— fh a=0 a! (a+ 1) 
or 


> 





[p—n 


Lx: (Mm) = ; <<. wena I, 





(3.9) 


bor 
(= V TimW) 


where J,(z) is the Bessel function of first order with pure imaginary 
argument.‘ 
Along the paths of integration for J, and J; 
: N?<usN? 
== + ————., — N?susci 
k(N+k = 


Hence we have 


R(w) =ulN 





so that the absolute value of the integrand in J, 
— ; mmN-*), Therefore. 
| J; | w QONT-2 ™ ) | >) To 
<< 2N- exp (8rp + 2amA 
Js | 
In Jo, u N-? +. ww, wher = 
Jo, w= — N* + 12v, where — ————- = 
: ) k(N + hk) — 
: 1 — N-? 
R(w mi? eh. G2 tee _ <0, 
w Ni+v 


G. N. Watson, 7 


heory of Bessel Functions, 


1 u 
2 Ht he — N-? Jo ] re -% 
() u? + k?(N + kh)? < -“— 


so that the absolute 


Cambridge (1922), p. 


ke)? < 4h?, 


and J; is < exp(8zp 


2). 


- 1 
=< I kK(N + &)* Hence, 


value of 


(4 
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the integrand is <1. Therefore 


EP 


he 


= TN +h) 





me Q)e-} N-1 


From (3.8), (3.3), and the discussion following (3.3) we have 
Bin(m) = O{k?/)**m1/3}, Collecting our results, we obtain 


1 y 
Qo = ons > AnBx,n(m)Lx,n(m) + Ofexp(2emN-? ss ke (6-2/8) +e 1/ 
k=1 n=0 k=1 
or 


N yp-1 
3.10 Qo= 24D DS anBen(m)Lin(m) + O{m'2N(-1/9)+ exp (2rmN-)), 
. ) ) i 


k=1 n=0 


Interchanging the order of summation on / and h we get from (3.7) 


-[1/k (1+1)] 
N u-1 N+k-1 De 
i= tua> exp[— —— (n—p) + 2aw(m— pz) | dd 
k=1 n=0 l=N+1 “i nr) i* Ww 
-[1/k 


" 2x1 , 
x Db’ exp ‘oon (mh — nh’) ]Onx 


hmodk 
Nck+kySl 


For the inner sum we again have the estimate O{k'*/*)*€m'/3}, Since 
L f 


2a 2a (pu —n) ; 
It a —)|= = PN*[N-* 4 b2(N 4 ky] ~ OT 


Rt [2rw(m —p)] < 2emN~, 





we have 
Jaa es _ 1 
0:=0 ) 3 Xn > [a- Ede ee — | exp (8p + 2xrmN~*)k(?2/9)+€m1/8 ( 
( k=1 n=0 a 
or 
(3. 11) 1 = O{m'12N(-1/3)+€ exp (2rmN-*) }. 


Because of the similarity between Q, and Q2 we can deduce the same esti- 
mate for @.. Combining our estimates for Qo, Qi, and Q. from (3.10) and 
(3.11) we obtain 
(3.12) LL=— ons 'S anBr. n(m) Lx,n(m) + Ofm14N(-1/9)+* exp (22mN-*)}. 


k=1 n=0 


In consequence of (3.1), (3.6), and (3.12) we now have 


N- yp-1 
(3. 13) Am ?Y = 22 SY > anBin(m)L[nn(m) 
k=1 n=0 


( k.pq J=pq 


+O {m'4N‘-1/9)* exp (22mN-*) }, 


where By,n(m) is given by (3.8) and Lxn(m) by (3.9). 
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4. Estimates for a,,‘ 
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we obtain 
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FUNCTIONS. 


From (1.6), (2.2), (2.6) and 
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| Ont 
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(k.pq) Pp 
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- Qe 
x { exp [— 2 (n + p)+ 2xw(m — p) | dd. 
e gk “WwW” 
-A'n,k 


Throughout this section we shall assume (k, pq) 
-membered that we now use a pies 


explicitly hereafter. It should also be re 

kh’ of hh’ = — 1 

may write 
1/k(N+k) 


N « ; 9 
>So f exp[—s 


k=1 n=0 
-[1/k(N+k)] 


(p) 
Am PD) == 


“x YS 


(mod *&) which is divis 





=p without noting it 


ible by g. Making use of (3.2) we 
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k?qw 
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hmod k k q 


exp 
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N © ; Dart nh’ N+k-1 » 
(4. 1) +3 Sd, DS’ exy [AE (ma 2 Xx > j 
k=1 n=0 heady hk q l=k,+k e 
-[1/kl] 
: ; ae 
a ~ vs 2 art nh . a % 
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k n=0 hmodk q l=ko+k e 
1/k (1+1) 
mh, +. Bt B,, 


All three integrals have the same 


alwavs negative, 
The inner sum in Ji, is equal to 


integrand. 


mm b. .¢ 1 : 
The coefficient of ye ls now 


and we proceed as we did with J. for am". 


, 


Qari i 
(4. 2) + »’ exp Ps Sao [h(m—p) sm (—n—pz) ]}. 
hmodk k q ° 
; fa h’ P h’ 
Determine a by ag==—1 (mod k). Then —=—ah’ (mod k). Hence r 
y aq q 


in (4. 2) may be replaced by my 
with estimate O(ke 3)+€ 91/3) | 


We have then 


The sum is then a Kloosterman sum 


> \ > 2 S 7 mm 1 To .(2/3)+e 1/3 
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To find estimates for R. and R; we proceed as for S. and S;. The sums 
in R, and R; corresponding to (4.2) will be incomplete Kloosterman sums 
because of the restriction placed on h’ by N<k+hSlorN<ck+hk. Sl 
We find 


zg. ee a 
R. = O{m'/N‘-1/5)*€ exp (2rmN-*) }. 
“3 

Therefore, 

(4. 3) Am?) = O{ m3 N-1/9)*€ exp (2rmN-*) } 


Because of the similarity between a@,‘”) and adm‘? we know that 
(4. 4) Am? = O{ m2 N'-1/3)*€ exp (22mN-*) }. 


5. Estimate for a,,“). From (1.6), (2.4), (2.8) and F(z) = ¥ a,2' 


we get 
N p-1 y nh’ 
On) = SF San Dd’ exp [-—= (mi —_— — | On 
k=1 n=0 hmodk PY 
(k,pq)=1 
Bb” nk 
7. 





- (nN —p) + 2xw(m— pz) |dd 


nh’ 
mh -—— — Qn 
PY 
O” nik 


5) 
x {exp [— nid (n —p) + 2aw(m —p)]do= 1’, + 1’. 
ke? 2nqw 


x exp [- 
-V hk 
N oe 
9 a! ™ 
Pans — > i, 2, exp [—= 


k=1 n=u hmodk 
(k,pq)=1 








e 
-O'h,k 


This resembles a‘? in that the coefficient of “ in the exponent of the 
integrand is negative or zero for n =yp and positive for 0SnSp—l1. 
Hence our treatment of a,“ is like that of a,‘9. Note that h’ is now a 
solution of hh’==—1 (mod k&) chosen to be divisible by pq, and _ that 
(i, pq) = 

Corresponding to (3.3) we obtain 


“ h’ 
(5.1)  D’exp [- = (mi — ty] Ont 
hmodk k PY 


Dar 
== >’ exp(— [hi m—p) +o (— -n+ p)]}. 


hmodk 
; oe , h’ ’ 
If we determine an integer b from bpg=—1 (mod k), then —=— bh 
PY 
: h’ . 7 , 
(mod k). Replacing — in (5.1) by — bh’, we see that this is a Kloosterman 
PY 


sum with estimate O(k‘/*)**m'/*), Following the method used for dm” 


we obtain 
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I’, = O{m'4N-1/3)* exp (2amN-*) } 


and 
] = 
f’, == 27 >> Dd anBrn(m ) Txn(m ) 
k=1 n=0 
thegeyes 


+ Ofmi/3N (1/3) + exp (2amN-*) } 


where now By,n(m) is given by (5.1), Qnx by (2.8), and 


,, I ( l Ls hoe —n I bor ( 
5.2 “zn(m) ——— —== V (nh—n _- . 
eo? . pq ( m— p) kv Pq Ve ‘oan H) 


Again [,(z) is the Bessel function of first order with pure imaginary argument. 
Hence, 








N u-1 
5. d) An? _ a1 p py OnBrn(m ) Lien (am ) 
k=1 2=0 
+ Of{m'??®N-'Y3)* exp (22mN-*)} 
where B;,.n(m) is given by (5.1), Len(m) by (5.2). 


6. A formula for a,. Collecting our results from (3. 13), (4.3), 
(4.4), and (5.3) we may write 


dm =2r S SY anBen(m)Lin(m) + O (m'4N OV exp (22mN-*) }. 
— 
(k.pq)=pq 
(k.pq) 


If we now let NV — «, the error term approaches 0 as a limit. Hence we 
obtain our formula for the number of partitions of an integer m > p= 
(p—1)(q- 1) 


into parts none of which are divisible by p or q: 
24 . 


© p-l 
— we 
dm =2r YS SanBen(m)Inn(m), 
k=1 n=0 
(k.pq)=pq 
(kypq)=1 


where Byn(m) and Ly.n(m) are given by (3.8) and (3.9) if (k, pq) = pq, 
and by (5.1) and (5.2) if (k,pq) =1. The symbols, a,, de,° + -, du-1, 
represent the number of partitions of 1, 2,- - -,4—41, respectively, into 


summands of the type we are considering and a) = 1. 
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PARTIALLY ORDERED SETS.*? 


By Ben Dusunixk and FE. W. MILter. 





1. Introduction. 


1.1. By a system is meant a set S together with a binary relation 
R(x,y) which may hold for certain pairs of elements 2 and y of S. The 
relation R(a,y) is read “ax precedes y” and is written “2 < y.” A system 
is called a partial order if the following conditions are satisfied. (1) If «<y, 
then y { xz; and (2) ifa<yand y <z, thena < z. 

A partial order defined on a set S is called a linear order if every two 
distinct elements x and y of S are comparable, i.e., if «< y or y<a. If the 
partial order P and the linear order Z are both defined on the same set of 
elements, and if every ordered pair in P occurs in L, then ZL will be called a 


linear extension of P. 


1.2. If P and Q are two systems on the same set of elements S, then 
A=P+Q=+Q+P will denote the system which contains those and only 
those ordered pairs which occur in either P or Q. Likewise P —Q will denote 
the system which contains those and only those ordered pairs which occur in 
P but not in Q. The system which consists of all ordered pairs which occur 
in both P and Q will be denoted by P-@Q. More generally, if P,, P2,-+-, Pa,**: 
are systems on S, then IP, will denote the system which consists of all 
ordered pairs common to all the systems Pg. It is easily seen that IIP, is a 
partial order if each system P is a partial order. On the other hand, it is 
clear that both P and @ can be partial orders without the same being true of 
either P + Q or P—Q. 

2. The dimension of a partial order. 

2.1. Let S be any set, and let K be any collection of linear orders, 
each defined on all of S. We define a partial order P on S as follows. For 
any two elements 2, and a, of S we put 7, << x, (in P) if and only if 7, <2 
in every linear order of the collection K ; in other words, if K = {La}, we 
have P =IIL,. A partial order so obtained will be said to be realized by the 


linear orders of K. 





* Received December 8, 1940. 

1 Portions of this paper were presented to the American Mathematical Society on 
April 12 and November 22, 1940, under the titles “On partially ordered sets” and 
“ On the dimension of a partial order.” We are indebted to S. Eilenberg for suggestions 
which enabled us to simplify several proofs and improve the form of several definitions. 
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2.2. By the dimension? of a partial order P defined on a set S is meant 
the smallest cardinal number m such that P is realized by m linear orders on 8. 
2.3. We shall make use of the following lemma in showing that every 


partial order has a dimension. 


LEMMA 2.31.° Every partial order P possesses a linear extension L. 
Moreover, if a and b are any two non-comparable elements of P, there exists 


an extension L, in which a < b and an extension Le in which b < a. 
We now prove the following theorem. 


THEOREM 2.32. Jf P is any partial order on a set S, then there exists 


a collection K of linear orders on S which realize P. 


Proof. If every two elements of P are comparable, then P is a linear 
order Z and is realized by the single linear order Z. If P contains non- 
comparable elements, then, for every non-comparable pair a and b, let K 
contain the corresponding linear extensions Z, and L. mentioned in Lemma 
2.31. It is clear that P is realized by the linear orders in K. 

In light of the proof of Theorem 2.32, the following theorem is now 


obvious. 


THEOREM 2.33. Let P be any partial order ona set S. If S 1s finite, 
then the dimension of P is finite. If Sm, where m is a transfinite cardinal, 


then the dimension of P is =m. 


2.4. The procedure employed in 2.1 for defining’a partial order may 
be formulated in the following slightly different way. Let S be any set, and 
let Ly, Le,+ ++, La, ++, (% < B) bea series of linear orders. (We do not require 
that the elements of Lg be elements of S). Let fi, fe,--+-, fas**-, (@ < B); 
be a series of single-valued functions, each defined on S, each having a single- 
valued inverse, and such that fa(S) C La for every « << 8. We define a partial 
order P on S as follows. For any two elements x, and 2, of S we put 7 < 22 
(in P) if and only if fo(a#,) < fa(a») for every «<8. A partial order so 
obtained may be said to be realized by the functions fg, and the dimension of 
a given partial order P may be defined as the smallest cardinal number m 
such that P is realized by m functions. It is clear that the above is nothing 
more than a reformulation of what appears in 2.1 and 2. 2. 

2Tt will be noticed that the term “dimension” is here used in a different sense 
from that employed by Garrett Birkhoff in his book, Lattice Theory, American Mathe- 
matical Society Colloquium Publications. 

*For a proof of this important result, see Edward Szpilrajn, “Sur l’extension de 
ordre partiel,’” Fundamenta Mathematicae, vol. 16 (1930), pp. 386-389. 
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3. Reversible partial orders. 


3.1. Let P and @ be two partial orders on the same set of elements S, 
and suppose that every pair of distinct elements of S is ordered in just one of 
these partial orders; in such a case we shall say that P and Q are conjugate 
partial orders. A partial order will be called reversible if and only if it has a 
conjugate. Hxamples of reversible and irreversible partial orders will be given 
later. 

3.2. A familiar example of a partial order is furnished by any family 
F of subsets S of a given set ZH, where we put S < 8’ if and only if S is a 
proper subset of S’. Conversely, if P is any partial order, then P is similar to 
a partial order P,; defined as above by means of some family of sets. To show 
this, let us define, for any a in P, the set S(a) as consisting of a and all x in 
P such that x <a. It is easily verified that ¥ = {S(a)}, for all a in P, is 
the required family of sets. Any family § of sets which defines (in the sense 
of set inclusion) a partial order similar to a given partial order P will be 
called a representation of P. 

3.3. <A linear extension L of P will be called separating if and only if 
there exist three elements a, ) and ¢ in P such that a < c, b is not comparable 
with either a or c in P, while in L we have a <b <e. 

3.4. If P isa partial order, then the partial order obtained from P by 
inverting the sense of all ordered pairs will be denoted by P*. 

3.5. We shall need the following lemma in proving the main theorem 
of this section. 

LemMaA 3.51. If the partial order P has a conjugate partial order Q, 
then A, =P+Q and An=P+ Q* are both linear extensions of P. 

The proof of this is easy, and will therefore be omitted. 


3.6. We shall now prove the following theorem. 


THEOREM 3.61. The following four properties of a partial order P are 


equivalent. 


(1) P is reversible. 

(2) There exists a linear extension of P which is non-separating. 

(3) The dimension of P is S2. 

(4) There exists a representation of P by means of a family of intervals 


on some linearly ordered set. 
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Proof. We shall show first that (1) implies (2). Suppose that the 
partial order P defined on the set S is reversible, and let Q be a partial order 
on S conjugate to P. By Lemma 3.51, A =P + Q is a linear extension of P. 
Let a, b and ¢ be any three elements of S which appear in the order a <b < ¢ 
in A. If b is not comparable in P with either a or c, then a < b and b < ¢ 
both appear in Q. Since Q is a partial order, «a << c must also appear in Q, 
and thus a and ¢ are not comparable in P. Hence A is a non-separating linear 
extension of P. 

We show now that (2) implies (3). Suppose that A is a non-separating 
linear extension of P, and let @=A—P. Ifa<b and b <c are both in Q, 
then b is not comparable with either a or c in P. Then a < c, which is in A, 
cannot appear in P, for otherwise a < b < c would be an instance of a sepa- 
ration in A. Hence a<c must also appear in Q, and therefore Q is a 
partial order. Since Q@ is conjugate to P, it follows from Lemma 3. 51 that 
B= P+ Q* is a linear extension of P, and it is obvious that P is realized 
by the linear orders A and B. Therefore the dimension of P is S 2. 

We prove next that (3) implies (4). Suppose the dimension of P is = 2, 
and let A and B be any two linear orders on S which together realize P. 
(If the dimension of P is = 1, then P is a linear order LZ and we may put 
A=B=L). Let B’ be a linear order similar to B*, where the set of ele- 
ments in B’ is disjoint from S. Put C = B’ + A, so that C is the linear 
order comprising B’ and A, with the additional stipulation that each element 
of B’ precedes each element of A. For each x in P denote by # the image of z 
in the given similarity transformation of B* into B’, and denote by J, the 
closed interval [7,xr] of C. We will show that the family {77} of all such 
intervals is a representation of P. Suppose first that 7 < y in P. Then 
a<yin A and § < & in B, so that in C we have y¥ <C &@<xr< y. But this 
means that J, is a proper. subset of Z,. In the same way it can be shown that 
if and y are non-comparable elements of P, then neither of the intervals 
I, and J, contains the other. 

To show that (4) implies (1) we shall suppose that P is a partial order 
(on a set S) which is represented by a family {J} of intervals taken from 
some linear order L. For each x in S, denote by J, the interval of the family 
{I} which corresponds to x. We notice first that if x and y are distinct ele- 
ments of S which are not comparable in P, then J, and Jy cannot have the 
same left-hand end-point. We define a system @ on S as follows. We put 
a <y (in Q) if and only if (a) x and y are not comparable in P, and (b) the 
left-hand end-point of I, precedes the left-hand end-point of Jy. It is easy to 
see that Q is a partial order and that Q is conjugate to P. Hence, P is 


reversible. 
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3.7. We conclude this section with the following theorem on the ques- 
tion of representation. 


THEOREM 3.71. Let P be a partial order such that ifa<banda<ce, 
then b and c are comparable. Then P has a representation in which any two 
sets are either disjoint or comparable. 


Proof. Let F¥={S(x)} be the representation of P defined in 3.2. 
Suppose that x and y are comparable,—say + < y. Then clearly S(2) is a 
proper subset of S(y). If x and y are not comparable, then S(x) -S(y) =0. 
For suppose the contrary, and let zeS(x)-S(y). Then z< 2a and z<y. 


Therefore z and y are comparable, contrary to our supposition. 
4, The existence of a partial order having a given dimension. 
We first prove the following theorem. 


THEOREM 4.1. For every cardinal number n (finite or transfinite), 


there exists a partial order whose dimension is un. 


Proof. Let X be any set of elements such that % =n. For any x in X, 
denote by a, the subset of XY whose only element is 2, and by c, the com- 
plement of az in X. Let F¥ denote the family of all sets a, and c,, for all z 
in X, and let P be the partial order represented (see 3.2) by F. It is clear 
that, for any two elements a and b of P, we have a < b if and only if there 
exist z and y in X such that 7 ~y, a=a, and b =cy,. We shall prove that 
the dimension of P is =n by showing that (1) if ~~ y, then no single 
linear extension of P can contain both cz < az and cy, < ay; and (2) there 
exist n linear extensions of P which realize P. 

As to (1), suppose the contrary, and let Z be a linear extension of P in 
which we have both cz < az and c, < dy. Since dy < cy and ay < cz in P, 
we obtain in L: cy < dy < Cy < dy < Ce, OF Ce < Cx, Which is impossible. 

As to (2), we define L,, for any x in X, to be any specific linear exten- 
sion of P in which c, < dy, and in which ay < ce and az < c,, for all yz. 
Let K = {Lz}, for all x in XY. We have K =n. Moreover, the set of linear 
extensions K realizes P. Thus, for the non-comparable elements cz and Cy, 
a4 y, we have ¢r << dz < cy in Lr, and cy < dy < ce in Ly, and similarly 
for the pair a, and ay. For the non-comparable elements a, and ce, we have 
Ce < dz in De, and ay < cy < dy < Cr in any extension Ly, yx. Finally 
for the comparable elements a, and c,, we clearly have az < cy in every 


extension I, of K. 


4.2. We proceed to give another example of a partial order of dimen- 





at 


es- 
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sion n, for the case in which is a finite cardinal. We shall need the 


following lemma. 


LeMMA 4.21.4 For any permutation 0, of n distinct natural num- 
bers, there exist k of these numbers which appear in 6, either in increasing 
or in decreasing order, where k is the unique natural number such that 


(k—1)?cnSk’, 


Now let n be any natural number and let p= 2*"+ 1. Let 8S be the set 
whose elements are the first p natural numbers and all pairs (7,7), 7< j, of 
these numbers. We define a partial order P on S as follows. If x and y are 
any two elements of S, let x < y if and only if y is of the form (1,7) and x 


is either 1 or 7. We now prove the following theorem. 
THEOREM 4.22. The partial order P just defined is of dimension >n. 


Proof. Let us assume that the dimension of P is =n. There will exist 
n linear extensions 1£,, 2.,- - +, Hn of P which realize P. The first p natural 
numbers, as elements of S, appear in a certain permutation in each of these 
linear extensions. By Lemma 4. 21, we can select 2°""-+ 1 of these numbers 
which appear monotonically (that is, in numerically increasing or decreasing 
order) in F#,; from these numbers we can select 2*"*-+ 1 which appear 
monotonically in /., ete.; so that we finally obtain 2*°-+ 1—3 numbers 





which appear monotonically in every one of these linear extensions. Without 
loss of generality, we may suppose these numbers to be 1, 2 and 3, and that 


(1) 1<2<3 in £i, (¢ = 1,2,---,8); 
and 
(2) $< 2<1 im KE; (i=—s+1, s+2,---,n). 


Consider now the element (1,3), which follows both 1 and 3 in P. In each 
of the first s extensions we will have 2 < 3 < (1,3), and in each of the 
remaining extensions we will have 2<1< (1,3). Hence in all of the 
extensions we will have 2 < (1,3), so that 2 < (1,3) in P. But this con- 
tradicts the definition of P. It follows, by Theorem 2.33, that there is an 
integer g > n such that the dimension of P is = q. 

We can now use P to obtain a partial order whose dimension is n. For 
let L,, Lo, - -, Lq be linear extensions of P which realize P. It is not hard 
to show that the partial order P, which is realized by Ly, L2,- + +, Ln, is of 
dimension 7. 

‘This result appears (in slightly different form) in a paper by P. Erdés and G. 
Szekeres, entitled “ A combinatorial problem in geometry,” Compositio Mathematica, 


vol. 2 (1935), pp. 463-470. 
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5. Linear orders in a partial order. 


5.1. By a graph is meant a set of elements G, together with a binary, 
symmetric relation R(2,y) which may hold for certain elements # and y of G, 
If R(x, y) holds, we shall say that x and y are connected. A graph is said to 
be complete, if R(x, y) holds for every pair of distinct elements x and y of 
the graph. It is clear that any partial order gives rise to a graph if we use 


for R(x, y) the relation “« and y are comparable.” 


5.2. The theorems on partial orders in this section will be obtained as 
consequences of certain theorems about graphs. We will prove first the 
following lemma. 

LemMaA 5.21. Jf Gis a graph of power m, where m is a regular? car- 
dinal, and if every subset of G of power m contains two connected elements, 


then there exists an element x of G which is connected with m elements of G. 


Proof. Assume there is no such element x. Let 2, be any element of G, 


is connected. We 


and denote by G, the set of all elements with which zx 
have G, << m. Let » denote the initial ordinal such that ~ =m, and suppose 


that zw, and Gz have been defined and Ga < m, for all a < B, where B <4. 


Since m is regular, G— > (a2 + Ga) #0. Let xg be any element of 


a< 6 
G —S (ta + Ga). Denote by Gg the set of all elements in G with which ag 
a<£B a 
is connected. Then Gg <m. Consider finally the set Y= rq. No two 
acu 
elements of X are connected, and yet Y =m. From this contradiction the 


result follows. 


THEOREM 5. 22.° If G is a graph of power m, where m is a transfinite 
cardinal, and if every subset of G of power m contains two connected elements, 
then G contains a complete graph of power &p. 

Proof. We consider first the case where m is regular. In virtue of 
Lemma 5. 21, there exists an element 2, of G which is connected with m 


elements of G. Denote the set of these elements by G,. We have G, =m. 





5 For the meaning of the terms regular and singular, in connection with transfinite 
numbers, one may refer to Sierpinski’s book, Legons sur les Nombres Transfinis. A 
simple type of example shows that Lemma 5, 21 is not true in case Ml is any singular 
cardinal. 

® We are indebted to P. Erdés for suggestions in connection with Theorems 5. 22 
and 5.23. In particular, Erdés suggested the proof of 5.22 for the case in which M 


is a singular cardinal. 
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Suppose now that z,_, and Gy_, have been defined and G,_, =m. In virtue 

of Lemma 5. 21, there exists an element x, of Gn-, such that (1) an ~ x, 

fork <n, and (2) 2, is connected with m elements of G,_;. Denote this set 
oO = 

of elements by G,. Consider finally the set X¥ = ¥ a. It is clear that ¥ =, 
n=1 

and that any two elements of XY are connected. 

We now consider the case where m is a singular cardinal. Let 6 denote 
the smallest cardinal such that m is the sum of 6 cardinals each less than m. 
Since m is singular, we have 6 < m. Let ¢@ denote the initial ordinal such 


that ¢6=b6. There will exist regular cardinals 1, 12,°--,ta,°°*+,%< 4, 
such that 6b << rg << m and m= & ry. 
a<@o¢ 


In the first place, if every subset HJ of G of power m contains an element 
connected with m elements of H, then we can proceed, as in the previous case, 
to obtain a complete graph of power 8). We shall accordingly assume that 
there exists a subset H of G such that H =m and such that no element of H 
is connected with m elements of //. 

We shall show that there exists an 2 < ¢ and a subset Q of H such 
that G = tq and such that every subset of Q of power rg contains two con- 
nected elements. Then, by Case 1, there exists in Q, and therefore in G, 
a complete graph of power No. 

Let us assume the contrary, namely, that there exists no such subset Q 
of H corresponding to any «<q. We shall show that this assumption leads 
to a contradiction. 

First, if A is any subset of H7, denote by C'(A) the set of all elements of 
H which are connected with the various elements of A. Let K be any subset 
of H such that A —m. Let a be any ordinal <¢. We shall show that K 


contains a subset W, of power rg, with these two properties: (1) no two ele- 


ments of W are connected, and (2) C(W) <m. To prove this, we notice 
first that by the assumption made in the previous paragraph, there is a subset 
L of K such that 1 =r, and such that no two elements of LZ are connected. 
Let Lg denote the set of all x in L such that x is connected with at most rg 
elements of 17. We have L = > Lg. It follows that re = > Lg. Since rq is 
B < Hi) B a Hi) 
regular, and 6b < rg, we must have Lg —tq for some B< ¢. We now 
take W as this set Lg. Clearly (1) no two elements of W are connected, since 


WCHL, and (2) C( W) =O(Lg) Sta‘ tp < m. 
To obtain the contradiction we proceed as follows. Denote by W, a subset 


of H such that W, —1r,, no two elements of W, are connected, and C(W,) < m. 


Suppose we have defined W, for every «<A < ¢, so that Wa =r, no two 
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elements of W, are connected, and C( W.) <m. Then H— > {W.+C(W.)} 


a<a 
has power m. (This is the case since ¢ is the initial ordinal such that ¢ = 5). 
Let W) be a subset of H— > {W.+C(Wa)} such that Wy =TY), no two 
ac! 


elements of W) are connected and C(W,) <m. Now consider > Wj. 
A<¢ 


Clearly, this set has power m and yet no two elements of it are connected. 
But this contradicts our hypothesis. 

On the basis of the theorem just proved we can now prove the following 
related theorem. 

THEOREM 5.23. If G@ is a graph of power m, where m is a transfinile 
cardinal, and every subset of G of power No contains two connected elements, 
then G contains a complete graph of power m. 

Proof. Let R’(x,y) mean “2 and y are not connected.” Let G’ denote 
the graph determined by the elements of the set G in connection with the 
relation R’(z,y). The application of Theorem 5. 22 to the graph @’ leads 
easily to the desired conclusion. 

As previously mentioned, a partial order P gives rise to a graph if we let 
R(z,y) mean “x and y are comparable in P.” Hence the two theorems just 
proved give us the following theorems as corollaries. 

THEOREM 5.24. Jf P isa partial order of power m, where m is a trans- 
finite cardinal, and if every subset of P of power m contains two comparable 
elements, then P contains a linear order of power &o. 

THEOREM 5.25. If P is a partial order of power m, where m is a trans- 
finite cardinal, and if every subset of P of power &o contains two comparable 
elements, then P contains a linear order of power m. 

5.3. The question arises as to whether stronger conclusions can be 
drawn in Theorems 5, 22, 5. 23, 5.24 and 5.25. We shall consider only a 
very special case of this problem; namely, the case in which m=). 

Consider first the following example. Let N be any set of power &,. 
Let C denote the linear continuum, and W the well-ordered series consisting 
of all the ordinals of the first and second class. Let f and g denote functions 
(single-valued and having a single-valued inverse) defined on N and such 
that f(N) CC and g(N) CW, respectively. We denote by P the (reversible) 
partial order on N which is realized by the two functions f and g. Now if M 
is any non-denumerable subset of NV, there exists an element x of M such that 
f(z) is a condensation point of f(J/) from both the left and the right. 
There accordingly exist elements y and z of M such that f(z) < f(z) < f(y), 
g(x) <g(y), and g(x) < g(z). Hence, x and y are comparable in P, while 
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z and z are not comparable in P.’ In other words, the partial order P hes 
the following property: Every subset of P of power 8, contains two comparable 
elements, and yet P contains no linear order of power §;. 

Since P is reversible, it can (by virtue of Theorem 3.61) be represented 
as a family of intervals on some linear order. Hence, the result just obtained 
can be given the following form. 


THEOREM 5.31. There exists a non-denumerable family F of intervals 
(on a certain linear order A of power &,) which has the following property. 
Every non-denumerable sub-family # of F contains two comparable intervals, 
and yet F contains no non-denumerable monotonic sub-family. 

A stronger result than that of Theorem 5. 31 will be presently obtained. 
This result will depend upon the following theorem. 


THEOREM 5.32. If the hypothesis of the continuum is true, there exists 
a non-denumerable set N of real numbers which has the following property. 
If N, and Nz are any two disjoint non-denumerable subsets of N, then 
$(N,) A No, where is any increasing or decreasing function defined on Nj. 


Proof. Let us arrange in a well-ordered series of type © all real-valued 
functions f(x) which (a) are monotonic (non-increasing and non-decreasing ) 
on the linear continuum C, and (0b) are such that E[f(x) —-2] is nowhere 
dense on C: 


fis Fes ‘ aN seit (a< 2). 


For a given « < © there may exist an interval on which f,(2) is constant. 
The set of all values assumed on such intervals (for a given ~) is at most 
denumerably infinite. Denote this set of values by Dag. 

Let x, be any real number, and assume that zg has been defined for all 
B<a<Q. We shall show that it is possible to choose vq so that (1) ta 2 
for B<a, (2) ta~fu(zp) for pa and B<a, (3) fu(ta) 2%. for 
w<a, and (4) fr(ta) ~ xg or fu(%a) € Du for p<ca@ and B<a. That xz 
can be so defined may be seen as follows. Conditions (1) and (2) can be 
realized by avoiding a denumerable set. By virtue of (6), we can realize (3) 
by avoiding a set of the first category. Finally consider any » < @ and any 
B<«a. There is at most one x in C— Dn for which fp(2) = 2g. It follows 
that, except for a countable set of points, we have fp(x) ¢ Du or fu(x) ~ x 
for all » < a and all 8 < a. Altogether, then, the set of points which has to 

7In a similar way it can be shown that if NV, and NV, are any two disjoint non- 
denumerable subsets of NV, then there exist elements a, and b, of N,, and elements a, 


and 6b, of NV,, such that a, and a, are comparable in P, while 6, and 6, are not comparable 
in P, 
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be avoided is of the first category. As such a set cannot exhaust C, it is clear 
that (1), (2), (3) and (4) can be realized. 


We now put V = > aq. From (1) it follows that N is non-denumerable, 
a<Q 


Consider now any fixed » < Q, and any A such that p< A <Q. From (2), 
(3) and (4) it can be seen that if fu(a,) ¢N, then fy(x,) «Dp. It follows 
that N-f,.(N) is denumerable. Hence, for no p< Q can we have fyz(Ni) =N., 
where N, and N, are disjoint non-denumerable subsets of NV. Finally, assume 
that ¢(N,) = Nz, where ¢ is an increasing or decreasing function defined on 
N,. For each z in N,, we have (x) 2, and it can be easily shown (by 
suitably extending the definition of ¢) that there exists a » < © such that f, 
agrees with ¢ on N,. Our result follows from this contradiction. 

The result of the preceding theorem can be expressed by saying that if 
N, and JN, are disjoint non-denumerable subsets of N, then N, cannot be 
mapped onto WN. by any order-preserving or order-reversing transformation, 
It follows of course that if NV, and N. are non-denumerable subsets of N such 
that V, — Nz is non-denumerable, then N, cannot be mapped onto N,, for 
such a mapping would imply that N,— N, could be mapped onto a non- 
denumerable subset of N». In a previous paper ® the authors have shown that 
there exists a non-denumerable subset of the linear continuum which is not 
similar to any proper subset of itself. We note here that the set N just con- 
structed has the following property: If M is any non-denumerable subset of 
N, then M is not similar to any proper subset of itself which differs from M 
in more than a denumerable infinity of points. 

We now return to our main purpose, and prove the following theorem. 


THEOREM 5.33. The set N of Theorem 5.32 has the following property. 
Let §F be any non-denumerable family of intervals on the linearly ordered 
set N such that no two intervals of F have an end-point in common. Then § 


contains two comparable intervals and two non-comparable intervals. 


Proof. Assume that every two intervals of Y are comparable. Let N, 
denote the set of left-hand end-points and N, the set of right-hand end-points 
of the intervals of F. If ni’ < n,”, then n.” < ns’, and we obtain an order- 
reversing transformation of NV, into Nz. Similarly, if we assume that no two 


intervals of ¥ are comparable, we obtain an order-preserving transformation 


of N, into Nz. 


UNIVERSITY OF MICHIGAN. 





8 “ Concerning similarity transformations of linearly ordered sets,” Bulletin of the 
American Mathematical Society, vol. 46 (1940), pp. 322-326. 





ar 


ts 
l- 
0 





ON NON-EQUIDISTRIBUTED AVERAGES.* 


By RicHarp KERSHNER. 





1. The following theorem was given by F. John:* 


TueroreM. If f(x) is a periodic function of bounded variation with the 
period 1, and if y= p/q >1 is a given rational number, (p,q) =1, then 


OO 4 ae) . 
4) S oO) j(¢— PE") —togy f f(y) dy, 
0 


as «(Of log y 


where an(y) ts defined by 
0; ptn, qtn 
—p; p|n, qtn 
q; — ptn,g|n 
q—p; p\|n,q|n 
The problem of establishing the identity (1) for any function f(z) of 
period 1 reduces * very easily to the problem of showing that 


(2) an(y) = 





ee ae | log m 1 
9, ] > S | o 4 1 " 
(3) = o( we ) = logy f, 9(y) dy, 


where g(y) =f(—vy) is again periodic of period 1. It was suggested by 
Wintner that the limiting relation (1), whose essential content is the identity 
(3), has nothing to do with the ¢-function of Riemann or its generalizations 
as considered loc. cit.1 but is only a special manifestation of some quite 
general principle connected with the approximation of integrals by non- 
equidistributed Riemann sums. It turns out that this is the case, and indeed 
that the general principle involved is quite trivial. However, though several 
special cases have been given, it would appear that the general rule has been 
overlooked. Thus, an interesting identity of Pélya containing the “Anzahl- 
funktion ” of an increasing sequence is another manifestation of the general 
rule to be given. In § 2 this rule is given and then some of the special cases 


that occur in the literature are indicated in § 3 and § 4. 


* Received December 2, 1940. 

1F, John, “Identitiiten zwischen dem integral einer willkiirlichen Funktion und 
unendlichen Reihen,” Mathematische Annalen, vol. 110 (1935), pp. 718-721. 

2 Cf. H. Rademacher, “ Some remarks on F, John’s identity,” American Journal of 
Mathematics, vol. 58 (1936), p. 171. 
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2 Let {xj"}, j= 1,2,---,nr, r—=1,2,--- (r not an exponent) be 


an infinite sequence of finite sequences such that 

(4) 026 Ss/S---S2,7 51. 

The monotone non-decreasing step-function ¢,(x) defined, for 0 = z= 1, by 
(5) gr (xz) = (number of values of j for which 7;" = x) /nr 


is called the distribution function of the sequence {2x;"} for a fixed r. If there 
is a function ¢(x) such that 


or(z) > o(@) as roo 


at those points x at which ¢(2) is continuous, then ¢(z) is called the 


asymptotic distribution function of {2;"}. Clearly ¢(z) is monotone non- 


decreasing and 


(6) {- o(a) =" 


0 
It is a well-known consequence of this definition that 


. 1 nr 1 
(7) lim = 3 f(a") = f f(y)dd(y) 
roo Mr j=1 0 
whenever the integral on the right exists in the Riemann-Stieltjes sense. 
Now suppose that the asymptotic distribution function ¢(z) is absolutely 
continuous and possesses a density 8(2) which does not vanish in [0,1]. 
Then application of the relation (5) to the function f(y) —g(y)/8(y) gives 
the following 
THEOREM. Suppose that {x;"} satisfies (4) and has an absolutely con- 
tinuous asymptotic distribution function with a density 8(x) which is Riemann 
integrable and does not vanish* in [0,1]. Then 
1 fe 1 
lim — 3 g(xj")/8(2;") —f g(y)dy 
r—00 Mr j=1 0 
for any function g(y) which is Riemann-integrable on [0,1]. 
3. Consider the special case 
(8) aj" = (log (r+ j) —logr)/logy, (j= 1,2,---,[(y—1)r]) 


where y > 1 is fixed.* Then (4) is clearly satisfied with ny = [(y—1)r]. 





8 Notice that there is some latitude in the choice of 6(x). Here, any choice of 65() 
which does not violate the Riemann integrability requirement is legitimate. 


¢y can be irrational. 
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Also, 


¢r(x) = number of values j for which log (r + j) << (logr + zlogy)/[(y—1)r] 
= [r(e" 7 —1)V/[(y—1)r. 


Thus there is an asymptotic distribution 





o(x) =lim $-(z) = (e7!'®7—1)/(y—1) 


which is absolutely continuous with the continuous density 


8(x) = log y e7 8 7/(y 





1) 
which does not vanish in [0,1]. Notice that 
(r+ j) logy 
5(2;") = : 
o r(y—1) 


Thus, according to the preceding theorem, 











(4 1)r ((y-)r] log (r+ 7) logr 1 

im ——t——_——  ¥ :g{— DP ae <a —f. g(y) dy. 
roo [(y—1)r]logy ja r+y log y log y o 
Clearly this limit holds not only for integer values of r. In particular if r 
tends to o in such a way that log r/log y is an integer and if g(y) is defined 
outside [0,1] to be periodic with period 1, we have 


4 | [(y-1)r] 1 log (r+ j) 1 
hey oO 2) on ae ion dy. 
zone logy ja rt+yj g ( log , f g(y)dy 


Again this limit clearly holds for any sequence of r-values. This establishes 
the limit relation (3) and in turn the identity (1) of F. John, for any 
Riemann integrable function which is of period 1 on [— «, o]. 


4. Let 








n<oac<ycc: 
be a sequence of real numbers. Then the function 
N(r) = (number of values of j for which qj S r) 
is the enumerating function (Anzahlfunktion) of {q;}. Let 
(9) 2 = q;/P (j= 1,2,---,N(r)). 


Then (4) is clearly satisfied with ny = N(r). Also 





(10) or (x) = (number of values of j for which g; S rr) /N(r) 
= N(rr)/N(r). 
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Thus there is an asymptotic distribution function for {z;"} if and only if the 
monotone function V(r) is such that 
lim N(rz)/N(r) exists for OS ¢r=1. 
According to Karamata,* this is the case if and only if 
(11) N(r) =rL(r), a>0 
for some positive «, where L(r) is a “ slow ” function, i. e., where L(tr)~ L(r), 
as r— oo, for every t. Suppose then that (11) holds. Then, by (10), there 
is an asymptotic distribution 
o(x) = lim ¢,(r) = x 

which is absolutely continuous, with a density 

6(z) = az?) 
which does not vanish on (0,1]. One can define 6(0) 1 without violation 
of the Riemann integrability requirement and then the preceding theorem is 


applicable. Thus we have, by (9), 


. pa-t : ] qi 1 
> —_— == 
wm aN(r) ger OF (2) JS, ‘oan 


for any Riemann integrable function f(x) on [0,1]. 
This limit is very closely related to one given by Polya,® under the same 
assumption (11) ; it differs only in the fact that Polya first performs a change 


of variable in the integral on the right. 





THE JOHNS HOPKINS UNIVERSITY. 





5 J. Karamata, “Sur un mode de croissance réguliére,” Bulletin de la Société 


Mathématique de France, vol. 61 (1933), pp. 55-62. 
°G. Pélya, “ Bemerkungen iiber unendliche Folgen und ganze Funktionen,” Mathe 


matische Annalen, vol. 88 (1923), p. 173. 
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ON THE DECOMPOSITION OF A HILBERT SPACE BY ITS 
HARMONIC SUBSPACE.* 


By ALEXANDER WEINSTEIN. 





Let be the Hilbert space of all functions of integrable square defined 
in a domain S in 3-dimensional space. § contains the subspace $ of all 
harmonic functions regular in S and of integrable square in this domain. 
Let Q denote the subspace of § of functions orthogonal to 8. The decom- 
position § = $$ + © was investigated in a joint paper of N. Aronszajn and 
the author some years ago in a problem of the unified theory of eigenvalues 


of plates and membranes.’ 


The results there obtained lead easily to a demon- 
stration of a lemma which plays a central role in a recent paper of H. Weyl.? 

Let the domain S be a sphere with the boundary C. Let K. be the class 
of all continuous functions € possessing continuous derivatives of the first and 
second order in S + C and vanishing together with all these derivatives on C. 
Denoting by (v,w) the scalar product of two functions in §, we can formulate 


Weyl’s lemma 2 in the following way. 
« fo] . 
Lemma. A function y in © satisfying the equation 


(1) (n, Al) = 0 
for every £ in K. is a harmonic function. 


Weyl used for his proof a modification of a special construction which he 
ascribed to Fubini, Courant and Friedrichs, and which, together with another 
construction, he considered to be the backbone of his paper. The present proof 
is based on the use of a complete sequence in © of functions f,, f2,- - > which 
are orthogonal to y. This sequence was already introduced in our previous 
paper, so that we shall have to prove only such properties as were not 


developed there. 





*Received March 20, 1941; Presented to the American Mathematical Society, 
February 22, 1941. 

1N. Aronszajn et A. Weinstein, Comptes rendus Acad. Sc., Paris, vol. 204 (1937), 
p. 96; N. Aronszajn and A. Weinstein, “ Existence, Convergence and Equivalence in 
the Unified Theory of Plates and Membranes,” Proceedings of the National Academy of 
Sciences, vol. 27 (1941), pp. 188-191. 

*H. Weyl, “The Method of orthogonal projection in potential theory,” Duke 
Mathematical Journal, vol. 7 (1940), pp. 411-444. 
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Let us denote, as in our previous paper, by Gf the Green’s potential of a 
function f in § (i.e., Gf is the formal solution, defined by means of the 
Green’s function, of the Poisson equation Aw =f for w vanishing on the 
boundary C’). G@ is a symmetric operator in §. We define f, (n = 1, 2,- - -) 
as a solution of the following 


PROBLEM P,. Find a minimizing function for the expression 
(f,f)/(Gf, Gf) 


for all f in Q. For n>1, f has to satisfy the additional orthogonality 


conditions 
(2) (Gf, Gfi. = (f; GGfx) =0 for (4 = 1, 2,- : -»n—1), 
where fx is a solution of Px. We denote by A, the minimum in Pr. 


It can be proved in the usual way, that (fn, fm) =0 for ns4™m and it 
can be assumed that (fn, fn) 1. In order to prove the completeness of our 
sequence in Q we denote by y an arbitrary function in Q. Put cm = (y, fm) and 


(3) Yn —= Y — 2 Cif. 
We then have 


(Wn, fx) = 0 and (Gyn,Gf,) =—0 for (k—1,2,---,n), 
so that 


(4) (Yn, Yn) = (Y,¥) — Bes? 
and 
: , 2. 23° 

(5) (Gyn, Gyn) = (Gy, Gy) — 2. 
Since y, is an admissible function in Pn,,, we have 

1 | 1 Be a (y, ¥) 

(Gyn, Gn) S—— (Yas n) = — Lv) — Ber] SAE”. 
n+1 n+1 ¢=1 n+1 
Since 
Anu © as n>, 

we have 
(6) (Gun, Gwin) — 0. 


From this strong convergence we can conclude the weak convergence 
(Gun, x) +9 for every x in §. Using the symmetry of G, we have also 
(un, Gy) 0. Since every function f in § can obviously be approximated in 
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the sense of the metric (f,f) by functions vanishing on C and possessing a 
continuous Laplacian, f can be approximated by functions of the type Gy. 
Therefore we have finally 
(7) (Yn; f) —>0 
for every f in ©. 

From (4) we have for n > m 


(Yn — Ym; Yn — Wm) —> c?—->0 as n,m—> ©. 
Consider now a 
(Yn; Wn) —_ (Wn = Wm; Wn — Ym ) + 2 (Wn, Yim ) maces (Yin; Wm). 
we have 
, (Wn, Wn) = (un — Wm, Yin — Vm) + 2 | (Wing Ym) | 


and, by using (7) applied to f—wym, we see, in the usual way, that 


(Yn, Yn) — 0, so that we obtain from (4) the equation (y,y) = S ci? which 
expresses the completeness of the sequence f;, f2,: - - in Q.° 7 

Let us now consider the functions w, defined by the equations Awn = fn 
in S, Ww. =0 on C. By (2) we have (Wn, Wm) = (Gfn, Gfm) = 0 for n= m. 
it has been proved in our previous papers that the w, are the eigenfunctions, 


possessing continuous first and second derivatives, of the equation 


(8) AAw = Aw in 8 


which satisfy the conditions 
(9) w==0 on C, Aw isin Q 


and correspond to the eigenvalues A = An. 
Let us consider, on the other hand, the eigenfunctions w*, of the 


equation (8) satisfying the classical boundary conditions 
(10) w = dw/dv=0 on C 


where v denotes the normal. These functions are explicitly known and, from 
their expression, it is evident that they form a complete orthogonal set in §. 
We now prove that the w*, satisfy the conditions (9). In fact, we have, by 
Green’s formula, (p*, Aw*») == 0 for every harmonic function p* which is 
regular in a domain containing S + C. Since every p in $ can be approxi- 
mated in the sense of the metric in § by functions of the type p*,* we have 





*This proof holds for any domain admitting a Green’s function. 

‘This fact was already explicitly stated for a circle as long ago as 1907 by S. 
Zaremba, “L’équation biharmonique et une classe remarquable de fonctions fonda- 
mentales harmoniques,” Bull. Acad. Sc. de Cracovie (1907), pp. 147-196 (see p. 161). 
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also (p, Aw*,) = 0, so that Aw*, is in Q. For this reason the w*, form in a 
complete orthogonal set of eigenfunctions of (8), (9), so that, for every eigen- 
value, the w» are linear combinations of the w*,.° The w, and the Aw, are 
therefore also of the same form as the w*,, namely ®(r)W(a, 6), where r, a, 6 
denote polar codrdinates. 

We can now prove Weyl’s lemma in the following way. The eigenfunctions 
W» are not in Ks, since d*w,/dv* does not vanish on C. However, it is. in view 
of (10), obvious that Aw, =f, can be approximated in the sense of the metric 
(f,f) by functions A{ where ¢ is in K.. We have therefore 


(11) (n, fn) =O (n =1,2,°--). 


Splitting » into the sum ¢+y where ¢ is in ® and y in Q, we have 
(n, fn) = (¥, fn) =0 for n=1,2,---. Since the set f,,f2,--- is complete 
in Q, we have y = 0 and » — ¢ so that y is a harmonic function in S. 


22 WEST 75TH STREET, 
NEw YORK CITY. 








* Due to the fact that S is a sphere, we have here avoided the use of a general 
equivalence theorem proved in our previous papers. 
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ON THE LATTICE PROBLEM OF GAUSS.* 


By AUREL WINTNER. 





Let r(n) denote the number of solutions of the Diophantine equation 

p> + v? =n in real integers p, v, and let 

R(x) = S r(n), where 721; 

nr 

so that R(x) is the number of points within or on the circle of radius z4 
about the point (0,0) of a quadratic lattice of unit width. It is known that 
R(x) not only is asymptotically proportional to the area rz, but, as shown 
by Gauss, 

R(r) =r + O(a); I>, 


To-day it is known that, on the one hand, 
R(x) = 2x + O(a*) for certain « < 1/3, 
and that, on the other hand, 
R(x) =r + 0.(2"™*). 
Obviously, the jumps of the step-function R(r), 1S 2< o, take place 


when x passes through an integer. If R(x) denotes the arithmetical mean of 
the right- and left-hand limits, 

2R(x) = R(x +0) + R(x—0), 
then, according to Hardy,’ 


at, J, (22(nx)4), 





x 
R(r) =7r+a2' 
n=1 


for every z > 1, where J,(t) denotes the Bessel function of the first kind 
and of order 1. Furthermore, the partial sums of the convergent series on 
the right are uniformly bounded on every bounded interval of the half-line 


z=>1. Finally, by the asymptotic formula for J,(¢), 


r(n 





ae sin (24r(nx)* — fr) + O(1), (r—> «), 


x 
R(x) = rt + — a= r 
Tw nai MN’ 


where the series on the right is again boundedly convergent for 1 =z < const. 





* Received January 8, 1941. 
1G. H. Hardy, “On the expression of a number as the sum of two squares,” 
Quarterly Journal of Mathematics, vol. 46 (1915), pp. 263-283. 
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It will be convenient to denote the radius z' by ¢; so that t=>1 and 
Oo 
= 


v=1 


Tr(n 
() sin (2arnit oe fr) + O(t-+4), (t> 0), 


1 
(1) Q(t) =+ 

Ty 
where Q(t) is an abbreviation for the reduced deviation of the exact value, 
R(t?), from the circular area, rt? ; so that 


(2) Q(t) =O 


In view of (1), it is natural to ask in what sense, if any, is the con- 
vergent trigonometric series (1) the Fourier series of the reduced remainder 
term, (2). The object of this paper is to answer this question, by proving 
that (2) is almost periodic (B?),1=t < «, and has precisely the Fourier 
sertes which one would expect to belong to (2) in virtue of (1); so that 
r(1) 


. arr? 


00 
Ss 
- 


(3) Q(t) ~ 





sin (2rn4t — 4r) (B?). 


aL 


This, but not the explicit convergent representation (1), implies, in particular, 
the existence of an asymptotic distribution function for the reduced remainder 
term (2). 
Incidentally, it is clear from (2) and from the connection between R(t?) 
and R(t), that (3) is equivalent to 
D> ( #2 2 . 
Penne & TOF) an peentt.~ de) (B?). 


{3 TT n-1 n° 


If M{f(t)} denotes the average 


x 
lim T" f f(t)dt, 
ar & 


TX 
the assertion (3) may be formulated as follows: The average 
7 ee). 2 
M{(Q(t) —- 3 le sin (2rn4t — 4r))*} 


3/4 
T n=1 nn” 


exists for every fixed m and tends to 0 as m—> «. Hence, it is clear from 
Bessel’s identity that (3) will be proved if and only if one ascertains the 


following two facts: 
(i) For every real A, the Fourier constant M{e'Q(t)} exists and 


0 unless A = + 2nni, 
it o _ 
(4) sah lenis cdmame * ee (1) exp (+ tr) for A= + 2zni, 
2Qr nir/4 


where n=1,2,° °°; 
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(ii) the square average of Q(t) exists and is equal to the square sum 
of the amplitudes, 
CO pf, 2 
(5) M{Q(t)?} = ay 3 


en? = n3/? 
(The convergence of the series on the right of (5) is clear from the estimate 
(6) r(n) = O(n), n—> %, 
which follows for every fixed « > 0 from the definition of r(n)). 


A result much weaker than (ii) is known. In fact, Cramér? inferred 
from the results of Hardy? that 


1 eee 1 x 2 
SWE (R(2) —xxr)*dr > uh p oS 4 
“ 1 





om 
According to (2), this can be written in the form 
°T }2 


(5 bis) 4 Q(t)? — dt 3 


y i 67? nn ne’ 





In view of the weight factor ¢?/T? on the left, (5 bis) is a trivial Abelian 
consequence of (5). In fact, two partial integrations show that 

ro a ol TY ikl ‘* A 

if — f p(t)dt— A, then es p(t) = dt =; Too. 

T Jo T Jo 7 3 

On the other hand, obvious examples show that the converse of this Abelian 
lemma is false, p(t) = 0 being, in the present case, an insufficient restriction 
for Tauberian purposes. 

Since it does not appear to be possible to ascertain a general Tauberian 
theorem leading from (5 bis) to (5), it will be necessary to leave (5 bis) 
aside and to prove (ii) by a suitable modification of the proof of (5 bis). On 
the other hand, (i) will be proved as a consequence of bounded convergence. 
It should be mentioned that this arrangement can be applied conveniently also 
to problems of almost periodicity treated earlier by direct procedures.® 

For every 7 > 1 and for every pair of positive integers m,n, put 


~T 


(7) Kmn(T) — { t-2(f,(t + 1) —fa(t)) (fa(t +1) —fn(t)) at, 


e/ 1 





2H. Cramér, “ Ueber zwei Siitze des Herrn G. H. Hardy,” Mathematische Zeitschrift, 
vol. 15 (1922), pp. 201-210. 

* A. Wintner, “ On the asymptotic distribution of the remainder term of the prime- 
number theorem,” American Journal of Mathematics, vol. 57 (1935), pp. 534-538; 
“The almost periodic behavior of the function 1/f(1 + it),” Duke Mathematical 
Journal, vol. 2 (1936), pp. 443-446. 
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where 
(8) fn(t) = #3/4 eos (2antts — ie). 


It is then easy to verify, by standard applications of the second mean-value 
theorem, that * 
const. 


(9) | Kmn(T)| < ae} Min (mn3 log T, T + Tm?) if m >n, 
ni — nb 


where const. is independent of m,n and T'(> 2, say) ; that 

(10) Knn(T) =27?nT? + O(n’) + O(nblogT) as n> 0, Tom, 
where the first O-term is uniform in 7’; finally, that 

(11) Knn(T) = 0(T*”) as T > &, uniformly in n. 


Actually, these elementary estimates result immediately if one adapts to the 
present purpose the inequalities used by Cramér (loc. cit.*, pp. 205-206) in 
the proof of (5 bis) ; his inequalities being adjusted to the relation 


r(n 





(12) 2 ) f(z) + O(a*), to, 


Tw 4 


1 Me 


n> 
which is, for every fixed « > 0, an immediate consequence of Hardy’s explicit 
formula (cf. loc. cit.*, p. 204). 

It is clear from (6) and (8) that the series 


r(n) 
nd/* fn(t) 





aoe 
(13) S(t)=——+ 3 
Tw n=1 
is absolutely-uniformly convergent on any fixed ¢-interval 1 = t= T. Hence, 
if use is made of the abbreviation (7), term-by-term integration of the square 
of (13) gives 
T S(t)? 1 2% © r(m)r(n) 
(14) ——— di=— Fy — — Kmn(T), 
\ 4 t 4 


ar 5/4,,5/¢ 
T m=1 n=1 if els | aly 





where the double series on the right is absolutely convergent for every 7. 
For every fixed 7, break this double series into four parts, ZL; = L,(T'), as 
follows : 

432 —— 


m=in=1 ™” 


(15) —_ 3 a | 2 8604-23 





Oo Fn) Tn). —. -” 
4,,5/4 K mn (T ) 





m=n m=n n<m n<om ? z 


msT m>T m=T m>T EF 


ex L,(T) + L(T) + 1,(T) +11). 





*Cf., e.g., N. Wiener and A. Wintner, “ Fourier-Stieltjes transforms and singular § 
infinite convolutions,” American Journal of Mathematics, vol. 60 (1938), pp. 512-522 


(more particularly, pp. 516-517). 
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These four functions of 7 will now be dealt with separately. 


First, from (15) and (10), 





LAT) = % ates (x?nT? + O(n*/?) + O(n log T)). 
nT 

Hence, for every « > 0, 

COO x” 2 
L,(T) =ers _ ety — + 0(T*). 

n=1 1°" n>T n° 

Consequently, from (6), 

(16) Ly(P) Te 3 TA 


n=1 


O(T*). 


Similarly, from (15) and (11) 


L.(T) =O (2 x net) = 0(T?/? & n&/2), 


torn n>T 


by (6), where « > 0 is arbitrary; so that 





(17) L,(T) = O(T*) 
Also, from (15) and (9), 
rs r(m)r(n) mint 
y) — 0 ~ 1 1 ] 4 ° 
mea) = em m/4n°/* ms? — ne gt) 
m<T 


Hence from (m!— n2)-? = (mt + nt)/(m—n), 


_mé m-1 n€ me + 
ee 


L;(T) =O > SOS gee 
| (3 1 m/* 7 n3/* m—n )» 
by (9), where « > 0 is arbitrary. Thus 
[T] m-1 n&-3/ 4 
L;(T) = O( 3 m*4 5 —— log T). 
m=1 n=1 2 — MN 
Since this implies that 
= x log m ' 
; ‘m?- te 
m 


where « > 0 is arbitrarily fixed, it follows that 
(18) L;(T) =O(T*) 
for every « > 0. 
Finally, from (15) and (9), 
L,(T) = of x dihd lt. 5 tah “). 


em m*/4n5/4 ~=mt— nh 
m>T 
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Hence, from (6), 
oO m-1 Ey € Wk 4 
si O( ss m*<n T? ote m* 


T T*). 
m=(T] n=1 m*/4n5/* mt — nd” 


Consequently, from (m3 — n3)-* = (m4 + n4)/(m—n), 





m-1 €-5/4 
L,(T) —O( 3 me's “— 7), 


m=[T'] n=1 M—N 
since m*+ nt =O(m*) and T?—O(m*) in view of n= m—1 and of 
m=[T]. Since 


m-1 n£-5/4 
= O(m*") as m—> o, 





= 
n=1 M— MN 


where « > 0, hence also 6 = 8(€) > 0, is arbitrarily small, it follows that 


e 
L,(T) =O( & m**/T4) 
m=[(T] 
for every fixed « > 0. Consequently, 


(19) L,(T) = Cre zs) —- ocT""*). 


On substituting (16), (17), (18), (19) into (15), one sees from (14) that 











oT Tt & 
(20) f So ap dell ac 4+ O(T*1/4) 


1 Tw n=! 


for every « > 0. On the other hand, from (13) and (12), 


R(t) — xt = S(t) + O(t). 
Accordingly, 
S(t) = Q(A)e4 + 0(19, 


by (2). Consequently, from (20), 


fe at — Fe 2 + ocrey, 
1 


t4 7” n=1 vv 








Hence, if / is replaced by ¢, 


dias 
f g(tyat = 3 + ocresy, 
1 Dar? nar 10°/ 





This completes the proof of (5). 
In order to complete the proof of (3), the existence of the Fourier 
averages of Q(t) and their representation (4) will now be established. 
To this end, choose a real number A, multiply the identity (1) by 
and integrate the product between t =1 and tT, where T > 1 is arbitrary. 


eidt, 





th 
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The integration can be carried out term-by-term, since the series (1) 
boundedly convergent. Accordingly, 








ne - 1 = r(n L) 
(21) f ea tat —t 3" pr;a) + 0), 
J1 Tan vi 
where F,(7';A) is an abbreviation for 
or : . 
(22) F’,(T'; 2) ae eit sin (2xntt — 4x) dt. 
1 
On writing sin « in the form — $1(e** — e-‘*), one easily verifies from 
(22) that there exists for every A an A = A(A) such that 
(23) ‘Reso oO SRL wae 
'~lA+ ni] © |A—n | 
and 
1M.) aL “1 \| A(A) 
(24) |F,(T;A) + 3; exP (+ t4r)| “Tew if A= + 2nni. 


Let A be fixed and let T— a. 
Suppose first that A is so chosen that A? is not a multiple of 47*. Then 
(23) is applicable to every n. Hence, (21) implies that 


(nye 


, eee 9 
J, emaceat, <C(A) 3 4. O(T) if A + Qana, 
1 


where m) = 1, 2,3,- - -; it being understood that C = C(A) is a function of 
\ alone. 
If, on the other hand, A is so chosen that either A = 2rngt or A = — 2rnob, 


where mo is a fixed positive integer, then, on applying (24) to the n-th term 
of (21), and (23) to all remaining terms of (21), one sees that (25) must 


be replaced by 


T 
f eMQ(t)dt +X exp (+ ide )-= Ep a 


1 2 No “Nos/* 


< O(a) 5 rine + O(T) if A= + 2un. 


n= 





(26) 


Since (6) implies that (25) can be written as 


oT 


| eiMO(t)dt = O(T4), ASA + 2nn,3 
el 
and (26) as 





T ‘ T r(no) : “ 
f e*tO(¢t) dé = + exp (+ ifr) + O(T), A == + 2rnQ?, 
. , 


~ Qt no/4 
the proof of (4) is complete. 
10 
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APPENDIX ON WARING’s PROBLEM.® 


Let rx‘*)(n) denote the number of ways a positive integer n can be 
represented as the sum of k-th powers of exactly s positive integers, where 
ke a= 2,3,4,---. Let 

(I) s>(k—2)%444; (k=2), 
and let S,‘*)(n) denote the corresponding singular series of Hardy and 
Littlewood, that is, 








oO 1 q-1 8 
(II) Si(n) = 3% (= 3eq(hep) ) e(—np), 
q=1 p(mod q) \J h=o 
(p.,q)=1 
9 
where ég(2) = exp Then ® 
(IIT) rye’®) (n) ~ Oy) n-+8/*8,(8) (n) as n—> 0, 


where C;‘*) denotes the positive constant (1 + 1/k)*/I'(s/k). 
If s and k are fixed and satisfy (1), the singular series (II) is uniformly 
convergent with respect to n. In fact, if & is fixed, then? 
q=1 
Max | 3 e,(h*p)| = O(q*?"") as gq x 
Pp h=0 
holds for every « > 0. Hence, the series (II) is majorized, for every n, by a 


constant multiple of 


as ] 1-21-k . ‘ pes 91-k 
3S (= ge Mm Bey"), 
q=1 q p(mod q) q=1 

(p-.q)=1 


the inner sum on the left being Euler’s ¢(q), which is at most q. But the 
series on the right is convergent if («e—2'*)s+1<—1. Finally, this 
inequality is satisfied for a sufficiently small « > 0 whenever s satisfies the 


condition s > 2*; a condition which is implied by (1). 





5 This Appendix was received April 1, 1941. 

°G. H. Hardy and J. E. Littlewood, “ Some problems of Partitio Numerorum, I: 
A new solution of Waring’s problem,” Géttinger Nachrichten, 1920, pp. 33-54. The case 
k = 2 of squares is there excluded, although the results hold for k = 2 also; ef. G. H. 
Hardy, “On the representation of a number as the sum of any number of squares, and 
in particular of five,’ Transactions of the American Mathematical Society, vol. 21 
(1920), pp. 255-284. As to the inequality (I), cf. G. H. Hardy and J. E. Littlewood, 
“The singular series in Waring’s problem and the value of the number @(k),” 
Mathematische Zeitschrift, vol. 12 (1922), pp. 161-188. 

7G. H. Hardy and J. E. Littlewood, loc. cit.*, last formula line of § 5.2 and first 
formula line of § 2.1 (where k > 2; if k = 2, the estimate of the Gaussian sums shows 
that « > 0 can be replaced by «= 0). 
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Since a uniformly convergent trigonometric series in n always represents 
a uniformly almost periodic function,’ having the trigonometric series as 
Fourier series, it follows that the function (II) of n is uniformly almost 
periodic, and that (II) remains valid if the sign of equality is replaced by 
the sign of Fourier equivalence. 

Since (I) implies that s > k, the exponent of n on the right of (III) 
is positive, and so 


(IV) ni-s/kp, (8) (7) 


differs from C;,'*)S;,"*) (mn) by an additive term which tends to zero as n—> ©. 
It follows therefore from the uniform almost periodicity of (II), that the 
function (IV) of n is almost periodic, not only in the sense of Besicovitch 
(B"), but even in the sense of Weyl (W™), for arbitrarily large values of 
the index m; and that the Fourier series (W™®) of (IV) differs from the 
uniformly convergent trigonometric series (II) only by the constant factor 
C,'*? > 0. 

It follows also that (IV) is uniformly almost periodic for exactly those 
pairs s,k for which the asymptotic formula (III) becomes an identity in 2. 
(According to Hardy,® this is the case for k = 2 if s=8). 

These facts, when particularized to the case k = 2 of squares, imply the 
results obtained by Kac® on the basis of a heavy analysis,?° which is now seen 
to be superfluous (even if / = 2 is replaced by / = 2). Correspondingly, it 
follows that the answer to the question raised loc. cit.® regarding the almost 
periodicity (B®) of the case k = 2 for s > 8 is in the affirmative, since one 
has almost periodicity (B®) and, as a matter of fact, even more than almost 
periodicity (W™), where, in addition, the restriction k = 2 can be omitted. 


THE JOHNS HopkKINs UNIVERSITY. 


* That is, a sequence which is almost periodic in the sense of Bohr. 

°M. Kac, “ Almost periodicity and the representation of integers as sums of 
squares,” American Journal of Mathematics, vol. 62 (1940), 122-126. 
1° Tbid., pp. 123-124. 





ON RIEMANN’S FRAGMENT CONCERNING ELLIPTIC 
MODULAR FUNCTIONS.* 


By AUREL WINTNER. 





Riemann’s posthumous fragment,’ based on § 40 of Jacobi’s Fundamenta 
Nova,’ consists of two parts, I and II, which, possibly, were not written con- 
secutively (all that can be taken for granted is that II was written after I). 
According to Dedekind’s comments,* the manuscript of II, which contains 
practically no text, but only formulae, was hardly readable. Dedekind ® suc- 
ceeded in explaining and proving the statements of II on the basis of the 
connection between Gaussian sums and the linear transformation formulae 
of the elliptic theta functions (Jacobi, Hermite). After Dedekind, further 
presentations of Riemann’s results in II were given by Smith, Hardy, and 
others.* 

However, everything in II deals only with the problem of the “ heaviest 
singularities,” that is, with the behavior of the function at the rational points 
of the natural boundary; in other words, with asymptotic formulae valid when 
the independent variable tends to a root of unity along a radius (or, more 
generally, along a Stolz path) within the unit circle. On the other hand, 
I deals with formal expansions of the boundary function (if any!) on the 
whole of the unit circle; and all that appears; to be available in the literature 
concerning I are certain comments of Smith.* The object of the present note 
is to legitimize Riemann’s formal calculations in I, and to show that the 
problem can be treated in a simple manner on the basis of Lebesgue’s theory 
of integration and of Fourier series. 

Dedekind? mentions at the beginning of his comments on Riemann’s 
fragments, that the manuscript of I dates from the time (1852) when Riemann 
was trying to find examples of functions which are represented by trigono- 





* Received January 22, 1941. 

1B. Riemann, Mathematische Werke, 2nd edition, pp. 455-461. 

2C. G. J. Jacobi, Gesammelte Werke, vol. 1, pp. 159-164. 

8 Loc. cit.1, pp. 466-478 [= R. Dedekind, Gesammelte mathematische Werke, vol. 1, 
pp. 159-172]. 

4R. Dedekind, Gesammelte mathematische Werke, vol. 1, pp. 174-201; H. J. §. 
Smith, Collected Papers, vol. 2, pp. 312-320; G. H. Hardy, “ Note on the limiting values 
of the elliptic modular functions,” Quarterly Journal of Mathematics, vol. 34 (1903), 
pp. 76-86; cf. also H. Rademacher, “ Zur Theorie der Modulfunktionen,” Journal fiir 
reine und angewandte Mathematik, vol. 167 (1931), pp. 312-336. 
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metric series but are discontinuous [or, rather, unbounded] everywhere dense. 
Obviously, Dedekind has in mind the last paragraphs in §13 of Riemann’s 
paper on trigonometric series.° One of the series mentioned there was recently 
treated ® by the present methods of the theory of real functions. It turns out 
that the method applied there to that series can be so adapted as to lead to a 
corresponding treatment and legalization of the formal trigonometric series 
found by Riemann in I. It is perhaps of historical interest that Lebesgue’s 
integration theory applies without difficulty precisely in the cases of those 
transcendents by means of which Riemann himself * was illustrating the limi- 
tations to which his integration theory subjects the theory of Fourier series. 

Actually, the approach to be followed applies not only to elliptic modular 
functions, but to a large class of expansions; expansions which result from 
more or less arbitrary Lambert series by the same procedure as the one to 
which Riemann subjects, in I, the particular Lambert series of the theory of 
elliptic modular functions given in § 40 of Jacobi’s Fundamenta. Incidentally, 
the particular series mentioned before results precisely if the under!ving 
Lambert series is the one which was considered by Lambert himself,’ tha‘; is, 
the Lambert series in which every coefficient is 1. 

Riemann starts with the expansions 1) —7) of Jacobi’s §40. Since 
Riemann’s calculations are, at least in principle, the same in all seven cases, 
it will be sufficient to consider one of them; for instance, Jacobi’s? series 4). 
This series represents the complete elliptic integral of the first kind and can 


be written in the form 


2h desl . (— ] partes 


T n=1 1— apie 





ae ai 


where every value qg within the circle | q| <1 is allowed. Riemann divides 
this odd series by g and integrates the result between g = 0 and an arbitrary 
q= ret’, where r= j|q| <1. This leads to his formula (51). 

Thus far everything is legitimate. But now Riemann replaces r << 1 by 
t= 1 and thus obtains his final result, (65), in a formal way. Apparently, 
he first wanted to justify this by using Jacobi’s? power series 30), that is, 
the series 


2K ai 


——— |] =_=4>5 y(n)q? (4m-1)?n_ 
on ’ 


where 1, m, n run through all non-negative integers and y(n) denotes the 





5B. Riemann, loc. cit.1, pp. 262-264. 
*A. Wintner, “On a trigonometrical series of Riemann,’ American Journal of 
Mathematics, vol. 59 (1937), pp. 629-634. 


7 J. H. Lambert, Anlage zur Architektonik ..., vol. 2 (1771), § 875. 
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number (= 0) of those divisors of n which are of the form 44 +1. That 
Riemann’s original plan involved this power series, is clear, on the one hand, 
from his formula (58), and, on the other hand, from the fact that after (58), 
and then apparently in a separate portion of the fragment,® he quotes Abel’s 
continuity theorem. However, the manuscript breaks off both times with a 


“facile deducitur ...”. 


Obviously, this can be explained only by the assumption that, after 
reaching this critical point in the manuscript, Riemann realized the inappli- 
cability of Abel’s continuity theorem. In fact, not only does the latter theorem 
presuppose the convergence of the series for r= 1, but this question of con- 
vergence is one of the main issues in the problem at hand (in this regard, 
cf. also the comments of Smith, loc. cit.*). 

Actually, the problem of convergence for r= 1 and for a specific 0, where 
q = re’, is not the only question resulting from Riemann’s formal calcula- 
tions. In fact, one must ask whether or not the function, which is regular 
within the circle |q| <1, tends to a measurable boundary function as 
r—> 1; and, if the answer is affirmative, whether or not this boundary func- 
tion is L-integrable, so that Riemann’s formal trigonometric series actually 
is the Fourier series (L) of the boundary function (in this regard, cf. a well- 
known theorem of Privaloff). 

It turns out that, on the basis of the development of the theory of real 
functions since Riemann, one can obtain satisfactory answers to all these 
questions. 

Use will be made of the fact that, if not only the Fischer-Riesz condition 
(1) =| on |? << © 
for a Fourier series Scne‘*”’ of a function f(@) of class (L*) is satisfied, but 
there exists an-e > 0 such that 

| 


(2) = | 2 || on |? << 0, 

then Scnei”’ is convergent almost everywhere (and represents, by Lebesgue’s 
theorem on (C,1)-summability, exactly the value of the function almost 
everywhere).’ Needless to say, (2) is neither sufficient nor necessary in order 
that the sufficient condition 

(3) =| cn | PY) < 0, (p=2), 


for an f of class (L”) be satisfied by some p > 2. 





8 B. Riemann, loc. cit.1, pp. 460-461. 

® Actually, it is known that | n |e in (2) can be replaced by log|m|; ef. A. Kol- 
mogoroff and G. Seliverstoff, “Sur la convergence des séries de Fourier,” Rendiconti 
della Reale Accademia Nazionale dei Lincei, Ser. 6, vol. 3 (1926), pp. 307-310. 
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Let a;,4@2,- - + be a sequence of constants for which the power series 
a2 -+ a2" -+-- - is convergent in the circle | z| <1, i.e., for which 
(4) lim | ay |?/*= 1. 
nO 


Then the Lambert series 
: oO gn , 
(5) f(z) = 3a a eet (|z| <1) 
1 _.. oft | 
n=1 od 
not only is convergent in the circle | z| <1 and represents there a regular 
function f(z) but the power series of this function can be obtained by formal 


rearrangement of (5); so that 


Oo 
(6) f(2) = 3bxe" — (|2| <1), 
where 
(7) b, = 3 da; 
d\n 


it being understood that the summation index d in (7) runs through all 
divisors of n. 

Put z=re'’, where r<1, and integrate f(re”)/r along a radius 
§= const. between r 0 and a fixed r< 1. This leads, according to (5), 
to the function 


X : r f (set?) ses r = g-ldg 
(8) FP = i al 3 ds = > anein? ee 
ws = » 1— se 


of r and @, which is a regular function of z = re‘’; in fact, from (6), 


oc or x ; 
(8 bis) Ff == = b,e**? f s*-1dg == ¥ b,e'r*/n. 
n=1 0 n=1 
Accordingly, 
ao 
(9) F(z) = Sen", |\z| <1, 
n= 
where 
Ls 
(10) ae > aa, 
by (7). din 


Obviously, the Lambert series (5) becomes, up to the additive constant 1, 


Jacobi’s above-mentioned expansion for 2K/z, if one chooses 
Aon — 0, ons. 4(— 1". 


Hence, Riemann’s procedure, described above, results if one replaces e‘"? in 
(8 bis) by e#(™), The modification of Riemann’s procedure by the trivial 
factor e® appears to be convenient in order to make F = F(r,6) a function 
of ret, 
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Suppose now that the coefficients a, of (5) are subject, instead of (4), 
to the sharper restriction that 
(11) An = O (ni) 
for some « > 0 (in the above example, «= 4} is admissible). According to 
(10) and (11), 

Cn = O(n*£)r(n), 

where 
(12) r(n) = 1 


din 


denotes the number of the divisors of n. Since ?° 


(13) 7(n) = O(n°) for every 8 > 0, 
it follows that 
(14) Cn = O(n*) for some 7 > 0. 


Hence, not only (1) but even (2) is satisfied. 
Now lett 0<s<r<i1. Then, from (9), 


21 oo 
f | F(re‘) a 3 F(se*’) |?d0 mn Dae > | Cn |2(r2" —s*"), 
70 n=1 
by Parseval’s relation. Hence, from (1), 
a : . : 
J | F(re*) — F (set) |\*d8-+0 as s>1, r> 1. 
0 


Since the Hilbert space is complete, it follows that there exists a function 


F(e”),0S86 < 2x, of class (Z*) such that 
21 F 
(15) f | F(rei?) — F(e**) |*d86- 0 as r— 1. 
709% 


Since this means strong convergence, and implies therefore weak convergence, 
the relation 


2r oT 
f F (re**) e'"9d0 > { F(e*9) ei"9de, as r—>1, 
0 7 0 : 
follows for every n; so that, from (9), 


ioe 
(16) F (et?) ~ & cne*”®, 


n=1 





10 For sharper and more general results, cf. P. Hartman and R. Kershner, “ On 
upper limit relations for number theoretical functions,” American Journal of Mathe- 


matics, vol. 62 (1940), pp. 780-786. 
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Furthermore, since (2) is satisfied, 


CO 
(17) P(e) == cye'? almost everywhere. 
n=1 


This implies, by Abel’s continuity theorem, that not only (15) holds but also 
(18) F'(re*’) — F(e*) almost everywhere, as r—> 1. 


In addition, the radial approach may be replaced by Stolz paths for almost 
all 0. 
If (11) is replaced by the more general condition that 


(19) Gn = O(n) for a fixed positive A < $ 
and for some « > 0, then (10) and (13) imply that (14) may be replaced by 
(20) Cn = O(n") for some y > 0; 


so that the sufficient condition (3) for a boundary function F(e*) of class 
(L”) is satisfied by 
(21) p=1/d. 
If, in particular, 
(22) Gn = O(n*) for every 8 > 0, 


then A in (19) can be chosen arbitrarily small, and so (21) shows that F'(e*) 
is of class (L™) [that is, of class (Z”) for every p]. 

Condition (22) is, of course, satisfied if the a, are chosen as in the above- 
mentioned example of 2K/x, and, more generally, if a, = O(1) ; for instance, 
if dx 1 for every n. In the latter case, (5), (6), (7) and (12) supply 
Lambert’s own expansion * 
gn as 


— = 3 7(n)2", |z| <1, 


Re uc 





XM 
f(z) =s 
n= n=1 


while (9) reduces, in view of (10), to 


F(2) i t(n) 


n=1 n 


2", |2| <1. 





Consequently, there exists a boundary function F(e*) of class (L~), having 
the Fourier series 
© +(n) 


F(e**) ~> eind 
n= n 





~ 


which is convergent almost everywhere. The imaginary part of this series is 
precisely the expansion treated before +; an expansion from which the series 





11 A, Wintner, loc. cit.® 
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(= (—1)?) sin n8, 


din 


M2 
a l 


n=1 


considered by Riemann in his paper on trigonometric series,!* follows by 
writing 26 for 6 and subtracting the result from the expansion itself. 

If a, 1 is replaced by a, = n*%, where 0 << a < 4, then (19), (20), 
(21) and (2) show that there exists a boundary function F'(e) which is of 
class (L”) for every p < 1/a and possesses a Fourier series which is convergent 
almost everywhere.** 

By the theory of the elliptic modular functions, all expansions considered 
by Jacobi* in his §40 must be identical consequences of the corresponding 


expansion of the (principal) logarithm of the fundamental invariant 


~ 
A=2m(1—2)",  (|z| <1); 


n=1 
that is, of the expansion 
1 A ce ' a. 6 
— — log — = — Slog (1— 2) => —-——.. 
24 6 z n=1 * \ jes nil—z2 


Thus, a, =1/n in (5). Hence, (22) is certainly satisfied, and so there exists, 
by (16), (17) and (10), a boundary function of class (Z™), possessing the 


Fourier series 


~ ea 1 
F(e**) aS —- s— eind 
1\Naln 4 


n 


which is convergent almost everywhere. 
It is clear that the facts valid under the respective assumptions (4), (11), 


(19), (21) hold also when (5) is replaced by 


“Te = 2” 
(5 bis) f(z) — t+ ; 


In fact, all that is necessary is to replace (7) by 


(7 bis) b, = — = (—1)* anya 
d\n 
and, correspondingly, (10) by 
, . - 
(10 bis) Cn 7: Zz (— 1)¢ n/d+ 
7 din 


THE JoHNS HopkKINS UNIVERSITY. 





12 B. Riemann, loc. cit.® 
18 Cf. P. Hartman and A. Wintner, “On certain Fourier series involving sums of 


divisors,” Travaux de UVInstitut Mathématique de Tbilissi, vol. 3 (1938), pp. 114-118. 
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A THEOREM AND AN INEQUALITY REFERRING TO RECTIFIABLE 
CURVES.* 


By L. A. Santo. 





Introduction. The principal purpose of this paper is the demonstration 
of the following theorem: 


Given a rectifiable curve of length L in the euclidean space Ey» and calling 
n the number of common points of this with the surface of a sphere of centre 


P(a1,%2,° + *,%m) and radius R, we find 
f n dP = 2h, V n-1 (PR) 


where dP = dz, dz.,-+-dtm and Vm.(R) represents the volume ‘of the 
(m— 1)-dimensional sphere. The integration is extended to all the points P 
for which nA 0. 


For example: for the plane (m = 2) if 2,, 22 are the coordinates of the 
centre of a circle of radius R we obtain 


f n dz, dx. = 4ER, 
For space (m = 3) 
f nda, dr, dr, = 2Lnk?, 


In all cases n is an integral-valued function of 24. 

In $4 we give some applications of this formula. For the case of the 
plane the formula may be considered as a particular case of the so called 
formula of Poincaré of integral geometry and it has been demonstrated more 
generally by Maak [1].1 When m = 3 and under the assumption that the curve 
possesses a continuously turning tangent (or is composed of a finite number 
of arcs of this nature) we have obtained this result in another paper [2]. 


§1. Notations. 


Let us represent by Vin(R) the volume of the m-dimensional sphere of 
radius RP which is, as is known, 
(xR?) m/2 


(1) Vm(R) —F(m2+1)° 


The volume of a spherical segment of this sphere which has a semiangle 





* Received August 20, 1940. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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in the center equal to « may be represented by Sm(a, R) and may be calculated 
in the following form. On intersecting the sphere by an hyperplane at a 
distance x from the center, the section is an (m —1)-dimensional sphere whose 


volume is Vm_1(V &*—2*) and the volume of the spherical segment of one 
base distant from the center h = F cos will be 


°R ee 
(2) Sm(a,R) = f Vn-a( VR? —2*) de. 
Jh 


Placing x = Ff cos @ and using (1) 


ar (m1 )/2 Jom 


m-+-1 
(PF) 


On evaluating the last integral by integration by parts and writing 


7a 7a 
(3) Sm(@, R) = f sin” 6 dé os Vim-i(P) : R F f sin” 6 dé. 
0 70 


is . 
—==—a@ we obtain: 


a4 


For m even 











ws " —_ (m — 1)(m— 3) °---3. = 
(4) Sm (a, E) = RVne | m(m—2)°-:4.2 2 sin B 
i EP Yon (m—1)(m—3)°°°5.3 ) 
& a P Tain 8) ville ated +r m(m—2)-°:4.2 me 
m—1)(m—¥ 
ale (m- aEy| 
m(m— 2): 


and for m odd 


—1)(m—3)-+++4.2 
(5) Sm(2, kR) — RV n-1 [ m _ 2) - 1 naan sin B 7 cos”™- , B 


zs 
(m— 1) mn * et) oe -4,2 
er all a) 


m(m— 2) m(m— 2): 








For m = 2 the formula given above should be replaced by 
(6) S.(a,R) =V (R)R| 52-5 sin B cos B + B) )]. 


§ 2. Case of a polygonal line. 


1. Measure of a set of spheres. Let HL» represent the euclidean space 
of dimension m. Let us call the measure of a set of spheres of radius R, the 
measure in Hm of the set of their centres. 


Consequences. a). Given a finite number or an enumerable infinity of 
points, the measure of the spheres, whose surfaces contain some of these, is zero. 

b). The measure of the spheres tangent to a segment of a straight line 
is zero. 
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2. Spheres which have common points with a segment. For the case 
of the plane (fig. 1), and the result is completely general for a space of any 
number of dimensions, the measure M, of the set of spheres of radius R which 
contains totally in its interior a segment of length 1 (1 2R), is the part 
indicated by points, or twice the volume of the spherical segment of a sphere 


ae j 
of radius FR and semiangle « = arc cos 5p >in accordance with the notation (2) 
Whe 


My = 28m(a, R). 


-—-_ 
bes 4 
~~ 








The measure M, of the spheres of radius R which have with the segment 
only one point of intersection is composed of two “lunules” (see the shaded 
area in fig. 1 for #.), the volume of which will be, in Em 


(8) M, == 2Vim( Pf) — 48n(@, R). 


The total measure of the m-dimensional spheres of radius R which have 
common points with a segment of length / is equal to the volume of a cylinder 
of height 7 whose base is an (m— 1)-dimensional sphere of radius R, plus 
two hemispheres of radius R. This measure is the sum of the measure of those 
spheres which contain the segment in their interior (Mf,), plus the measure 
of the spheres which have with the segment one only point of intersection (M;), 
plus the measure of the spheres which have with the segment two points of 
intersection (M.). Therefore 


(9) Mo + Mi + Mz = Vn(R) + 1Vm-(R) 














L. A. SANTALO. 


By (7), (8) and (9) we obtain 


(10) M. —_— LV m-1 aoe Vim + 28m(a, R) 
and by (8) 
(11) M, + 2Mz = 2AVim-r. 
If 71, %2,° * *,2%m are the coordinates of the centre of the sphere, we find 
on putting dP = dz, dr. - -drm and representing by n the number of the 


points of intersection of the sphere with the fixed segment of length 1, that (11) 
is equivalent to 
(12) fn dP = UV n+ 


where n is an integral-valued function of 2, @2,° + +, Um. 


3. Case of a polygonal line. Let us consider a polygonal line the sides 
of which have lengths /;, the total length being 31; = L. 

If we add the integrals (12) corresponding to each side and still denote 
by the number of common points of the polygonal line and the surface of the 


sphere of centre P and radius Ff, we obtain 
(13) fin dP amen CY wa. 


4. Maximum value of the measure of the spheres whose surface have 
common points with a closed rectifiable curve. We denote the length of the 
curve by Z and consider an inscribed polygonal line o; of length L;. The 
measure of the set of spheres whose surfaces have only one point in common 
with the polygonal line is zero, because this set is composed of spheres tangent 
to the sides plus the spheres whose surfaces contain some vertices. Repre- 
senting by M:(o;) the total measure of the spheres which have common points 


with the polygonal line, we have by (13) 


(14) Mi (oi) S4fndP = LiVnrS LV m- 


because, as we have seen, save for a set of positions of measure zero, n is = 2, 


When the number of sides of the polygonal line grows indefinitely, and at 
the same time their lengths tend towards zero, the volume (14) filled by the 
centres of the spheres whose surfaces have points in common with the polygonal 
line, tends towards the volume M; corresponding to the centres of the spheres 
whose surfaces have some points in common with the curve. Consequently, 
by (14) we obtain in the limit 
(15) M; S LVm-. 


5. Lemma. We consider a rectifiable curve of lenth Z and denote by |; 
the length of the sides of an inscribed polygonal line. Summing 3J;" extended 


on every side, where r = 1+ a and a> 0, we have 


(16) lim 317 =0. 
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This limit is considered for any succession of inscribed polygonal lines 
which tend towards the curve. In fact if we denote by A; the side of greatest 
length, we have 

lim 31,7 Slim (A,° 31;) = Z lim Ai =0. 


As a consequence we observe that, since 


om 
a <sinl, << |; 
we have 


(17) lim Ssinl; =U. 


§ 3. Case of a rectifiable curve. 


1. Theorem. If a curve contained in /,, is rectifiable and has length ZL, 
and we denote by n the number of common points with the surface of a sphere 
of radius R and centre P (a, %2,: - -+,%m) and put dP = dz, dz.: - - dtm, 
we obtain 


(18) fndP = 2LVn4(R) 


The radius P may have any value. The integration is extended to all the 
points for which n + 0. 

Proof. et us consider two classes of points common to the curve and 
the surface of the sphere: I. Intersection points, when in any neighborhood of 
these there are points of the curve interior and exterior to the sphere. II. Con- 
tact points, when in the neighborhood of these the points of the curve are all 
from the interior or from the exterior of the sphere. 

Let us indicate by n‘” the number of the first class for any position of the 
sphere, and by n‘°’ the number of the second group. We have n =n‘? + n ©) 
and both numbers are functions of the coordinates 27), @.°* * *.2@m of the centre 
of the sphere. 

I. We shall first consider the intersection points. Let us take a poly- 
gonal line o, inscribed in the curve. For each position of the sphere, we may 
represent by n,‘*) the number of points of intersection with the polygonal line 
in which the corresponding side J; presents one extremity outside and the other 
inside the sphere, plus the points of intersection which are vertices of the 
polygonal line and in which this cuts through the spherical surface, the other 
extremes of these sides which concur in this point remaining in a distinct 
region of the sphere. 

By (8) we obtain 


(19) f n,° dP = > (2Vm — 48m (ai, R)) 
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' ; ; s , li 
in which S,,(a;, #) has the value (3) with a; = arc cos oR and the sum is 


extended to all the sides of the polygonal line. 

On increasing the number of sides of the inscribed polygonal line, in order 
to unite the extremities of each 1; which has an intersection point or to unite 
the extremities of two consecutive sides which concur at one point of the surface 
of the sphere being separate from this, it is always necessary to pass from an 
interior point to another which is exterior to the sphere. In consequence for a 
constant position of P, the number m,‘*) does not diminish when the number 
of sides of the polygonal line increases. That is to say 


Vin <---S<nMs.-- 


and when the number of sides increases and their respective lengths tend 


towards zero, we obtain lim ny‘) =n", 
po 


In accordance with the fundamental property of the Lebesgue integral, 
we have 
(20) fn dP =lim fn dP = lim > ( 2Vm —48m(ai,R)). 


| ioe A®, @ 
To find this limit we substitute for S»(ai, R) its value given by (4), (5) 
and also set 


(m—1)(m—3):--3.1 
m(m—2)::-:4.2 





RV m-1 = 4Vm for m even 


and 
(m—1)(m—3)-- -4.2 
m(m—2):--°3.1 





RV m1 =4Vm for m odd. 


We obtain, if m is an even number, 


2Vim — 48m (ai, R) = 4RV ina [ sin p(2 cos”"! B; 











m 
sg Ae yr +58 
+} m(m—2)° Bi t+ os m(m—2)---4,2 cos) 
(m —1)(m—3)- - -5.3 
a m(m—2)::-4.2 | 


and if m is an odd number 


2V oo 48m (ai, Rk) = 4PV m-1 sin Bi (4 cose Bi 


(m—1) 
m(m— 2) 


a 





etn, 2....¢ Die —s8)-: 44 
cos Bi + + m(m wae 2) ae ) 





T 
Bi ==— % —arc sin =; 


li 
2 9R° 
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On adding these expressions for all sides J; of the inscribed polygonal line 
and approximating this polygonal line towards the curve, we have in the limit 
(considering (16), (17)): 

For m even 
(21) lim } (2Vn —48m(ai, R)) 

i 
—2LV, (4 (m — 1) etc (m —1)(m—3) m3 7) 
m  m(m—?2) m(m—2)---4.2 





and for m odd 





(22) lim } (2Vin — 48n(a, R) ) 
e 1 (m—1) (m — 1)(m— 3): - -4.2 
= 2} m 1 ong eee ee ee f of = € . 
(14 m(m—2)---3.1 


But the sums which are in the parentheses are equal to unity in both 


cases, and so 


(23) fr dP = 2LVm-1. 


II. We must now consider the contact points. Denoting by n° the 
number of these corresponding to a position of the sphere we shall show that 


(24) fn? dP = 0. 


a 


Let us consider a side of length 1; of an inscribed polygonal line and the 
are of the curve comprehended between its extremes. This are (of length u;) 
plus the side of the polygonal line forms a closed curve of length 1; + ui. 
Accordingly by (15), the measure M; of the spheres whose surface has common 
points with the curve is M; S (1; + ui) Vins. Subtracting from this value the 
measure of the spheres whose surfaces cut the side of the polygonal line at 


only one point (given by (8)), there results 
(25) (1; + Ui) Vin-1 =——d [2 Vin epi 4 Sm (i, #4. 


On summing these values for all sides of the polygonal line we obtain an 
upper bound to the measure of the spheres whose surface cuts the curve without 
cutting any side of the polygonal line in one point only (it might occur that 
the sphere cuts in two points some of the sides). Consider now a sphere with 
n°) contact points. From an inscribed polygonal line of sides sufficiently 
small, this sphere for each point of the n‘ is contained in the sum of the 


expressions (25). Consequently 
(26) (nic) dP = lim 2 [ (1 oe U; ) Via-s isan SV wi a 4S m (ai, R)] 
i 
As before, the limit is considered for a succession of inscribed polygonal 


11 
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lines which tends towards the curve. But lim > (li + ui)Vn-a = RLV mx 
and having in mind (21) and (22) we obtain 


lim = (2Vim —— 48m (a, R)) —_ 2LVm-1. 


(24) is thus demonstrated. 
On summing (23) and (24) and taking into account the fact that 
n=n‘i) +. n°) we obtain the formula (18). 


2. Reciprocal theorem. Calling n the number of common points of a 

Jordan curve with the surface of a sphere of radius R and centre P(2,, 2, 
**,2m) the curve is rectifiable and its length is equal to J:2Vn+ if the 

integral 
(27) J = fndP 
is finite. 

Proof. For each position of the sphere we decompose n into n = n+) 
+ n,n‘ being the number of intersection points and n‘°) the contact points 
defined previously. Fixing a sphere of centre P(2,,%2,° * -,%m) and inscribing 
a polygonal line in the given curve, and representing by n,‘*) the number of 
sides of this polygonal line which cut the surface of the sphere in one only 
point, we have when we inscribe successive polygonal lines, for a constant 
position of the sphere, 

nsn,s---Sn) S.--San, 

Integrating this succession and applying the formula (8) for polygonal 

lines we obtain 


fm dP = >X(2Vm —48n(ai,R)) S fn dP SJ. 


Consequently the first sum is bounded as J; tends towards zero, which shows, 
on taking into account the values (4) (5), that SJ; is also bounded. The curve 
is thus rectifiable and by the direct theorem its length is equal to J: 2Vnu. 


§4. Applications. 


1. A definition of length of a curve. The theorem of the previous 
section permits the following definition of length of a set of points of Em: 


Let us consider a set of points of Em. Calling n the number of these 
which belong to the surface of the sphere of radius R and centre P(2,, £2, Xs, 
- +, 2m), the length of the set of points is 





~_— 
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1 


where dP = dzx,, dx,:++ dtm and the integration is extended over all space or, 
what is the same, over the positions of P for which n0. 

In accordance with the reciprocal theorem of the last section this present 
definition coincides with the usual definition if the set of points is a Jordan 


curve. 


2. A sufficient condition in order that a curve should be rectifiable. 
If a curve is situated at finite distance and the maximum number of common 
points that the curve could have with the surface of a sphere of any radius 
is limited, the curve is rectifiable. 

This is a consequence of the reciprocal theorem. This property is due to 
Marchaud [3]. 


3. An inequality for rectifiable curves. THrorem: /f C is a rectifiable 
curve of length L in Em and V is the volume filled by the points in space 


whose distance from any point of the curve is S R, then 
(29) V ~~ LVm1(£) + Vin(f). 


This inequality, for the case of the plane (m = 2), has been obtained by 
Hornich [4]. The procedure we propose to follow will permit us also to give 
an interpretation of the “ deficit,” that is to say, of the difference of the two 
members of the inequality (29). Let M; be the measure of the spheres of 
radius R which have i common points with the curve. In accordance with 
(18), we have 
(30) M, + 2Mz+ 3M3 + ° + >= 2LVm. 


If M, indicates the measure of the spheres which contain the curve C in 
their interior, in accordance with the definition of V we obtain also 


(31) M,+M,+M.+M,+- ¥ ‘= V/V, 

From (30) and (31) we can deduce that 
(32) M, -+ 2M, ote Pe (2M, a. M,) = 2LV m-1 wee 2V. 

We consider the segment of length D which unites the extremities of the 
given curve (if the curve C is closed, D0). Let us represent by M*, the 
measure of the spheres of radius P which contain this segment totally in their 
interior, and by M*; (11,2) the measure of the spheres whose surfaces 


have 7 common points with the same segment. According to (9) and (11) 


we have 
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M*, + M*, + M*. _— Vm ~ D V n-23 M*, +. 2M*, = 2DV m1 


so that 
2M*, + M*, — OV a. 


If the sphere contains the curve C in its interior it will also contain the 
segment that unites its extremities, and in consequence My = M*,. Also, if 
the surface of the sphere cuts the curve in only one point, this curve will have 
one of its extremities in the interior, and the other exterior, and so the segment 
will cut the sphere also at only one point. That is to say, M, = M*,. It 
follows that 

2M, + M, = 2M*, + M*, = 2V m. 


Applying this inequality to (32), we obtain 
(33) 3(Ms+ 2M. + °° -) + VS LV mi + Ve 
which implies (29). 

The equality in (33) will be verified, if M; = 0, only by 1 = 3 and more- 
over M*, = M,, M*,=—M,. The condition M; =0 («= 3) carries with it 
M*, = M, and in consequence the conditions for equality are: 

1°. Mj =0(i=8). The curve can not be cut by the surface of the 


sphere in more than two points (with the exception perhaps of a set of positions 





of zero measure). 
2°. M*,—M,. That is to say, every position of the sphere in which it 
contains in its interior the two extremities of the curve, contains also all the 


curve. 
In particular, if the given curve C is closed, the equality only is valid in 


the case of reduction to a point. 


Rosario (REP. ARGENTINA). 
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TENSOR ALGEBRA AND YOUNG’S SYMMETRY OPERATORS.* ? 


By T. L. Wane. 





Introduction. In treating the problem of decomposing tensor space into 
its irreducible components under the full linear group, Weyl? has proved that 
the tensor of each irreducible subspace is generated by a Young symmetrizer 
operating on the arbitrary tensor of the given tensor space, there being a Young 
symmetrizer corresponding to each partition of the indices of the given arbi- 
trary tensor. Although, as is well known, the Frobenius-Schur theory of group 
characters and the substitutional analysis of Young are related, the method of 
obtaining an explicit algebraic construction of the decomposition of an arbitrary 
tensor which is commonly given * implies the application of Young’s symmetry 
operators as developed in his earlier papers.* Even after Young established 
the relation between his analysis and the Frobenius-Schur theory of group 
characters,° there seemed to be no particular advantage in viewing the decom- 
position of an arbitrary tensor as the operation on it of operators defined with 
the aid of the characters of the symmetric group, in lieu of the operation on 
it of Young’s symmetry operators.* For while the application of the Young 
symmetrizers was laborious, the calculation of the characters by the then known 
methods of Frobenius,’ Schur,’ and Burnside ® was likewise laborious. How- 
ever, with the development of immanants of matrices by Littlewood and 
Richardson,’® and the subsequent use of them™ in the relatively easier and 
shorter calculation of characters, and the still more recent work of Murnaghan 7? 
which made available the calculation of characters for any value of p, the 
situation is changed. The features of this paper are: (a) the assumption of 
the availability ** of the characters, or of expeditious means for their calcu- 
lation '*; (b) a specialization by means of characters of Cramlet’s general 





* Received January 15, 1941. 
1Presented to the American Mathematical Society, December 30, 1940, and ab- 
stracted in the Bulletin of the Society, vol. 47 (1941), p. 32. 
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invariant,?* or absolute numerical, tensor whereby there is associated with each 
partition of p an absolute numerical tensor ; these are called immanant tensors; 
(c) a consideration of the process of the decomposition of an arbitrary tensor 
with the use of immanant tensors. It seems desirable to divide the paper in 
three parts: section 1, a brief recounting of Young’s symmetry operators; 
section 2, the introduction of the immanant tensors; and section 3, the appli- 
cation of the immanant tensors to the decomposition process. 


1. Young’s symmetry operators..° Let’ a,,---,@ be p letters 
arranged in h S p horizontal rows, so that each row has its first letter in the 
same vertical column, its second letter in a second vertical column, and so on; 
there being a, letters in the first row, a letters in the second row, etc., and 
finally a, letters in the last row; where 


Such an arrangement can be represented by the tableau: 


G41 The* * * * Qia; 
[a] = [ a, Go," * "5 Ap | : Ae, Aso* * * Asa, 
Qh Ane" * Unay- 


If h < p we write 
[o.,° °°, %p]—[e,°°-,o¢n] —=[a] where aay: = Gry = Gp = 0. 


Denote the sum of all permutations of the symmetric group on the p letters 
Q;,° * *,@p by {a,° - - ap}; Young calls such an expression the “ positive sym- 
metric group.” Thus in the conventional symbolism of circular permutations, 


{@,d2a3} = 1-+ (d:a2) + (a,a3) + (d2d3) + (@i1d2a3) + (1442). 


From the rows of [«] we can construct the product of the h positive sym- 
metric groups on the letters in the / rows of the tableau. Thus 


Pa = {010,2° * * Ayq,}{Go1d22° * * Mea} * * * {Anida2* * * hay}. 


Similarly, denote the sum of all the even permutations of the symmetric 
group on the p letters a;, @2,° - * , @p minus the sum of all the odd permutations 





45 [20]. 


16 [3]. 
17 The author is indebted to Dr. R. H. Bruck for helpful suggestions concerning this 


section. 
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on these letters by {a:@2- - -dp}’; Young calls this the ‘ 
group.” To illustrate, 


{dod }’ = 1 — (a,a2) — (4,a3) — (dod3) + (a,0203) + (,ae02). 


From the columns of [a] we can construct the product of the a, negative 


‘negative symmetric 


symmetric groups, 
, , : : 
Nea == {G13@01° * * Gn} {Qroltes* * *ang}’* °° {ig * *)’. 


Consider the product of these expressions, P,Nq, and take the sum of the p! 
arrangements of the letters in the tableau [a]; we write 





7 ou Vedi. «se > - 
(1) a | : )'sP.Me 
where 
II (¢-—a,—r-+s) 4 ‘< f 
9 meme 
) Fite... B! II (¢-+h—r)! ° 


The T'a,a....a,8 satisfy the basic substitutional identity 


(3) > > 
and, X being the function to be symmetrized, 
(4) A = > Taras. ne a4. 


For p = 2, there are two forms of tableaux: 
A1Q2 , a; 
and 
T >. = {a,a>}, T,1 = {a,a2}’. 
In this case the identity (3) becomes 


1 1 , 
l=> {a,a2} + yi a,A}" ; 


2 
and this applied to the tensor Fj,i, gives 


‘ 1 1 
(5) Finis = 5 LP ints a Fi,i,] + 1 LFist, — Fi,i,] . 


For p = 3, there are three form of tableaux: 


414203, a2, ay 


a3 
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and 


i 1 2 1 ; 
Zs ee | {4,203} ; T 21 end (5) > {ad} {a,a3}’ T1031 = 31 {a,d2d3} . 


Here identity (3) becomes 
1 f a] 1 ls , 1 Vv 
1=— 31 {@,d2d3} + 9 Dd {a,a2} {a,a3}’ + 7 {a,a203}’, 
which gives the following result when applied to the tensor Fj,i,i,: 
: , 1 ‘ ati Pe . 
(6) Fixit = G [A+ B+ Cl + +5 [64 —3C] +2 [A—B+ 0], 


where 
A — FP istotss 


B= Fiisig + Fisiyig + Fisigi,, 
C = Fy,i5i, + Fisizie- 


For p = 4 there are five forms of tableaux: 


1,343, A) Mlolls. Ay), Qo, ay 
(ls A304, ls (lo 

4 al 

4 


2M 


In this case the substitutional identity 1 


1 1 > 
1 = a {4120344} + 64 D {44243} {A105} 
) 
1 . 1 
4+ — “5 Dd {4,42} {asa5} {4143} "{adotty}’ + Ga D {a2} {a,aga4}? + tN {42034} 
) e 


The application of this identity to the tensor Fi,i.i,i, results in 


Fiat =ayl A+ B+ C+ D+ £] 
re ee —8D— 8E] 

64 
7 + fe4A — 120 248 
(7) diet + 248] 
+ [24A—8B 48D — 8E] 

=. 


1—~ 94 C2 De PBI 


4 
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where 
A a Fisivisiy 
7 7 
B= Pryinisity + Pisisistg + Fisigict, + Fizigiots + Pisisigtg + Fisttsigs 
Y nl | 7 7 7 7 7 
C = I igigizi, I igiitot, = P inigisi; = Fs isiste Ei I igtgisiy + Pi sigizis 
+ Ps sigiste + Pi tstaiss 
; _— . ’ ‘ 
D = Prisisigt: + F isisiet, + Pestsirts + Fist teis + Pistia + Pigistats » 
EB = Pisigis + Fisigite + Pisisisi, « 


| 


in the above decompositions we have assumed that for the tensor Fi,i,... i, 
we have p=n, n being the dimension of the coordinate system with which 
we are working. Cases for which p > n will be discussed in section 3. 

Subsequently, we shall find it convenient to use -an exponential notation 
when two or more adjacent @’s are equal, and as heretofore, to omit zeros which 
may occur at the end of a partition. Thus [2°,1°] denotes the partition 
[2, 2,1, 1, 0, 0]. 

The following facts are well known. To every form of tableau [«] corre- 
sponds an irreducible representation of the symmetric group, which is usually 
denoted by the same symbol [«]. The degree of this representation [«] is fa, 
where f, is given by Young’s formula (2); or, alternatively stated, the f,’s 
are the numbers in the first column of the character tables referred to in 
section 2. 

2. Immanant tensors. A tensor whose components are constant in all 
coordinate systems is called a numerical tensor.’* With respect to an unre- 
stricted transformation the simplest numerical tensor is the Kronecker delta 
== 0, if 1 ==, 

1, if 147. 


| 


5;', where 3,4 


A generalization of the simple Kronecker delta, which is called the generalized 
Kronecker delta, has m superscripts and m subscripts, each running from 1 to n, 


and is alternating in both superscripts and subscripts. It is denoted by 


(8) Siig «++ im HG), 48;,82 + + - Bim, (m <n) 


j 
JiJz+ ++ )m — 


where the m! terms formed by permuting the 7’s are added, the sign being plus 
when the permutation is even, and minus when the permutation is odd. If 
the superscripts are distinct from each other and the subscripts are the same 
set of numbers as the superscripts, the value of the symbol is + 1 or —1 


according as an even or odd permutation is required to arrange the superscripts 





wads L191 | 
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in the same order as the subscripts; in all other cases its value is zero. Veblen 
has given an interesting historical account of this symbol.’ Murnaghan used 
it in the study of determinants,? and also proved its tensor character.” 
Cramlet carried the generalization still further, and found the most general 


absolute numerical tensor to be 7? 


JiJ2+--+Jp 


(9) yr i ee x AHS; 418542 a fe ce 5;,”, 


where the p! terms formed by permuting the 7’s and multiplying each by an 
arbitrary scalar are added. The p! scalars are distinguished by the p! permu- 
tations of the v’s. Cramlet does not explicitly state what range p may have 
in (9). However, his repeated remark that when the scalars are + 1 or —1 
according as the permutation is even or odd the general numerical tensor (9) 
becomes the generalized Kronecker delta 
= allie od (m Sn) 

considered by Murnaghan, and also used extensively by Cramlet** and 
Mitchell,** implies an unnecessary restriction on p. For an examination of 
Cramlet’s argument reveals that it holds for any value of p, whether it be 
greater than, equal to, or less than n. ‘To be sure, for a value of p greater 
than n the determinant tensor is a null tensor, as may be some other specializa- 
tions of the general numerical tensor. But, as will be made clear later, some 
other specializations of the general numerical tensor are not null tensors for p 


greater than n. 
When the scalars in (9) are all equal to + 1 we have what Cramlet calls 


the permanent tensor, which is denoted by 


qritte 5 hoe ! 
JiJo++-+ Ip 


In order that our subsequent statements be clear, it seems desirable that 
we recall some ideas and terms commonly used in dealing with the symmetric 
group. Each permutation of the symmetric group on p letters may be written 
in an unique manner as a product of cycles, no letter appearing in more than 
one cycle. A permutation which factors into p, unary cycles, pz binary cycles, 
etc., is said to be of the class (p) = (pi, p2,° * *,pp) of the permutation on p 
letters. The number of classes of the symmetric group is equal to the number 
of partitions of p into sums of positive integers, and is the same as the number 


of forms of Young tableaux [«]. For, writing 





22 [20]. 
28 [21], [22]. 


24 [26]. 


1° [23], p. 12. 
20 [24]. 
21 [25]. 





len 
ised 


y.7t 


ral 


nd 
of 
be 


er 


1€ 


Is 





TENSOR ALGEBRA AND YOUNG’S SYMMETRY OPERATORS. 651 


pPitpet:: “pp Gz 5 
pet + pp=%5 °° 5 pp=ap5 
it follows that 
+ A+ *+ o%—p; 
a= & =: . ‘= Be, 
It is customary to denote the class (p) = (p:, p2,* * +, pn) by (1%, 2”, 3%,---). 
We now make the following 
DEFINITION. When the p! scalars, the A’s, of the general absolute 


numerical tensor 


(9) = A®)§; 8 ;,f2- + + §;, 7” 


are the characteristics of the symmetric group which corresponds to the par- 

tition [a] of p, the numerical tensor is said to be an immanant tensor, and is 

denoted by 
a (K)S. nS. in. . . gt 

(10) al 3? os te * —— ~ Xa §;,°8j." 8;,°”. 

That is, for any partilion [a] there is an immanant tensor, the p! scalars in 

(9) for that partition being the characteristics associated with the class permu- 

tations for that partition. When no ambiguity arises, we may denote the 

immanant tensor by /g. To facilitate the discussion of immanant tensors we 

list tables of characters *® for several small values of p. 


Tables of Characters of the Symmetric Groups. 


Degree 2. Degree 3. 
Class (17) (2) Class (i (3,8) @) 
Order 1 x Order 1 3 2 
[2] 1 1 [3] 1 1 1 
[17] 1 —1 [2,1] 2 0 —1 
[15] 1 —1 1 


Degree 4. 
Class (1*) (17,2) (1,3) (4) (2?) 


Order 1 6 8 6 3 
[4] 1 1 1 1 1 
[3,1] 3 1 0 —1 —1 
[22] 2 —— 0 2 
2; 17} 3 —l 0 1 —1 
[1*] 1 —1 1 —1 1 





5 [12], [18], [19]. 
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For p = 2 =n, the only immanant tensors are the permanent tensor, mint 

V2 

and the determinant tensor, 622. For interest in themselves and for clarity 
v2 d 


in subsequent remarks, we exhibit the components of these tensors for n = 2, 


mite 11 12 21 22 Bie 11 12 21 22 
11 2 0 0 0 11 0 0 0 0 
12 0 1 1 0 12 0 1 —1 0 
21 0 1 ] 0 21 0 —l1 1 0 
22 0 0 0 2 22 0 0 0 0 


For p= 3 =n, in addition to the permanent tensor 


] oe] = 7 ilatg 
i [3]  ivals? 
and the determinant tensor 
I y= § ateis 
(1) JijJz)3 4 


there is the immanant tensor 


I (2,1) — 2 x 85,885,185, 
mm 285,118 5.'28j,"* — 55,28 j.°98),'* — 8j,48),"5;,"%. 


When n = 2, J,,*) is a null tensor, for we cannot have skew-symmetry on p 


things unless they are distinct. Put differently, 


a 
Ji 


) - 


JiJ2)3 oe 


iF 


Sits — | 8; $7.82 §,, 3 
8 8 8;,43 
and this determinant is obviously zero when n = 2, because two columns are 
equal. 
For p=4=n, the five immanant tensors are: 


Tia = A a B -{- ay -+ D + E; 


T 53,1) = 3A a B — Jf) — E; 
Tjo%) = 2A —C —2E; 
Te 2,17) = 3A — £§ y- D a EL; 


In) = A—B+C—D++ #E; 
where 
A = $;,48;,48;,'93;,* (the identity), 


B=the sum of six terms for which the permutation of the i’s is of the 
class (17, 2), 








inky 
J1J2) 


rity 


We 


re 
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( =the sum of eight terms for which the permutation of the 7’s is of the 
class (1,3), 

D =the sum of six terms for which the permutation of the 7’s is of the class 
(4), 

E =the sum of three terms for which the permutation of the 7s is of the 


class (27). 


When n = 3, J;,4) is a null tensor; and when n = 2, the last two of the five 


immanant tensors listed above are null tensors. 


3. Decomposition of an arbitrary tensor with the use of immanant 
tensors. Since the decomposition of an arbitrary tensor has been defined by 
Weyl in terms of Young’s symmetry operators, and since we have defined 
immanant tensors in terms of characters and permutations, the application of 
immanant tensors to the decomposition process depends on a relation between 
Young’s symmetry operators and characters and permutations. Unfortunately, 
we are at a disadvantage in referring to the various parts of Young’s analysis 
collectively, as we need to do here, because as Young developed his theory he 
found it desirable to make changes in method and in notation. Nevertheless, 
holding to the notation of section 1, it may be said that the tableau [a] may 
be defined as standard if the letters in each row and column appear in the 
order of some given sequence. It can be shown that exactly f, of the p! tab- 
leaux are standard, where fg is given by (2). Moreover, it can be shown that 


T, may be expressed in terms of the standard tableaux, this expression being 


(11) To = [PLN My + PaNaMs +> + -PreNieMrals 
Ds 
or 
fa 
T, —1* $ P.N,M,, 
P? r=1 


where the multipliers /, are introduced for orthogonality reasons. 


Now we quote from Young *° the 


THEOREM I. 


f fa ry f ~ 
(12) ie b Pel ri ;. = ma dSxoo 

iT So p! 
where xo is the characteristic of the permutation of class o. 
Thus 
P ‘ fa 
(13) Ta =) 2 X09. 

p! 





*° [4], p. 256, Corollary to Theorem I. 
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From (13), and the definition of an immanant tensor, (10), we have 
THEOREM II. Operating on the i’s we get 

(14) T° 8;,°8;,%- - 3,0 — i Iq. 

Further, combining this with (4) we get 


THEOREM III. 
(15) p 185,485.42 iat 8;,"” es iz fala. 


This is the basic identity satisfied by immanants. 
With the tensor algebraic operation of contraction in mind it should be 
clear that if we multiply 


s 
isle «stp 

by 
ile oo etp 
al je ene 


and contract the result will be an expression in the Fi,i,...i,’s for which the 


indices obey the same law as the i’s in Zz. Thus we are led to 


THEOREM IV. A tensor Fi,i,...i, is completely decomposed by multi- 


plying the identity (15) through by it, and then contracting. 


Note that the elements of the tensor obtained by the process of section 1, 
that is, of 
> ra - . Tit. - + tps 


re ee Be eet . 
have the common multiplicative factor £-. To illustrate, for p = 4, fis.) = 3, 
a 
and 
p! 24 3 
fa iz 


which checks for the expression for 7'p3,1;F'i,i.i,i, given by (7). 

In the above applications we have considered the decomposition of an 
arbitrary covariant tensor F’j,;,...i,. However, Theorems II, III, and IV also 
constitute machinery for the decomposition of an arbitrary contravariant tensor 
Fiss2--- 52, if we think of the j’s in (14) as being operated on, instead of the 7s, 
as formerly done. Indeed, they form the basis for the decomposition of what 
Weyl] has called “ bisymmetric ” tensors, tensors of the form 


Far eee ip ‘ 
JiJo+++ Jp’ 


such that this tensor is left invariant if both the 7’s and j’s are submitted to 
the same arbitrary permutation. So one can say that the immanant tensors 
are bisymmetry operators, as well as symmetry operators. 
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if we let 
(16) I = 8),4:8;,42- + + 8; 4 
and 
nt , fa 
(17) "= ae oe 


the basic immanant tensor identity (15) becomes 


(18) Pome Digs Ho + sh, 
or 
I=3I'.: 
Analogous to the properties of Young’s T,’s 
(19) Ta: Ta =Ta, 


(20) re * Tp=0 (a £B), 

we have from Theorem II the 
THEOREM V. 

(21) lg: Tamla, 

(22) I’, + I’g =a null tensor (a2 8B), 

where the multiplication is not what is conventionally called multiplication in 

tensor algebra, but is tensor multiplication followed by the contraction of a 

set of upper indices and a set of lower indices; it is convenient to refer to this 


as bimultiplication of the tensors. To illustrate, when p = 2, 


93) ‘jig. lila —— Vghtg + Shir - Hhile = Bue 
(23) Fit * ide Sale r 8 ii, te es ? 
(24) mits - §hlz =a null tensor. 

if2 Jide 


To exhibit in detail such a product as (24), let 
le a= Shite - while, 
A Juz 8 lg jida 
Then from the tabular values of the factors previously given we construct the 


following table. 


A te 11 12 21 22 

- (0,0,0,0) (0,1,—1.0) (0,—1,1,0) (0,0,0,0) 
.(2,0,0,.0) =0 .(2.0, 0.0) —0 .(2, 0,00) 0 .(2,0,0,0) =0 

2 (0,0,0,0) (0,1,—1,0) (0,—1,1,0) (0,0,0,0) 
.(0,1,1,0) =O .(0,1, 1,0) —0O .(0, 1,1,0) 0 .(0,1,1,0) —0 

01 (0,0,0.0) (0,1,—1,0) (0,—1,1,0) (0,0,0,0) 
.(0,1,1,0) =O .(0,1, 1,0)=0 .(0, 1,1,0) 0 .(0,1,1,0) =0 

29 (0,0,0.0) (0,1,—1,0) (0,—1,1,0) (0,0,0,0) 


.(0,0,0,.2) —0 .(0,0, 0,2)—0 .(0, 0,0,2)—0O .(2,0,0,0) = 
( : 
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Just as the determinant tensor is a special case of an immanant tensor, 
the identity of classical tensor algebra 27 
Sirtets «Flies —= ZB! Hutets 
Uylols Jid2Ja JiJe)3 
is a special case of the immanant identity (21). 

In virtue of the properties expressed in (21) and (22), the numerical 
tensors /,’s are “normal idempotents.” With an arbitrary tensor one can 
generate a tensor having a prescribed type of symmetry through bimultipli- 
cation of this tensor with the appropriate J,; the result is invariant under 
bimultiplication with Jg, and is annihilated through bimultiplication with Ig, 
where Ba. Thus, since 


mek iif. = Fj,j. + F'seh;9 82 Finis — F 5,50 ies F 50545 
Jo Lyte a " — lo w. .. i Rs 
ois (wine f i1i2) = Sis (F554 + Fyj,5,); 
cai Fini, ina Fist, + F,1, ia Fit, 
= a null tensor. 
Similarly, 
j Pp } Le 7. Ps — ) lo a . a: . 
mee (xk isis) ini m2 (F Jide + Fj.5,), 
me Fit, Pig, + Pit, + Paty 
= 2(Fii + Fi). 
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EQUIVALENCE OF QUADRATIC FORMS.* 


By Cari Lupwic SIzGEL. 


Introduction. Let S be a quadratic form in m variables 21,° - - , 2m with 
coefficients belonging to a ring P and 7 a quadratic form in n variables 
Yi," * *, Yn. We say that S represents T in P if S is carried into T by a 
linear transformation 


(1) te —= & cuiy (k=1,---,m), 
=1 


where the coefficients c,: are numbers of P. If also T represents S in P, we say 
that S and T are equivalent in P. We shall assume the ring P to be one of 
the rings R, Rp, Ro, J, Jp defined in the following manner: F is the field of 
rational numbers, FR, the field of p-adic numbers, where p denotes any prime 
number, Roo the field of real numbers; moreover J is the ring of integral 
numbers and J» the ring of p-adic integers. It is convenient to denote Rw 
also by Joo. If we speak of equivalence without mentioning the ring, we always 
mean equivalence in J. On the other hand, equivalence in F is also called 
rational equivalence. 

Since # is contained in all the fields Rp and Ro, two rationally equivalent 
quadratic forms are certainly also equivalent in all Rp and Ro. The converse 
of this obvious statement is 


THEOREM 1. If two quadratic forms with rational coefficients are equi- 
valent in all Rp and Ro, then they are also rationally equivalent. 


This important theorem was found by Minkowski’ who published only a 
sketch of the proof. The first detailed proof was given by Hasse.’ 

We consider now the corresponding questions for J, Jp, Jo instead of 
R, Rp, Ro. It is again obvious that two equivalent quadratic forms are 4 
fortiori equivalent in all Jp and Jo. However it may be seen from simple 
examples that now the converse is not generally true. In order to overcome 
this difficulty we introduce the notion of semiequivalence: 





* Received March 5, 1941. 

1H. Minkowski, Gesammelte Abhandlungen, vol. 1, p. 222. 

2H. Hasse, “tber die Aquivalenz quadratischer Formen im Kérper der rationalen 
Zahlen,” Journal fiir die reine und angewandte Mathematik, vol. 152 (1923), pp. 205- 
224, 
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Let S and 7’ be quadratic forms with integral coefficients. We say that 
8 represents T rationally without essential denominator, if there exists for any 
positive integer g a linear transformation (1) carrying S into T, such that 
the coefficients cy: (tk =1,---,m;1—1,:--,n) are rational numbers and 
their denominators relative-prime to g. If also T represents S rationally with- 
out essential denominator, then 8 and T are called semiequivalent. Obviously 
the equivalence in all Jp and Joo follows already from semiequivalence. And 
now also the converse holds, namely 


THEOREM 2. Jf two quadratic forms with integral coefficients are equi- 
valent in all Jp and Jo, then they are also semiequivalent. 


The genus of a quadratic form S with integral coefficients is the set of 
the quadratic forms 7’ equivalent to S in all Jp and Jo. Theorem 2 maintains 
that two quadratic forms of the same genus always represent each other 
rationally without essential denominator. This has been proved by Smith * 
in the case of three variables. The general theorem was stated by Minkowski *; 
but a complete proof had hitherto not been given. 

The assumptions in Theorems 1 and 2 contain only local properties of 
the quadratic forms dealing with their behavior at the finite and infinite 
prime-spots; on the other hand, the assertion is the existence of a certain 
matrix in the large, namely in the field of rational numbers. It is therefore 
quite natural that the proofs depend upon the transcendental methods of 
analytic number-theory. Hitherto the proofs of Theorem 1 used Dirichlet’s 
theorem concerning the prime numbers in arithmetical progressions. This 
theorem, however, belongs to the theory of class-fields rather than to the proper 
theory of quadratic forms. It is of methodical interest to refrain from using 
Dirichlet’s theorem and to apply in its place the properties of the theta func- 
tions giving the adequate tools for the investigation of quadratic forms. 

Our proofs of the two theorems require very little knowledge of arithmetics. 
We use only the properties of linear forms contained in the main theorem on 
elementary divisors of rational matrices. We do not need the law of quadratic 
reciprocity which was important in the former proofs of Theorem 1. The 
method of our proofs could be generalized without difficulty to the case of 
quadratic forms in arbitrary algebraic number-fields. 

In the statement of Theorems 1 and 2 we did not assume that the two 
quadratic forms are non-degenerate, i.e. that their determinants are different 





°H. J. St. Smith, Collected Papers, vol. 1, p. 480. 
*H. Minkowski, Gesammelte Abhandlungen, vol. 1, p. 221. 
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from 0. We show now by a simple consideration that we may restrict ourselves 
to the non-degenerate case. 
The rank of the product of two matrices is not greater than the rank of 
either of the factors. Hence two quadratic forms S and 7 have obviously the 
same rank yp, if they are equivalent in P. Since Theorems 1 and 2 are certainly 
true in the case 10, we may assume » > 0, We want to prove that S is 
equivalent in P to a non-degenerate quadratic form in y variables. 
Let us first consider the cases P= R, Ry, Ro. If the m coefficients sy 
(k=1,---,m) of 
m 
S = Dd seireri 
k,l=1 
are all 0, then at least one of the other coefficients sx: = six (kl) is ~0, 
say Say. The special linear transformation 1)—> 2% + %, aa, (k~b) 
m 
and its inverse belong to P; hence S is equivalent in P to S + 22a 5 sxvxx, and 
k=1 
the coefficient of xq? in this quadratic form is 2sqa, 0. Hence we may assume 
that already one of the coefficients sx:, say saa, is #0. Then the difference 


Sak = 
S — Saa(2a + 2 —* ax)? 


k#a Saa 

is a quadratic form in the m—1 variables x, (k ~a). Applying induction 
we infer that S is equivalent in P to a diagonal form c,x,? +° + + + cya’, 
where the coefficients c,,- - +, cn are 0. In the case P= R or Rp, let c bea 
common denominator of the numbers ¢,°°*°*,¢y. By the substitutions 
Ly —> cx, (kk =1,-- +, mp), we get integral coefficients. Consequently we may 
assume for the proof of Theorem 1, that the two quadratic forms are diagonal 
forms with integral coefficients. 

In the cases P= J, Jp, we apply the theory of elementary divisors to the 


matrix S = (s;:) of the quadratic form S. There exist two matrices I and 


—_— 





8 of P with m rows and determinant 1, such that 


Ps D0 
ISy — 
ont ere 


where D is a diagonal matrix of » rows and 0 is a zero matrix. If W denotes 


the transpose of 11, the matrix 





DS 0 
i, re ficud St-111’ 
usu -(7 5) U 


is symmetric. Since the elements of the last m—p rows on the right-hand 


side are all 0, we obtain 
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where WY is a symmetric matrix of » rows with non-vanishing determinant. 
Hence S is equivalent in P to the quadratic form with the matrix YW, and we 
may assume for the proof of Theorem 2 that the two quadratic forms are 
non-degenerate. 

Henceforth we denote by S only non-degenerate quadratic forms. For 
our further researches the notion of the zero-form is important: A quadratic 
form S with coefficients in P is called a zero-form in P, if the Diophantine 
equation S = 0 has a solution in numbers @;,° * *,2m of P which are not 
all 0. A zero-form in F is obviously also a zero-form in all Ry and Ro. Again 
the converse is true: 

A quadratic form with rational coefficients is a zero-form in R, if it is a 
zero-form in all Rp and Re. 

This was proved for the case m = 3 by Legendre,* in a different notation, 
and by Hasse ° for the case of any m. If m > 4, the theorem is contained in 
the following result of A. Meyer *: 

Any tndefinite quadratic form with rational coefficients and more than 4 
variables is a zero-form in R. 

Since a quadratic form S with rational coefficients is equivalent in R to a 
diagonal form @,2,° + +° + ++ @n@m? with integral coefficients a0 (k= 1, 

**,m), we may assume for the proof of these theorems of Hasse-Legendre 
and Meyer that S is such a diagonal form. On the other hand, the equation 
S§ = 0 is homogeneous and we may restrict the variables 7,,° - -,Zm to integral 


values. In addition to the indefinite form 


we introduce the positive quadratic form 


m 


p = p> | ap | Et 
k=1 


and consider for arbitrary e > 0 the sum 


(2) A(e) = S exp(— zeP) 
S=0 
extended over all integral solutions 2,,- - -,a@m of S = 0. 





5 A.M. Legendre, Théorie des nombres, ed. 3 (1830), vol. 1, §§ 3, 4. 

°H. Hasse, “Uber die Darstellbarkeit von Zahlen durch quadratische Formen im 
Korper der rationalen Zahlen,” Journal fiir die reine und angewandte Mathematik, vol. 
152 (1923), pp. 129-148. 

7A, Meyer, “Uber die Kriterien fiir die Auflésbarkeit der Gleichung ax* + by? 
+cz*-+ du? =0 in ganzen Zahlen,”’ Vierteljahrsschrift der Naturforschenden Gesell- 
schaft in Ziirich, vol. 29 (1884), p. 209-222. 








662 CARL LUDWIG SIEGEL. 


THEOREM 3. Let 8 be an indefinite quadratic diagonal form, with integral 
coefficients, in more than 4 variables. If ¢ tends to 0 through positive values, 
then the expression ¢e'"/*)-14 (e) tends to a positive limit. 


This is obviously a quantitative improvement of Meyer’s theorem. We 
shall give a proof using the “circle method ” of Hardy and Littlewood. The 
same method leads to the following special result in the case m = 4: 


THEOREM 4. Let 8 be an indefinite quaternary quadratic diagonal form 
with integral coefficients. If S is a zero-form in ail R, and if its determinant 
is the square of an integer, then the expression (e/log e*)A(e) tends for «0 
to a positive limit. 

This is a quantitative improvement of the Hasse-Legendre theorem, in 
the case of a quaternary form with quadratic determinant. It is also possible 
to determine the asymptotic behavior of A(e) in the remaining cases, namely 
m < 4, or m= 4 and the determinant not a square. But in these cases the 
estimation of certain quantities in the proof becomes more laborious and 
requires particular calculations which are not necessary under the assumptions 
of Theorems 3 or 4. For the purpose of our investigation, the proof of 
Theorems 1 and 2, we need only the statements of Theorems 3 and 4; therefore 
we omit here the more difficult discussion of those particular cases. 


1. Gaussian sums and singular series. 


Lemma 1. Let p be a primitive root of unity of degree q=—1, « and B 
be two integers and §= (2a,q) be the greatest common divisor of 2% and q. 
Then 


|S pms | 2 < bg, 
h=1 


where the sign of equality is true in the case §=1. 


Proof. Multiplying the two conjugate complex quantities 
q . q 
G == , par?+Bh, G a= > p-ve-bk 
h=1 k=1 


we find 


| G 





q q+k qd qd 
ee -ak?—Bk ah?+Bh) > al®+Bl > 2akl) | 
ee Cer 


The inner sum on the right-hand side is 0, if 2a/ is not a multiple of q, and 
q otherwise. Since q is a factor of 2a/ only for the 8 values 1 = gqd* (g =1, 
- + +,8) in the interval 1 = 1 = q, we have 


|G)? =q >" frm, 
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the sum being extended over these values of J, and hence 
| @ |? S 8g, 
where the sign of equality certainly holds in the case § = 1. 
In this paragraph we denote by S a diagonal form 


S=— (zr) = pS Oj? 
=2 


with integral coefficients a,, where x is the row of the variables 21,° - +, 2m. 
Let 


D = 0,° * * dm 


be the determinant of S. For any positive integer q, a special primitive q-th 
root of unity is given by 
pa= e27 t/q, 


The Gaussian sums are defined by 


(3) Gq(r) = > pq’), 
x(q) 
where the sign x(q) indicates that the variables 2;,° - - , 2m run independently 


over a complete system of residues modulo q, and r is an integral number. 
If ¢ is a common divisor of g = tq, and r == tr,, we have obviously 


(4) Gaq(r) = 1" Ga,(11). 


On the other hand, we infer from Lemma 1 the inequality 


(5) | Ga(r) |? < gL (2awr; 9). 
We define 
(6) Hy=q" > Ga(r), 
r(q 


where the sign r(q) and the dash mean that r runs through a reduced system 
of residues modulo g. Denoting by ¢(q) Euler’s function, we obtain by (5) 
the estimate 


(7) | Ha | =9(q)o™" Il (2ax, 9), 
whence 
(8) | He) S o(q)r", 


if (2D,q) =1, and in any case 
(9) | H, | < Qm/2 | D | dgt-(m/2) | 


We assume now m > 2 and denote by p any prime number. By (9), the series 
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00 
(10) op = > Hy* 


k-0 
is absolutely convergent. On the other hand, let Ny be the number of solutions 
of the congruence 
S(x) = 0 (mod q) 
in different systems 7(q). The significance of the quantity op is made clear by 


LemMaA 2. If q=p! runs over the powers of the prime number p, then 


ve 


(11) lim q'- "Ng = op. 


q7> x 
This limit op is ~ 0, if and only if S is a zero-form in Ry. 
Proof. Let r; run over a reduced system of residues modulo p* (k = 0, 
*,l). The numbers rxp'* (k = 0,: - -,1) form exactly a complete system 
of residues for the modulus p!’=—g. By (4), the relationship 
Gp! ( rp! k) =e. pt *)mG* (rx) 
holds, and hence by (6) 
g a oy a 
> Gq(h) = > pCw™ D’ Gy (re) = g” & Hy. 
h=1 k=-0 rk (p*) k=0 
On the other hand, by (3) 
we 3S  nS(2) y 
S Ga(h) =E Dp) — gNy. 
h=1 


x(q) h(q) 
This leads to 


l 
(12) gq’ "Ne _ mi H,* 
k=0 


and consequently to the first assertion of our lemma. 

Now we shall prove that op > 0, if S is a zero-form in Rp. Let p* be the 
largest power of p dividing 2) and 1=2a+ 1, q=p'. Since S is a zero- 
form in Rp, the congruence 
(13) S(x) =0 (mod q) 
has a primitive solution x, i.e. a solution in integers %,° * *,%m which are 
not all divisible by p. The greatest common divisor 
(14) (q, 20,21,° * *, 2Amtm) = pF 
is then a factor of the number (2D,q) = p*, hence B= and 2(1— 8) = 
21—2«a=1+1. If y is integral, we find 

m 
Y ¢ - Y . 
S(x + pBy) = S8(x) + 2p? ¥ agrgyg (mod pq) ; 


g=1 
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by 
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hence the number of modulo pq incongruent solutions z of 





S(z)=0 (mod pq), z2=az (mod p!*) 


is the same as the number of modulo p**! incongruent solutions y of 
m 
2p? S agtyyg =— p'S(x) (mod p). 


g=1 


By (13) and (14), this number is p”**"8, On the other hand, the number of 
modulo g incongruent solutions z of 


S(z)=0 (modq), z=z (mod p'*) 


is obviously p”*°, and the ratio of the two numbers of solutions is p”-?, inde- 
pendent of the primitive solution z. Denoting by M,* the number of modulo p* 
incongruent primitive solutions z of S(x) =0 (mod p*), we obtain by sum- 


mation over x modulo p’* the formula 
Moq = p™'" My (q=—p'; l= 2a+1). 


This shows that the expression p°-™'!M,! (1 = 2a-+ 1) is a positive number 


i 


not depending upon 7. But 


N,= My, (q=p';l=0,1,:-°-), 


and hence the sequence g’*"Nq has a positive lower bound. By (11), the 
inequality op > 0 follows. 

To complete the proof of our lemma, let us now assume, on the other 
hand, that S is not a zero-form in Ry. Then we infer, from the above dis- 
cussion, that the congruence 
(15) S(x) =0 (mod q) 
has no primitive solution, if gq = p', 1 = 2a-+ 1 and p* is the largest power 
of p dividing 2). Let x be any integral solution of (15) and 


(16) (q,%1,° * *;Lm) = pr. 
Then y = pz satisfies the congruence 

p??S(y) =0 (mod q). 
Hence 2y = 1 — 2a, and by (16) 


Nea <= ste 242) soe pq" 2 


gq’ "Ne = es 2). 


Since m > 2, the right-hand side tends to zero for gq = p'— o#, and we see 
by (11) that op = 0. 
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Lema 3. Let either m > 4 and p arbitrary or m > 2 and (p,2D) =1; 
then 


(17) op > 0. 

In the case m > 4, (p,2D) =1 the stronger inequality 
(18) erie 

holds. 


Proof. We consider first the case m>2, (p,2D)=1. For q=p! 
(J = 1,2,-- -), the inequality (8) implies 
| Ha|=(1—p*)g” 
co ie @] 1 dupiiains p 
| > A;' | <= (1—p") Sd ptm) pim/? ——_+__... 
1=1 ; i=1 1— pr 
The right-hand side of the last formula is < p°’/? for m=5, = p™ for 
m= 4, = p*/? + p* for m = 3, and less than 1 in any of these cases, since 
p= 3. Now H,=—1 and therefore 


yl Sa—[ PR). 
i=1 


By (11), the number gp is non-negative. Hence (17) holds for m > 2, 
(p, 2D) =1, and (18) for m > 4, (p,2D) —1. 

It remains to prove (17) for m >4 and the prime factors p of 2D. 
Applying Lemma 2 we have only to show that S is a zero-form in Rp. For 
this proof we may assume, without loss of generality, that 


m 


h 
(19) S = > AxL}." —- Pp > bya”, 
k=1 


k=h+1 
where h is a certain number of the interval 0 = h S m and none of the integral 
coefficients ax, by is divisible by p. Moreover we may restrict ourselves to the 
case h = m/2, since the case h = m/2 is transformed into this one, if we 
divide S by p and replace a, by pa, (k=1,:-+,h). If p42, we apply 
Lemma 2 and the already proved part of our lemma to the quadratic form 


S; = 5 je." 
k=1 
in more than 2 variables. Then S, is a zero-form in R, and consequently so 
also is S. In the remaining case p=2 we infer from (7) and (19) the 
estimate 
| Z| Seg" (q—=2'; l= 2,3,:--). 


Since h > 0, we find by direct calculation that H, = 0, and in the case h < m 
also H,—0. Hence 





or 


al 


ve 


ly 


80 
he 





EQUIVALENCE OF QUADRATIC FORMS. 667 


“4 


8 


H,' | =< Qm-h/2-1 s Q1(1-m/2) < Qm-h/2+h(1-m/2) | 

i=d 
where A= 3 for h< m and A~=2 for h=m. Now h=m/2 and m >4, 
whence m —h/2 + A(1— m/2) < 0 in both cases and 


uM 


oO 
lo. | =1—|>4@,'|>0. 
I=1 
By Lemma 2, S is a zero-form in Rs. 


Lemma 4. If m > 4, the serves 


(20) — 5 


q=1 
converges and 
(21) a> 0. 


Proof. Let q = qiq2 be a decomposition of g into relative-prime factors. 
If <®) and x‘) run over complete systems of residues mod g, and mod qs, then 
t= q.e") + ¢,2) runs over a complete system of residues mod qg. In an 
analogous manner we may take r= q2r, + qif2, where r, and rz run over 
reduced systems of residues mod q, and mod q2. We obtain 
rS (x) = (qoti + Gite) S(qoar™ + qux) =riq.2S(c™) + roqi38 (x) (mod qg) 


pa’S‘*) an pq,7S! a2@ ) ng,720'S(a™) 
and by (3) 
Gg(T) = Ga,(7192?) Ga. (7'291")- 
Since also 7,92? and 7.q,7 run over reduced systems mod g, and mod qe, we 
find by (6) 
(22) Hy = HaHa. 
By (9), the series (20) is absolutely convergent for m > 4. Hence from (10) 


and (22) the product-formula 


o=I|[o 
Dp 
follows. By Lemma 3, all factors op are positive, and moreover the inequality 


Il o> IT (1—p*”) > 0 


(p,2D)=1 (p,2D)=1 
holds, where the multiplication extends over all prime numbers p not dividing 
2D. Consequently (21) is proved. 


Lemma 5. Let p be an odd prime number not dividing the determinant 


m—1 


D; then S is equivalent in Jp to Dim? + > 2%’. 
k=1 
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Proof. Let a and 6 be two integers not divisible by p. By (8) and (12), 


the number of modulo p incongruent solutions €, », £ of 


(23) a&’ + by? =f (mod p) 


is not less than p*{1 — (1 — p*)p~’/*}, and the number of modulo p incongru- 
ent solutions €, » of ag? + by? =0 (mod p) is not more than p(1 + 1—p*), 
Since the difference of both numbers is = (p—1)(p— p’’*—1) > 0, there 
exists a solution of (23) with £0 (mod p). The method of the proof of 
Lemma 2 leads then to an integral p-adic solution a, B of az? + bB? = 1, and 
we get the identity 


ax,* + ban? = y,? + aby’, 
where 2, 2 and y;, y2 are connected by the linear substitution 
L, = ay, — By, Lo = By: + aay, 


of determinant 1. Applying this result m— 1 times, we obtain the proof of 


the assertion. 
For the rest of this paragraph, we assume that m = 4 and the determinant 
D of § is the square of an integer, D) —a*. Denoting by s a real variable, 


we define 


oO 

(24) op(s) = > H,'p*, 
l=0 

(25) o(s) => Haz, 
q=1 


where the first sum, by (9), converges absolutely for s > —1 and the second 


sum fors >0. By (22) 


(26) a(s) = ][ o(s) (s>0), 
p 
and by (10) 
27) lim op(s) = op(0) = op. 


Lemma 6. If m=4, D=—a’, (p,2D) =1, then 


1 — 78-2 
op(s) = 1 a (s >—1). 


Proof. By Lemma 5, the quadratic form S is equivalent in J» to 
ay? + a? + 2,2 + a22,2, hence also to 7,7-+ 7,2 + 2,7 -+ 2,7, and the same 


holds for the quadratic form 
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If two rows of variables are connected by a linear substitution with integral 
coefficients whose determinant is relative-prime to q, then they run at the same 
time over a complete system of residues modulo gq. Hence, for g =p’, the 


Gaussian sum is not changed, if S is replaced by T. Applying the 
definition (3) » i 
Gq(? y= (3 e™)*( 3 pr)? (gop) eet, +) 


and therefore by Lemma 1 


G(r) = 9, 
if (p,r) =1. By (6) and (24) 





Hg = (1— p")q" (q == p's [== 1,2,°- -) 
ue 1— p* 1—p** 
-op(s) =1-+4 (1- p°) 2P 1(8+1) it ay i 
LemMA 7. Jf m=4, D=a?* and S is a zero-form in all Rp, then the 
t t 
sequence } Hy/ dq" (t=—1,2,:- +) tends for to to a positive limit. 
q=1 q=1 


Proof. By (26) and Lemma 6 











_. (8 + 1) G— p* Denis) 
a(S) ~ t(s + 2) IT 1— p= (s>0). 
The Dirichlet series 
1 (1 — p*"")op(s) S 
ae pS aia ro) rete. 28 
(s+ 2) ee 1— ps ¥(s) a “a4 


is the product of a finite number of Dirichlet series which are absolutely con- 
vergent for s > 1; hence it is also absolutely convergent for s >—1. In 
particular, for s = 0, 





— 6 op(0) oO 
(28) 2 II —*" -1 — ¥(0) <—s an Ce. 

af a Ww p/2D I i a q=l 
Defining 

=_ >, Cq 
q>u 
we have 
y(u) > 0 (u—> 0). 


If 8 is an arbitrarily small positive number, the inequality | y(w) | <8 
holds for w>v—v(8) >0; moreover a constant K exists, such that 
| y(w) | < K for all values of wu. Using the abbreviation 
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we find 
t 
lIXSytH/)el|skK FS tse Sk+ bh 
q=1 t/vSqst asst 
t 
(29) Li7 3S y(t/¢q)q¢' > 0 (t— «). 


q=1 


From (25) and the identity 
o(s) =£(s + 1)¥(s) — Be S cag 
we obtain , . 


B Ha— ¥ cab* =¥ (¥(0) —r(t/9) }7? = WO) Le —B t/a) 


q=1 abs 
hence by (29) 
t 
Lit > Hy (0) (t—> ). 
q=1 


By (27), (28) and Lemma 2, the inequality y(0) > 0 holds. 


2. Farey dissection and theta functions. Let « be a given number, 


1 
L y = 4 ‘ = —_ 

ere 4, N [e4] 8 V+1 
and J the interval 8 = u=1-+ 8. We consider all pairs of integers q, r with 
(30) 1<r<q=N, (gr)=1 
and denote by Jr the interval 

‘ 1 

(31) peo t/8 > aap 


and by Jo the set of all points of J not belonging to any Jor. 


Lemma 8. The intervals Jgr are contained in J and do not overlap each 
other. For any point u of the set Jo, a pair of integers q,r satisfying (30) 


exists, such that 
1 ' 1 
(32) ese /4l< oy: 


Proof. Let u be a point of Jg. By (30) and (31) 


1 1 1 
om sore va(1 —*)= uN (1x44) =8 


1 1 
=< a a megs, 8 . 
Peer ay gy t+: 
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hence wu belongs to the interval J. If another interval J, had an inner point 
u in common with Jqr, the inequality 


|u—1/q'|<say 


oe 
and (30), (31) lead to the contradiction 
Se [1 
qq 1g 


ei 1 fe 


q ¥|~2qN' 27N 2qq'N aq” 











Let now wu be a point of J). Applying the theory of continued fractions we 
find a pair of integers q’,7” such that 


1<¢=N, (@.r)=1, |u—r/f |< 














q 7 ; 
If 7’ = 0, we have 
er es 
N+1 q’N N 
1 1 
“—W| Sy? 
if 1’ > q’, we have 
I 1 
oe 1 ee ee 
1 V 1 a <us1+6=14+—— Voi 
1 1 
ew 
hence the inequality 
r 1 
ier 








holds also for at least one pair g,7r satisfying (30). On the other hand, wu not 
being a point of Jor, 
1 


< a 
qi 


This completes the proof of the lemma. 
Putting 


m 


m 
S= ps Apt”, 2 = > | ak | Xx" 
k=1 k=1 


with integral coefficients a, +4 0, we define the function 


(33) f(u) = > exp(— weP + 2riuS), 


where the sum is extended over all integral values of the variables 7,,° + - , m. 
Obviously 
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(34) f(u) = TI fe(u) 
with c 
fr(u) = :: exp {—7| a | (e€ = 2iu)/?} (kam 1,--+,m), 


where the sign is defined by 





Using the substitution u= v + r/q, we obtain 
ghey g _— 4 : 
fa(u) = Leper YX exp {— a | ax | (€ FH 2v) (ql + h)*}. 
h=1 l=—00 
Applying the well-known formula 
ao a0 bs 
> exp {— 27z(1 + w)*} = 24 S exp {— 2/z) I? + 2zilw} 
l=—-00 l=—c0 


from the theory of theta functions with 
z= 2% = | a, | g?(€ = iv), w=h/q 


and introducing the abbreviation 


q 
(35) ya (r/q) = S par, 
h=1 
we find 
CO 
(36) fx(u) = | a, | 4(e = 2iv) 4 DS yer(r/q)exp {— (2/%) 07}. 
l=—0o0 
Let now u be a point of J. By Lemma 8, a fraction r/q satisfying (30) 
exists such that | v | = | w—r/q|<1/qN. The real part of 
+ wv 
Ze = | A | -1g-2 § 


ost a 
has the value 
& = | ax | (qe + 4q?v%e) 7. 
Since q= N and NSe4< N +1, we have 
q’e + 4q?v"e? S14 4(14+ N47)? <1% 
and therefore 


(37) | exp(—/zx) | = exp (— 7&) S exp (— a | a |-1/17) 
(mm 1,- + -+,m). 


In the following estimates a formula of the type A = O(e°) with real 


exponent c means that the inequality | A | < Ke® holds with a certain constant 





it 
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K depending only upon the given quadratic form S and not upon e or any 
other parameter involved in A. 


Lema 9. If u is any point of Jo, then 
f(u) = Oem). 


Proof. By Lemma 1 and (35) 


(38) | yer(7/q) | S q4(2ax, q)4 S | 2ax [2 g4; 
by Lemma 8 
=) Je = iv | =| 2v|—2|u—r/q| > 1/qQv=qre. 


From (36), (37), (38), (39) we infer 
fr(u) = O(e*) 


and consequently by (34) the assertion of our lemma. 
Let n of the numbers @;,° - -,dm be positive and m—~n negative. We 


define 


F(v) = (e— 2w)-/?(e + 2iv)-™") 
and use the symbols D and G(r) in their former meaning. 
Lemma 10. Jf wu is any point of Jgr, then 
f(u) =| D| Aq-"Gq(r)F(v) + O(e™). 
Proof. By (36), (37), (38) 
fi (uw) = | ax | *(e  2tv) 4 {yn0(7/q) + 4 exp (— 7&)O(1)}; 
hence by (3) and (34) 
f(u) = | D | Aq" Gg(r)F(v) grim) (2 + v2) 
(—1+ TI (1+ exp[—é])}0(1). 
Now the assertion follows from the estimate 
mV") (2 dv?) exp(—aée) = | angee | "/* exp (—mk:) = O(E™*). 
Lemma 11. Jf m>2 and0<n<m, then 
1/2gN 


(40) F(v)dv 


—1/2qgN 


7I'( m/2—1) 


poco = ne (9-)1-m/2 | gm 2-10) ( 1/2-m/4 ; 
C(n 2)r([m—n] 2) ( €) 1 qd (e€ ) 


Proof. Let W be the integral on the left-hand side cf (40) and W, the 


same integral between the limits — o and «. Obviously 


13 
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co 
“ mL = N m/2-1 - . 
(41) | Ww—W, | <2 f (2v)-"/2du = ee az g/2-1() (¢1/2-m/4) | 


1/2qgN 


fo) 
Wo _— iia f (1 — w)-" {4 + iv)-(m—n) /2qy, 
-00 





Since 
- 
T'(n/2) (1 —w)-"/? = f x"/*-! exp {— (1— iv) a} dr 
0 
and 
co 
f (i )qa ; ) (m-n) /2q Rar ( )/2~1 
exp (iz ay )7(m-n)/2dy —— g(m-n)/2-1 p-2 
: + or =T([m—n]/2)~ ii 
-00 
we obtain 
co 
aret-m/2 





f xr™/2 exp (— 2x) dr 


7 al (m/2 —1) 
~ T(n/2)T([m— n]/2) 


(42) Wo =F(n/2)0([m—n]/2) « 





(Rehm 
By (41) and (42), the lemma follows. 
3. Proof of Theorems 3 and 4. Let S be indefinite. By (2) and (33) 
A(e) = f f(u)du; 
J 


hence by Lemma 8 


(43) A(e) —f f(u)du +2 f f(u)du, 


Jo Jar 


where g and r run over all integers satisfying (30). By Lemma 9 
(44) f f(u)du = O(e™) ; 

Jo 
by (31) and Lemma 10 


5 f(u)du =| D 


Jar 


1/2qN 
49-™Gq(1r) f F(v)dv + 1/qN O(e™m), 


-1/2qgN 





Using the abbreviation 
“ ‘“ aI’ (m/2—1) _ 
7) ome |D| T'(n/2)T([m — n]/2) , 











EQUIVALENCE OF QUADRATIC FORMS. 675 


we obtain by (5) and Lemma 11 


ie f f(w)du = og ™Gy(r)e-™? 4 1/qN O(e™). 


Jar 


By (6), (30), (43), (44), (46) we find 


N 
(47) A (e) — oem /2 > H, + O(e™/*). 
q=1 
If m > 4, then 1 — m/2 < — m/4 and by (45), (47) and Lemma 4 


00 
lim ¢”/2-14 (e) = yo Hy =wo > 0. 


€-0 q=1 


This proves Theorem 3. 
If m = 4 and D is a square and §S a zero-form in all Rp, the expression 


N 
(log N)- } H, tends by Lemma 7 for V— « to a positive limit oo. Since 
q=1 
e*—1< NSe-*, we obtain by (47) the relationship 


€ 





lim 
€>0 og € 


at A (e) = 4woo > 0, 


and Theorem 4 is proved. 


4. Proof of Theorem 1. 


LemMMA 12. Let the quadratic form S be a zero-form in R and c any 
rational number. Then the equation S = c has a solution in rational numbers. 


Proof. Without loss of generality we may assume 


m m 
S (x) = a Apa”, > Az 7K? = 0 
k=1 k=1 


with rational numbers ax, 7% and a,r7,540. Putting 


p = c(4a,r,7)™, 1% =(1+ )p)n, te = (1— p) rx (% =m 2,-->+,m), 
we obtain S(a) — 4pa,r,2 = c, and the lemma is proved. 

Let now S be a quadratic form with coefficients in P. A matrix © with 
elements cy, (k,1 = 1,: ++ , m) of P is called a unit of S in P, if the linear 
substitution 

m 
H 1} ee bs CeiLy (k == i, eke m) 
l=1 


carries S into itself. 


Lemma 13. Let P be one of the fields R, Ry, Ro and S(x) a diagonal 








676 CARL LUDWIG SIEGEL. 


form with coefficients in P. If 2,° - +,2%m are any gwen numbers of P, not 
all zero, then there exists in P a unit © of S, such that 2, is carried into a 
number = 0. 


Proof. The assertion is trivial in the case 7,40, and we may assume 
2, = 0, a, ~ 0, where h is one of .1e numbers 2,- + -,m. Let A be a parameter, 


m™ 
S = Dd aa? and 
k=1 
a,a, — A? 2Xr 


0a + A?’ meer ¥ 
Since a? + a,a,8? = 1, the linear substitution 
(48) 2, — ax, + Barra, Ln —> — Bax, + axa, > x, (k¥1,h) 


carries S into itself. Choosing for A any number of P, such that A ~0 and 
\? ~ —a,dn, we obtain from (48) a unit of S with the required property. 


Lemma 14.8 Let P be one of the fields R, Rp Roo and S, T two quadratic 
forms in the m variables x,,- - + ,%m with coefficients in P. If the quadratic 
forms ax,? + S and az,? + T in the m + 1 variables x,- + - , Xm are equivalent 


in P, then also S and T are equivalent in P. 


Proof. Obviously we may assume that a= 1 and that S is a diagonal 
form. Let € be any unit of 7?-+ S in P. If & is the matrix of a linear 


substitution 


m 
Te > D Juri (kh ==0,- --,m) 
carrying z+ 8 into x? + 7, with coefficients in P, then ©G has the same 
property. Since not all elements go (k =0,: + +,m) of the first column of 
@® are zero, we may assume, by Lemma 13, that goo is a number b+ 0. 
Denoting by c and } the columns of the coefficients gxo (kK =1,:--+,m) and 
gor (L=1,-+-,m), by § the matrix of the m? elements gx: (k, 1 = 1,---,m), 
by S, © the matrices of S, 7 and using the abbreviation P”™SM — S[Mt], we 


obtain the matrix equations 


b? + S[c] = 1, db + 9’Se = 0, dd’ + S[9] an 2, 


Hence ) = — $’Gcb- and 


Defining 


tio 
SS 
5 


T= E+ (b2+b)(c’°S, W=—See 





8 E. Witt, “ Theorie der quadratischen Formen in beliebigen Kérpern,” Journal ftir 
die reine und angewandte Mathematik, vol. 176 (1937), pp. 31-44. 
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where € is the ordinary unit matrix and the sign is determined such that 
b?+ b 0, we obtain 


SS] = S + 2(b? + b)7BW + (0? + b)7(1— 7) B=—S + 0?°RB 
S[3H] = &, 
and the lemma is proved. | 
We come now to the proof of Theorem 1. We consider two quadratic forms 


m 


™m 
S = > ax2;’, LT == > bys? 
k=1 k=1 


with integral coefficients az, bs 4.0, which are equivalent in all Kp and Ro. 
Denoting the determinants of S and T by D, and Dz, we infer that the product 
D,D» is a square number in all Ry and in Ra, hence the square of a rational 
integer. This proves the theorem in the case m1. Let us assume that 
m > 1 and that the theorem holds for m— 1 instead of m. } 

Consider now the quadratic form V = S —T in the 2m variables 2x, yx 
(k=1,:-++,m). Its determinant is (—1)”"D,D,. and hence is a square for 
any even m and in particular for m2. On account of the equivalence of 
S and T in all R, and Ro, we see that V is a zero-form in all these fields. 
Therefore we may apply the Theorems 3 and 4 to the quadratic form V. 
Writing 


m 


W—=>d (| a | 2x? + | dx | yx), B(e) —2 exp(— 7eW) (e>0), 
k=1 7=0 


where the summation extends over all integral solutions of V = 0, we conclude 
from those theorems that the expression «”B(e) tends for e— 0 to a positive 
limit, if m > 2, and in the case m = 2 the same is true for the expression 


€ 


be 2 Bie). 
The solutions of V =O are identical with the solutions of S=T. Let 





us suppose, for a moment, that for all these solutions either every 2 —0 
(k= 1,---,m) or every yx=0 (kK =1,-+--+,m). Then certainly 


B(e) = { & exp(—nel*))", 


and consequently ¢”/?B(e) is bounded for e—>0, in contradiction to the 
asymptotic behavior of B(e). 

Hence there exists an integral solution 2 = 2, y = y™ of S(x) = T(y) 
with ) 40, y¥®) 40. If S(x™) —=T(y™) =0, then 8 and T are zero- 
forms in R, and we can construct, by Lemma 12, an integral solution x"), y‘?) 


of S(x) = T(y) ~0. Hence we may assume, in any case, that S(a) = 
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T(y®) =as0. Now we can find in R two matrices % and B with non- 
vanishing determinants and the first columns ¢™) and y®). Performing on § 
and 7 linear transformations with these matrices, we obtain two quadratic 
forms S, and 7, with the same coefficient a of the square of the first variable, 
and these quadratic forms are again equivalent in all Rp and Rox. Moreover, 
by completing squares, we may assume that S, —az,? = S, and T,—ay,? =T, 
depend only upon the last m—1 variables. By Lemma 14, S, and T, are 
equivalent in all Rp and Ro. Since our theorem holds for m—1 variables, 
S, and 7, are equivalent in R, hence also 8; and 7, and finally S and T. 


5. Proof of Theorem 2. We denote by R,---,R™ the different 
diagonal matrices having the m diagonal elements +1; their number is 
h == 2”, 


LemMA 15. Let 2 be a matrix in P with non-vanishing determinant, 
There exists at least one matrix R' such that the determinant |2—R™ | A0. 


Proof. Let D be the diagonal matrix with indeterminate diagonal ele- 


ments A;,° * *,Am and take D —=R!D (l—1,---,h). The determinant 
| £—®D| is a linear function of any single 4. (k =1,- --,m) and the same 
holds for the sum 

h 

>| 2—9) |. 

1=1 


Since the matrices R(” form a group under muitiplication, the function L is 
not changed, if D is replaced by RD, when K denotes any of the raat RO, 
Consequently Z is an even function of any single variable A. (k =1,- - -.,m). 
This proves that Z is a constant. Taking in particular D = € — == 0), 


we obtain 
h 
3 /2— AY] =n] Q]~O. 
j=1 


Lemma 16. Let 8 be a quadratic form with the matrix S and with coeft- 


cients in P, where P is one of the fields R, Rp, Ro. If M denotes any skew- 
S | €0, then 





symmetric matrix in P such that the de 
(49) C= (A+ S)7(A%— S) 


is a unit of S in P and |E—C|~0. Vice versa, for any unit © of 8 
in P with |€ —C| 0 a skew-symmetric matric UX in P exists, such that 


|X + S | £0 and (49) holds. 


Proof. The units € of S are the solutions of the matrix equation 


(50) S[C] =6. 





tl 
ar 


eX 
he 


m 
ce 


W- 
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If moreover | € — € | 0, we define Mt — 2(€ — €)~ and 
(51) Y= SM — S. 
Then 





M | ~0,|AX+ S| A~0 and 

(52) CM — M — 26. 

By (51) and (52), the formula (49) follows. By (50) and (52) 

(53) 0—S[M] —S[M— 2E] —2(SM + MWS — 26) — 2M 4+ W); 


hence %& is skew-symmetric. On the other hand, if 2% is any skew-symmetric 
matrix in P and | & + S | #0, we define Mt and € by (51) and (52). Then 
(E— C)M — 2E, | M| AO, |E—C|+0 and (50) follows from (52) 
and (53). 


LemMMA 17. Let S bea quadratic form with integral p-adic coefficients and 
px. Then S is equivalent in Jy to a diagonal form. 


Proof. The assertion is trivial for m = 1 and we may apply induction 
with respect to m. Let p* be the largest power of p dividing all coefficients 
st (k,l =1,---,m) of S. If all diagonal elements are divisible by p**’, 
then a certain coefficient sa, (a ~b) is exactly divisible by p*. By the substi- 
tution ty —> %a + 2, ry —> te (k ~b), the quadratic form S is replaced by the 
equivalent form S + sonata? + 2x0 > Spit, and now aq” has the coefficient 

=1 
Saa + 28an + Sy» divisible exactly by the power p*, whereas all other coefficients 
are divisible at least by this power. Hence we may assume that already Saa is 
not divisible by p***. Then the difference 

S — Saa(Xa + ps = Te)? 
ka Saa 

is a quadratic form with integral p-adic coefficients and only m —1 variables 
% (ka). This proves the lemma. 

The proof of Theorem 2 proceeds in the following way. Let © and & be 
the matrices of two quadratic forms S and 7 with integral coefficients, which 
are equivalent in all J, and Jo. For any prime number p, a matrix By of Jp 
exists such that S©[%,] — &. Moreover, by Theorem 1, the equation S$[B] = Z 
holds for a certain matrix B of R. 

We determine a matrix W of R, such that S[YW] — S, becomes a diagonal 
matrix. Applying Lemma 15 for P= R, and &, = W'*B.B*W, we find a 
certain diagonal matrix &, with the diagonal elements + 1 and | 2.—8, | 0. 
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Obviously S.[R.] = S.. The matrix B, = WR.W"B has rational elements i 
and satisfies 


S[Bo] — z, $B. — B, ae YW (LV. — Kz.) WB, | B, — B. | 5 aad 0. 


Let now p be any odd prime number. By Lemma 17 a matrix YW, exists in 
Jy such that S[%,] — GS, is a diagonal matrix and also YW," belongs to J». 
Applying Lemma 15 for P = R, and & = Wy,"*B,. Bp" Wy), we obtain a diagonal | 
matrix ®, with the diagonal elements +1 and |&,—,|~0. Again | 
S,[K,] = Sp. Now the matrix B,* — W,R,W,"B, belongs to J, and satisfies 


S[B,* | = x, By — %,* re W (Lp a Ry) Wo *Bp, | Bo ‘oN B,* | a 0. 


In the case p = 2, we define 8,* — By. Then we have found a matrix 


= 2, 
%, in # and a matrix B,* in every J, with the properties 
S[Bo] cams S[B,*] — x, | B,* — B,* | ad 0. 
Let now q be any given positive integer and p a prime factor of g. We use 7 
Lemma 16 for P = R, and the unit ©, = B,*B."* of S in Ry. Since the con- | 
dition | € — ©, | ~0 is fulfilled, a skew-symmetric matrix YM, exists in Ry | 
such that | %, + S| ~0 and | 
%,* — (> + 6)" (Xp, — S)Bo. 

If 8 is an arbitrarily large integer, a skew-symmetric matrix % with} 
rational elements exists which satisfies the congruences {= Wp, (mod p*) for | 
all prime factors p of g. Now | %,-+G|=0 and moreover all elements} 
of %,* are p-adic integers. Hence for sufficiently large 8, the inequality | 
| ¢ + S| 0 holds and the rational matrix 


B* — (A + S)7(M —S)B, 


is p-adically integral, for all prime factors p of q. This means that the ! 
denominators of the elements of 8* are relative-prime to g. On the other | 


hand, by Lemma 16, 
S[C*] — S[B.] —7F. 


Hence S represents T rationally without essential denominator. In this result] 
we may interchange § and JT. Consequently S and 7’ are semiequivalent and} 


ry, 
es 


the proof of Theorem 2 is complete. 
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